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Three-dimensional boundary fitted parabolic-equation model
of underwater sound propagation
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A three-dimensional (3-D) parabolic-equation (PE) method utilizing a higher-order split-step Pad�e
algorithm and a boundary fitted grid has been developed to accurately solve 3-D underwater sound

propagation problems with non-planar or tilted boundaries. At each PE marching step, the split-step

Pad�e algorithm enables the method of alternating directions to implement the square-root

Helmholtz operator by carrying out its one-dimensional (1-D) derivative components alternately,

and it also allows a straightforward application of the 1-D non-uniform Galerkin method to discre-

tize the solution mesh. The advantage of the boundary fitted grid to improve PE solution accuracy

is most profound in the case of fitting to a pressure release surface as its boundary condition is a

scalar and has no direction. This method can also be applied to a sloping interface by rotating the

grid to align with the interface. Numerical problems of semi-circular waveguide and tilted wedge

were solved using this boundary fitted PE method, and benchmark reference solutions were used to

examine and confirm the accuracy of the PE solutions. Future applications include modeling 3-D

acoustic scattering from a rough sea surface and 3-D sound propagation in beach environments.
VC 2019 Acoustical Society of America. https://doi.org/10.1121/1.5126011

[WLS] Pages: 2058–2067

I. INTRODUCTION

The parabolic-equation (PE) method, initially intro-

duced by Hardin and Tappert (1973) and Tappert (1974) to

underwater acoustics, has been considered to be one of the

most efficient and accurate methods for modeling underwa-

ter sound propagation in complex environments. The method

has been applied to many two-dimensional (2-D) problems

(e.g., Tappert, 1977; Thomson and Chapman, 1983; Collins

1989, 1993; Jensen et al., 1994), and there are also a number

of three-dimensional (3-D) sound propagation numerical

models employing the PE method (Siegmann et al., 1985;

Lee and Schultz, 1995; Smith, 1999; Sturm, 2005; Lin et al.,
2012; Lin et al., 2013; Heaney and Campbell, 2016). In gen-

eral, PE models utilize some type of split-step algorithms to

either split the free field propagator and the medium sound

speed anomalies (separating the physical processes), or split

the directional derivatives in the acoustics governing equa-

tion (separating the mathematical operators). In this paper,

the latter algorithm is adapted for establishing a 3-D PE

method with a boundary fitted grid to solve problems with

non-planar or tilted boundaries.

The principle of the PE method is to approximate the

Helmholtz wave equation of elliptic type to a one-way wave

equation of parabolic type by first factorizing the Helmholtz

operator to forward and backward propagation components

of square-root power and then neglecting the backward com-

ponent for backscattering (Hardin and Tappert 1973;

Tappert, 1974). This enables marching solution schemes to

solve the problem as a transport equation with one less

directional derivative at each marching step. Thus, in 3-D

applications, only 2-D derivatives are solved at a time (Lin

et al., 2012). However, this can still be a computational bur-

den because approximations of 2-D derivatives do not con-

sist of banded matrices that can be easily handled in

numerical computation. The alternative is to further split the

2-D derivatives into one-dimensional (1-D) operators

(Siegmann et al., 1985; Lee and Schultz, 1995; Sturm, 2005;

Lin et al., 2012; Heaney and Campbell, 2016), following the

method of alternating directions in computational fluid

dynamics (CFD), which is also referred to the alternating

direction implicit (ADI) method (Peaceman and Rachford,

1955; Douglas and Rachford, 1956). Although there are sim-

ilarities, splitting a PE operator can be very different from

splitting a CFD operator. The reason is that the PE method

involves the square-root Helmholtz operator, which needs an

additional iterative scheme to account for higher-order oper-

ator splitting (Lin et al., 2012). The details will be addressed

in Sec. II.

A boundary fitted grid requires variable spacing

between grid points, and such a solution mesh design has

been applied to 2-D PE methods for predicting sound scatter-

ing from a rough sea surface (Rosenberg, 1999) and for effi-

ciently handling thin sediment layers in the seabed (Sanders

and Collins, 2013). Both of the applications were made pos-

sible by generalizing the Galerkin approximation of the

depth operator in the 2-D PE (Collins, 1989) onto a non-

uniform grid. In the application of modeling scattering from

a rough sea surface, the boundary grid points were fixed

exactly onto the rough surface, and the pressure-release

boundary condition, which does not have directivity, was

enforced at those grid points. In another application ofa)Electronic mail: ytlin@whoi.edu
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handling thin sediment layers, the computational efficiency

was improved by only reducing grid spacing in the layers

instead of the whole model domain. This non-uniform

Galerkin method for the 2-D PE is extended in this paper for

3-D modeling.

The rest of the paper is organized as follows. The 3-D

PE approximation using a higher-order operator splitting

with cross-derivative terms is reviewed in Sec. II, and the

3-D PE method with a boundary fitted grid is introduced in

Sec. III. Two benchmark problems to test the method are

shown in Sec. IV. Last, the paper is concluded in Sec. V

with remarks for future research directions.

II. 3-D PARABOLIC-EQUATION APPROXIMATION

This section reviews the 3-D PE approximation method

and a higher-order split-step Pad�e algorithm. First consider

the following Helmholtz wave equation:

qr � q�1rp
� �

þ k2
0n2p ¼ 0; (1)

where p is the sound pressure, r ¼ @=@x ex þ @=@y ey

þ@=@z ez is the vector differential operator in a 3-D Cartesian

coordinate system (x, y, z), and ex, ey, and ez are unit position

vectors on each of the dimensions, respectively. Also in Eq.

(1), q is the medium density, k0¼x/c0 is the reference

wavenumber, c0 is the reference sound speed, x¼ 2pf is the

angular frequency of sound, and n is the index of refraction

n¼ c0/c¼ k/k0. The index of refraction n and the medium den-

sity q are considered to be 3-D spatial functions. To enable

marching solution algorithms which conserve energy, one can

change the pressure variable to u ¼ p expð�ik0xÞ= ffiffiffiffiffi
qc
p

, which

is the so-called impedance reduced pressure variable (Collins

and Westwood, 1991), and the baseline phase is removed

according to the reference wavenumber k0.

Mathematically, the 3-D Helmholtz equation is classi-

fied as an elliptic partial differential equation yielding a

boundary value problem. To solve such an equation, all

boundary values or conditions around the 3-D problem

domain must be given, and the whole sound pressure field

has to be solved at once, as depicted in Fig. 1(a). This will

require a tremendous amount of computation resources

when the problem domain is large. To enable more efficient

solution schemes, one can apply the PE approximation to

neglect backscattering (Hardin and Tappert, 1973; Tappert,

1974) and transfer the Helmholtz equation of elliptic type to

the one-way parabolic wave equation that can be solved with

marching solution algorithms as shown in Fig. 1(b). This PE

approximation involves a factorization that takes a square

root of the Helmholtz operator and keeps only the outgoing

propagation component, and the one-way parabolic wave

equation in the Cartesian coordinate system can be written

as the following:

@u

@x
¼ ik0 �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Yþ Z

pn o
u; (2a)

where x is the solution marching direction, and Y and Z are

two separated operators containing partial derivatives with

respect to either y or z:

Y ¼ w n2 � 1ð Þ þ k�2
0

qffiffiffiffiffi
qc
p

@

@y

1

q
@

@y

ffiffiffiffiffi
qc
p

� �
; (2b)

and Z ¼ 1� wð Þ n2 � 1ð Þ þ k�2
0

qffiffiffiffiffi
qc
p

@

@z

1

q
@

@z

ffiffiffiffiffi
qc
p

� �
:

(2c)

Here, a differential operator splitting is implemented, and

the coefficient w is a weighting factor between 0 and 1 to

control the splitting of medium sound speed anomalies into

Y and Z. This weighting factor can be w ¼ Dz=ðDyþ DzÞ,
which is related to the ratio of the model grid intervals. The

one-way wave equation resulting from using cylindrical

coordinates will also have a similar form (Lee and Schultz,

1995; Sturm, 2005; Heaney and Campbell, 2016). Note that

this operator splitting can be implemented according to a

more physical intuition, i.e., to split the free field propagator

and the medium sound speed anomalies, which will result in

the so-call split-step Fourier PE originally introduced by

Tappert (1974 and 1977). In this paper, the operator splitting

according to the mathematical operators is chosen, and it

eventually leads to a split-step Pad�e algorithm that enables

the ADI method and improves the computation efficiency by

converting a 2-D differential operation into a sequence of

1-D operations, as depicted in Fig. 2.

Lin et al. (2012) introduced a higher-order split-step

Pad�e algorithm to solve Eq. (2a) based on the following

approximation to the square root of the Helmholtz operator:

FIG. 1. Illustrations of solution schemes of the 3-D Helmholtz wave equa-

tion and the PE approximation. Panel (a) shows that the 3-D Helmholtz

wave equation is a boundary value problem, where all of the boundary con-

ditions have to be imposed and the full domain has to be solved at once. On

the other hand, panel (b) shows that the PE approximation enables a one-

way 2-D solution marching algorithm to solve the 3-D problem one march-

ing step at a time.
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Yþ Z

p
ffi �1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Y

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z
p

� 1

2
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Y

p� �
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z
p� �

� 1

2
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z
p� �

�1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Y

p� �
;

(3)

where the non-commutative property of Y and Z is kept, and

the last two cross terms are essential to improve the approxi-

mation accuracy. The derivation of this approximation is

reviewed in Appendix A, and an error analysis is provided in

Appendix B. The higher-order PE solution to Eq. (2a) can be

formally written as the next marching solution from x to

xþDx:

u xþ Dxð Þ ¼ eik0Dx �1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þYþZ
pð Þ u xð Þ ffi eik0ðDx=2Þ �1þ

ffiffiffiffiffiffiffi
1þZ
pð Þ eik0Dx �1þ

ffiffiffiffiffiffiffi
1þY
pð Þ

� e�ik0ðDx=2Þ �1þ
ffiffiffiffiffiffiffi
1þY
pð Þ �1þ

ffiffiffiffiffiffiffi
1þZ
pð Þþ �1þ

ffiffiffiffiffiffiffi
1þZ
pð Þ �1þ

ffiffiffiffiffiffiffi
1þY
pð Þ

	 

eik0ðDx=2Þ �1þ

ffiffiffiffiffiffiffi
1þZ
pð Þ u xð Þ þ Err; (4)

where the two-step splitting on �1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z
p

is the so-

called Strang splitting (Strang, 1968), making the error to be

of order (Dx)2, namely, Err ¼ ðDxÞ2v �1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Y
p� �

; �1ð
þ

ffiffiffiffiffiffiffiffiffiffiffi
1þY
p

Þ �1þ
ffiffiffiffiffiffiffiffiffiffiffi
1þZ
p� �

þ �1þ
ffiffiffiffiffiffiffiffiffiffiffi
1þZ
p� �

�1þ
ffiffiffiffiffiffiffiffiffiffiffi
1þY
p� �

b.
The square brackets denote vA;Bb¼AB�BA, which is a

measure of non-commutativity between A and B. Other

details on error analysis of split-step PE solutions are pro-

vided by Jensen et al. (1994). In this higher-order solution,

the exponentiated cross term is acting as a solution corrector

for wider propagation angles, and it can be carried out with

the following iteration scheme proposed by Lin et al. (2012):

e�ik0ðDx=2Þ �1þ
ffiffiffiffiffiffiffi
1þY
pð Þ �1þ

ffiffiffiffiffiffiffi
1þZ
pð Þþ �1þ

ffiffiffiffiffiffiffi
1þZ
pð Þ �1þ

ffiffiffiffiffiffiffi
1þY
pð Þ

	 

� u xð Þ ¼ u xð Þ þ

XM

m¼1

Dum; (5a)

where

Du1 ¼ �
ik0Dx

2
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Y

p� �
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z
p� �h

þ �1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z
p� �

�1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Y

p� ��
u xð Þ (5b)

and Dum ¼�
ik0Dx

2m
�1þ

ffiffiffiffiffiffiffiffiffiffiffi
1þY

p� �
�1þ

ffiffiffiffiffiffiffiffiffiffiffi
1þZ
p� �h

þ �1þ
ffiffiffiffiffiffiffiffiffiffiffi
1þZ
p� �

�1þ
ffiffiffiffiffiffiffiffiffiffiffi
1þY

p� ��
Dum�1 xð Þ

for m> 2: (5c)

Combining Eqs. (4) and (5) yields an efficient numerical

scheme to implement the 2-D square-root Helmholtz operator

eik0Dxð�1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þYþZ
p

Þ as a sequence of 1-D differential operations

by alternating derivatives between @y and @z at each PE

marching step from x to xþDx. This alternating scheme indeed

follows the principle of the ADI method (Peaceman and

Rachford, 1955; Douglas and Rachford, 1956). Furthermore,

the 1-D differential operators in Eqs. (4) and (5) can be com-

puted through the following Pad�e approximations:

eik0Dx �1þ
ffiffiffiffiffiffiffi
1þG
pð Þ ¼

YL

l¼1

1þ al;LG

1þ bl;LG
(6a)

and

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ G

p
¼ C0;L þ

XL

l¼1

Al;LG

1þ Bl;LG
; (6b)

where L is the order of the approximation, and G can be

either Y or Z. Equation (6a) was proposed by Collins (1993)

for higher-order 2-D PE models, and Eq. (6b) was proposed

by Milinazzo et al. (1997) to improve the accuracy of the PE

approximation in the evanescent spectrum by rotating the

complex branch line. A 60� rotation is chosen for the exam-

ples shown in this paper. The Pad�e coefficients al;L, bl;L,

C0;L, Al;L; and Bl;L in Eqs. (6a) and (6b) can be computed

using formulas provided by Collins (1993) and Milinazzo

FIG. 2. The split-step Pad�e algorithm enables differential operator splitting.

One single 2-D differential operation is split into a sequence of 1-D differen-

tial operations working on each dimension at a time.
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et al. (1997). These two approximations along with Eq. (3)

are the key components of the higher-order split-step Pad�e
algorithm. A brief error analysis for the square-root operator

splitting shown in Eq. (3) was provided by Lin et al. (2012),

and the analysis is extended in Appendix B to facilitate dis-

cussions given later in this paper.

III. BOUNDARY FITTED GRID

The key to form a boundary fitted grid is to allow variable

grid spacing. Specifically, as shown in Fig. 3, the grid points at

the edge of the model domain (denoted as open circles) are

fixed onto the curved boundary with variable intervals to the

nearest grid points. The advantage of the boundary fitted grid is

most profound in the case of fitting to a pressure release surface

because the boundary condition p¼ 0 is a scalar and has no

direction. This boundary fitting principally requires 2-D non-

uniform mesh generation at each PE marching step. However,

with the split-step Pad�e algorithm, it only requires 1-D non-

uniform mesh generation for the unidirectional derivative in

the alternating direction procedure.

Exploiting the advantage of the split-step Pad�e algo-

rithm on operator splitting, one can simply adapt the 1-D

non-uniform Galerkin discretization proposed by Rosenberg

[1999, Eqs. (14) and (15) therein] and Sanders and Collins

[2013, Eqs. (15) and (16) therein] to approximate either

�1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Y
p� �

or �1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z
p� �

. This leads to the fol-

lowing two essential finite-difference formulas for the

operators:

auð Þi ¼
hi ai�1 þ aið Þ

12ci

ui�1

þ hi ai�1 þ 3aið Þ þ hiþ1 3ai þ aiþ1ð Þ
12ci

ui

þ hiþ1 ai þ aiþ1ð Þ
12ci

uiþ1; (7a)

a
@

@g
b
@

@g
cu

� �� �
i

¼ ai
bi�1 þ bi

2cihi
ci�1ui�1

� ai
bi�1 þ bi

2cihi
þ bi þ biþ1

2cihiþ1

� �
ciui

þai
bi þ biþ1

2cihiþ1

ciþ1uiþ1; (7b)

where a, b, and c denote general functions of a single variable

g, which can be either y or z, and they match with the coefficient

functions in Eqs. (2b) and (2c). In addition, hi ¼ gi � gi�1 is

the grid interval between the (i�1)th and ith grid points, i.e.,

Dyi¼ yi� yi�1, or Dzi¼ zi� zi�1, and ci ¼ ðhi þ hiþ1Þ=2.

As shown by Sanders and Collins (2013), the non-

uniform Glaerkin discretization can also be employed to

model the sharpness of medium interfaces in sound propaga-

tion models. The implementation is straightforward by fitting

a set of grid points onto the interface and placing another set

of grid points very close to the interface to preserve the

sharpness. Such an application is also applied in the bound-

ary fitted PE model presented in this paper.

IV. BENCHMARK PROBLEMS

A. Semi-circular waveguide problem

The first benchmark problem to test the boundary fitted

3-D PE method for curved boundaries is a semi-circular

waveguide problem, depicted in Fig. 4. This is a canonical

problem, and the PE solution can be rigorously examined by

comparing to an analytical solution. Recall the 3-D wave

equation with cylindrical coordinates:

@2p

@x2
þ 1

r

@

@r
r
@p

@r

� �
þ 1

r2

@2p

@/2
þ k2p

¼ � 4p
r

d xð Þd r � r0ð Þd /� /0ð Þ; (8)

where x is the waveguide axis, and r and / are the radius

and orientation angle of the semi-circular plane perpendicu-

lar to the x axis. The variable p is sound pressure, and k is

the medium wavenumber parameter. The right hand side of

the equation is a point source function with unit intensity at

(x, r, /)¼ (0, r0, /0), and a pressure release boundary is

enforced around the boundary, i.e., pðx; a;/Þ ¼ pðx; r; 0Þ
¼ pðx; r; pÞ ¼ 0, where a is the radius of the waveguide.

FIG. 3. Illustration of a boundary fitted grid. The grid points at the edge of

the model domain (denoted as open circles) are fixed onto the curved bound-

ary exactly. The variable grid sizes in y and z around a given point (yi, zi)

are expressly illustrated.

FIG. 4. The semi-circular waveguide benchmark problem. a is the radius of

the waveguide, x is the waveguide axis, and r and / are the radius and orien-

tation angle of the semi-circular plane perpendicular to the x axis.
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This semi-circular waveguide problem is in fact a proper

Sturm–Liouville problem (Arfken and Weber, 2005) with

two sets of orthogonal normal modes along / and r:

Um /ð Þ ¼
ffiffiffiffiffiffiffiffi
2=p

p
sin m/; (9a)

Rmn rð Þ ¼
ffiffiffi
2
p Jm jmnrð Þ

a Jmþ1 jmnað Þ
; (9b)

where m is the angular mode number, n is the radial mode

number, and together they give a unique identification to

each of the radial modes. Besides that, the radial modes are

composed of the Bessel function of the first kind, Jm(jmnr),

where the angular mode number is the order of the Bessel

function, and the coefficient jmn in the argument is deter-

mined by the Bessel function zeros divided by the wave-

guide radius, i.e., jmn¼ jm,n/a. With these two sets of

orthogonal normal modes, which are known as cylindrical

harmonics, the sound pressure field inside the waveguide can

be determined as the following:

p x; r;/ð Þ ¼ i2p
X

m

X
n

Um /0ð ÞRmn r0ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � j2

mn

p
� Um /ð ÞRmn rð Þexp i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � j2

mn

q
x

� �
(10)

and the propagation angle of each Fourier�Bessel mode

(m, n) is

/mn ¼ cos�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � j2

mn

p
k

: (11)

The upper panels of Fig. 5 show the first nine normal

modes of the semi-circular waveguide for m¼ 1� 3 and

n¼ 1–3 with the following waveguide parameters: the source

frequency 200 Hz, the medium sound speed 1500 m/s, and the

waveguide radius 50 m. One can see that the mode numbers

(m, n) correspond to the number of antinodes along / and r.
The lower panel of Fig. 5 shows the modal propagation angle

for m¼ 1–9 and n¼ 1–5, and we will examine the dependency

of PE solution errors on the propagation angle later.

The pressure field solution, Eq. (10), expresses that each

normal mode propagates in the waveguide at its own phase

speed 2pf=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � j2

mn

p
without any amplitude attenuation.

This behavior readily provides an excellent means to check

3-D PE solutions. One can simply apply a single mode func-

tion at x¼ 0 to initiate the PE solution marching scheme and

examine its error as the solution marches outwards along the

x axis. Such computations were made for initial mode num-

ber m¼ 1–9 and n¼ 1–5 and a propagation distance 5 km in

this example.

FIG. 5. (Color online) The upper panels show the first

nine normal mode functions of the semi-circular wave-

guide. The length unit on the axes of the upper panels is

in meters. The lower panel shows the propagation

angles of modes m¼ 1–9 and n¼ 1–5.
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Two different PE solution schemes were implemented;

the first scheme employed the boundary fitted grid, and the

second scheme employed a rectangular grid which did not fit

to the semi-circular boundary. Both of the PE methods still

utilized Cartesian coordinates, and the grid intervals were

dy¼ 0.25 m and dz¼ 0.25 m with a solution marching step

of 1.875 m (quarter wavelength). The reference sound speed

was given to be 1500 m/s. In addition, the order of the Pad�e
approximation was chosen to be 2 for the exponentiated PE

propagator, Eq. (6a), and 3 for the square-root Helmholtz

operator, Eq. (6b). Figure 6 shows the amplitude errors of

these two PE solutions compared to the Fourier�Bessel

mode solution in terms of the error rate dB/km computed

over a 5-km distance along the waveguide. It is clear that the

boundary fitted PE outperformed the rectangular grid PE,

especially around the boundary and the nodal curves of

modes, and its error can be even smaller than 0.05 dB/km for

lower order modes which have narrower propagation angles.

The phase errors of the PE solutions for the semi-

circular waveguide problem are shown in Fig. 7. As seen in

the amplitude error plot Fig. 6, the boundary fitted PE can

also have less phase errors than the rectangular grid PE. For

low-order modes with propagation angles less than 20�,
which in ocean acoustics applications are particularly impor-

tant as they have less transmission loss and can propagate

for long distance, the relative phase errors, defined as

Dk=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � j2

mn

p
, were as low as 0.001 per mille (&) in the

boundary fitted solution, while they were about 0.05& (50

times worse) in the rectangular grid solution. The error

dependency on the modal propagation angle is obvious.

Note that, even though the relative phase error of the bound-

ary fitted PE solution can increase to 1.5& for higher-order

modes with propagation angles greater than 35�, it is only

slightly greater than the inherent error (0.001) due to the

square-root Helmholtz operator splitting (see the discussion

in Appendix B). This example indeed demonstrates the accu-

racy of the boundary fitted PE method.

B. Idealized wedge problem

The second benchmark problem depicted in Fig. 8 is the

idealized wedge problem proposed by Jensen and Ferla

(1990) for the Acoustical Society of America (ASA) to test

range-dependent numerical models of underwater sound

propagation. The slope angle is p/63 rad (�2.86�), yielding a

1/20 slope, and the medium properties, including sound

speed, density, and attenuation coefficient, are 1500 m/s,

1000 kg/m3, and 0 dB per wavelength in the water and

1700 m/s, 1500 kg/m3, and 0.5 dB per wavelength in the bot-

tom. A point source of unit intensity is located 4 km (hori-

zontal distance) away from the wedge apex at 100 m depth

below the sea surface, and the source frequency is 25 Hz. A

theoretical 3-D sound field solution obtained from the

method of images by Deane and Buckingham (1993) is used

FIG. 6. (Color online) Amplitude errors of the boundary

fitted and rectangular grid PE solutions for the semi-

circular waveguide problem. The length unit on all of

the axes is in meters. The errors are presented as a rate

in DdB/km.
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to examine 3-D PE solutions, where the Pad�e approxima-

tions had the same orders as in the preceding example.

To test the boundary fitted 3-D PE, the Cartesian coordi-

nates are rotated so that the x-y plane is aligned with the

sloping bottom, and the sea surface becomes a tilted surface

in the rotated coordinate system, as shown in Fig. 8. In the

calculation, the nominal grid intervals were dy¼ 5 m and

dz¼ 1 m with a solution marching step of 10 m. Besides fit-

ting to the sea surface with variable grid intervals, the

boundary fitted PE also preserved the sharpness of the bot-

tom interface by placing a series of grid points just below

and parallel to the sea floor, which enables a better approxi-

mation of the interface conditions using stair-step profiles.

The sea floor grid interval was 0.2 m (a 340th of the acoustic

wavelength in the bottom). To demonstrate the performance of

the boundary fitted PE, a rectangular grid with the same nominal

intervals was also utilized without either fitting to the sea surface

or adding extract grid points with small intervals to preserve the

sharpness of the bottom interface. The PE solutions with the

reference sound speed c0¼ 1500 m/s are shown in Fig. 9, along

with comparisons to the theoretical solution obtained from the

method of images (Deane and Buckingham, 1993).

A 3-D perspective plot showing the boundary fitted PE

solution for the ASA wedge problem is provided in Fig.

9(a), and one can clearly observe the modal interference pat-

terns in both horizontal and vertical planes. The change of

the vertical interference pattern along the x axis, as seen in

the cross sections every 5 km, suggests that each of the verti-

cal modes had different horizontal refraction, and a lower

order mode could travel a longer horizontal distance before

deflecting away from the wedge apex. This makes physical

sense because a lower order mode has a smaller vertical

propagation angle, hence, yielding a smaller out-of-plane

reflection from the sloping bottom. The horizontal refraction

of modes eventually formed acoustic caustics along the

hyperbolic envelops bounding modal propagation paths. The

caustic loci of the first three modes determined by a modal the-

ory (Buckingham, 1987) are shown in Fig. 9(b), and the outer-

most border of the PE transmission loss (TL) indeed followed

the first modal caustic. One can also observe in Fig. 9(c) that

the vertical modal interference pattern resulted from the bound-

ary fitted PE method underwent transitions right at the caustic

locations determined by the normal mode theory. This confirms

the accuracy of the boundary fitted PE solution. Furthermore,

Fig. 9(d) shows comparisons of the TL solutions obtained from

three different methods, and the boundary fitted 3-D PE solu-

tion had an excellent agreement with the reference solution

from the method of images by Deane and Buckingham (1993).

Although it is not shown here, the PE solution without cross-

derivative terms in either cylindrical coordinates (Sturm, 2005)

or Cartesian coordinates (Lin et al., 2012) can have significant

errors around the modal caustics. Both of the boundary fitted

and rectangular grid PE methods in this example were imple-

mented with cross-derivative terms, and they indeed captured

the TL transition at the modal caustics. However, the rectangu-

lar grid PE solution had evident phase shift, indicating non-

negligible phase errors. On the other hand, the phase of the

boundary fitted PE solution almost perfectly matched with the

reference solution even over a propagation distance of more

than 400 wavelengths.

V. CONCLUSION

A boundary fitted PE method to solve the 3-D

Helmholtz wave equation with non-planar or tilted bound-

aries has been developed. This method exploits the

FIG. 7. (Color online) Phase errors of the boundary fitted and rectangular

grid PE solutions for the semi-circular waveguide problem. The background

color indicates the propagation angle of waveguide modes, and its scale is

the same as shown in Fig. 6.

FIG. 8. The ASA wedge benchmark problem. The Cartesian coordinates are

rotated so the x-y plane is aligned with the seafloor.
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advantage of a higher-order split-step Pad�e algorithm to

apply the non-uniform 1-D Galerkin discretization on the

2-D solution mesh at each PE marching step, and it has been

tested with both semi-circular waveguide and tilted wedge

problems. The benchmark results have confirmed the accu-

racy of this boundary fitted PE method.

There are a number of potential applications, including

modeling 3-D acoustic scattering from a rough sea surface

by fitting model grid points to the rough surface. Underwater

sound reflection from a rough sea surface can cause acoustic

field fluctuations due to focusing, defocusing, and scattering

effects, and the presented boundary fitted PE method is read-

ily applicable to investigate these effects with a forward scat-

tering assumption. When also considering backward

scattering, an extension of the 2-D methods proposed by

Collins and Evans (1992) and Lingevitch and LePage (2010)

for two-way scattering needs to be made, and it is proposed

for future research.

Another application of the boundary fitted PE method is

to model 3-D sound propagation along the coast in beach

environments, which was originally investigated by Collins

et al. (1995) for sound propagation perpendicular to the coast

in a 2-D configuration. Because the pressure-release bound-

ary condition does not have direction, one can rotate the

model coordinates to align with the sloping beach for better

numerical accuracy at the bottom interface meanwhile

enforcing the pressure-release boundary condition precisely

on the sea surface with a boundary fitted grid, as imple-

mented in the ASA wedge example presented in this paper.

This application is straightforward and can provide physical

insights into the 3-D coupling between acoustic propagation

in water and seismic propagation on land.

FIG. 9. (Color online) The boundary

fitted 3-D PE solution for the ASA

wedge problem. The solution coordi-

nate system is rotated to align the z¼ 0

plane with the seafloor. Panel (a)

shows a 3-D view of the PE solution

with a horizontal slice cutting through

the wedge at a half of the apex angle

and five vertical slices at x¼ 5, 10, 15,

20, and 25 km. Panel (b) shows the

solution on a horizontal plane 30 m

below the sea surface, and the three

solid curves are the hyperbolic loci of

the first three modal caustics deter-

mined by a normal mode theory

(Buckingham, 1987). Panel (c) shows

the solution on the source plane per-

pendicular to the sea surface, and the

two vertical lines are the theoretical

caustic location of modes 2 and 3. The

dashed lines in panels (b) and (c) indi-

cates the same track in the 3-D wedge,

along which the TL solutions obtained

from three different methods are com-

pared and shown in panel (d). The

boundary fitted 3-D PE solution

matches with the reference solution

from the method of images (Deane and

Buckingham, 1993) much better than

the rectangular grid PE solution.
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APPENDIX A: DERIVATION OF THE HIGHER-ORDER
SQUARE-ROOT OPERATOR SPLITTING

This appendix reviews the derivation of the higher-order

square-root Helmholtz operator splitting with cross-

derivative terms proposed by Lin and Duda (2012). With the

two partial differential operators Y and Z defined in Eqs.

(2b) and (2c), the square-root Helmholtz operator can be first

written as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Yþ Z
p

. Now, let n1 ¼ �1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Y
p

, and

n2 ¼ �1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z
p

, the square-root operator can then be re-

written in terms of n1 and n2 as follows:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Yþ Z

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2n1 þ 2n2 þ n2

1 þ n2
2

q
¼ F n1; n2ð Þ: (A1)

The operator splitting is done by expanding Fðn1; n2Þ
with a two-variable Taylor series around n1¼ 0 and n2¼ 0.

This leads to the following expansion:

F n1; n2ð Þ ¼ F 0; 0ð Þ þ
X2

j¼1

@F 0; 0ð Þ
@nj

nj

þ 1

2!

X2

j¼1

X2

k¼1

@2F 0; 0ð Þ
@njnk

njnk

þ 1

3!

X2

j¼1

X2

k¼1

X2

‘¼1

@3F 0; 0ð Þ
@njnkn‘

njnkn‘ þ � � � :

(A2)

Because

@F 0; 0ð Þ
@nj

¼ 1;
@2F 0; 0ð Þ
@njnk

¼ �1;

@3F 0; 0ð Þ
@njnkn‘

¼ 2 and
@2F 0; 0ð Þ
@n2

j

¼ @
3F 0; 0ð Þ
@n3

j

¼ 0

for j¼ 1–2, k¼ 1–2, and ‘¼ 1–2, but j 6¼ k 6¼ ‘, the expan-

sion can be explicitly expressed as

F n1; n2ð Þ ¼ 1þ n1 þ n2 �
1

2
n1n2 �

1

2
n2n1

þ 1

3
n1n1n2 þ

1

3
n1n2n1 þ

1

3
n1n2n2

þ 1

3
n2n1n1 þ

1

3
n2n1n2 þ

1

3
n2n2n1 þ � � � ;

(A3)

where the non-commutative property of operators n1 and n2

is kept. Finally, keeping terms up to the second order and

substituting back Y and Z yield the second order operation

splitting formula shown in Eq. (3).

APPENDIX B: ERROR ANALYSIS OF THE HIGHER-
ORDER SQUARE-ROOT OPERATOR SPLITTING

A brief error analysis for the square-root operator split-

ting shown in Eq. (3) was provided by Lin et al. (2012), and

the analysis is extended here to facilitate discussions pro-

vided in the computation examples shown in this paper. The

analysis follows closely a modal approach proposed by

McDaniel (1975) to examine the phase error resulted from

the approximation. Considering an idealized case in a free

space, as opposed to McDaniel’s single modal waveguide,

the square-root operator splitting essentially approximates

the following dispersion (wavenumber) relation of a plane

wave:

kx ¼ k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

k2
y

k2
0

� k2
z

k2
0

s
; (B1)

where kx, ky, and kz are the wavenumber components on the

x, y, and z axis, respectively, and k0 is the medium reference

wavenumber in the free space. To relate the error with the

propagation angle, we can denote the wavenumber vector

as ~k0 ¼k0 ðcos h~exþsin h cos /~eyþsin h sin /~ezÞ, where h is

the inclination angle between ~k0 and its projection on the x
axis (the solution marching direction) and / is the orienta-

tion angle between the projection of ~k0 on the y-z plane and

its component in the y axis as shown in Fig. 10(a).

Substituting the plane-wave dispersion in Eq. (B1) with the

higher-order square-root operator splitting in Eq. (3) yields

the following approximation for kx:

kx ¼ k0 cos h ffi k0 �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

k2
y

k2
0

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

z

k2
0

s2
4

� �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

k2
y

k2
0

s0
@

1
A �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

z

k2
0

s0
@

1
A
3
5: (B2)

The approximation shown in Eq. (B2) has a relative

error compared to the reference wavenumber:

ePE ¼
Dkx

k0










 ¼ j1� cos h� ey � ez � eyezj; (B3)

where ey¼1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�sin2hcos2/

p
, ez¼1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�sin2hsin2/

p
and both are positive. For 2-D propagation, when the wave-

number vector aligns with either the y or z axis, i.e., /¼0, p,

or 6p/2, the approximation error vanishes, yielding a perfect

operator splitting. The maximum error occurs when /¼6p/4

or 63p/4 (when the propagation vector directs to the diagonal).

Figures 10(b) and 10(c) show the error contours as a

function of the inclination and orientation angles for a range

of phase error tolerances. Comparisons between splitting

errors with and without the cross-derivative terms are also

presented. One can clearly see that the operator splitting

with the cross terms has greater approximation accuracy,

and the effective inclination angle is in general 10� better.

For example, if considering the relative phase error tolerance
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to be 0.001, which means the phase error will be less than p
before the PE solution marches to 500 wavelengths in range,

the effective inclination angle can reach up to 35� compared

to 20� without cross terms included in the worst case when

the orientation angle equals 6p/4 or 63p/4, see Fig. 10(c).
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FIG. 10. (Color online) Approximation errors of the square-root Helmholtz

operator splitting shown in Eq. (3). Panel (a) depicts the inclination angle h and

the orientation angle / of a propagation vector. Panel (b) shows the errors of the

operator splitting with or without cross terms as a function of h and /. Panel (c)

shows the errors of the operator splitting as a function of h for /¼ 45�. A verti-

cal line is drawn at ePE¼ 10�3 showing that the effective inclination angle can

reach up to 35� with cross terms compared to 20� without cross terms.
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