




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 6: Vertical profiles of instantaneous plume width away from the wall (in side view)

similar to figure 5. These experiments had an initial volume flux of Qg = 2.15cm3 s~

considered to be in the quasi-steady state, and these profiles have similar gradients to the
non-rotating steady state (db;/dz ~ 0.177 for f = 0.5 and db,/dz ~ 0.2387 for f = 1). The
increase in gradient for f = 1 may simply be due to detraining dyed fluid, making it hard to
identify the edge of the plume. Beyond a certain distance from the source, the plume is not
consistent with a linear profile, and this distance reduces as the rotation rate increases.
Bottom boundary effects becoming more important as rotation increases may explain these
shrinking quasi-steady regions. At f = 2 no quasi-steady behaviour is observed, as can be
seen in the rightmost panels of figures 5 and 6.

The vertical profiles from the side view in figure 6 have similar properties to those from
the front view. At intermittent times throughout the experiments for f = 0.5 and f = 1,
the plume exhibits a quasi-steady state but its connection to the non-rotating steady state
is a little different. Both experiments show a rapid spreading near the source as in the non-
rotating case, which stops at a width just below 2cm. Moving vertically away from the source,
the quasi-steady profile has a region where the width remains approximately constant before
further spreading occurs. The size of the region of constant width decreases with rotation
rate, again indicative of increasingly important bottom boundary effects.

Inspecting video snapshots from the experiments provides us with some understanding
of the plume dynamics during the times when it is not in a quasi-steady state, and reveals
remarkable quasi-periodic behaviour. As shown in figures 7b and 7d, the upper section
of the plume occasionally detaches fully from the wall and moves to the left in the front
view. This intriguingly means that the plume moves in the opposite direction along the
wall to the cross flow that is induced by entrainment. After a short period of time being
detached from the wall, the plume typically reattaches to the wall and adjusts back to the
quasi-steady state seen in figures 7a and 7c. In the detached state, the upper plume fluid
appears t o become arrested at a certain height f rom t he source, and figure 7b also shows
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Figure 7: False colour images of blue light intensity from two experiments rotating at f = 1
with a source density of p; = 1.023gcm™>. (a) and (b) show the front view at times
t = 60s and t = 100s, respectively, for volume flux Qg = 2cm®s~!. (c) and (d) show the

side view (flipped left to right) at times ¢t = 50s and t = 80s, respectively, for volume flux
Qo = 2.15cm? s L.
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Figure 8: Time series of a horizontal slice of blue light intensity 10cm below the source level
in front view for the same experiment as figures 7a and 7b.

that plume fluid further from the source is advected to the right along the wall. Videos of the
experiment show that significant amounts of the fluid moving to the right are detrained from
the plume while it is detached from the wall. This is clearly visualised in figure 8 by a time
series of a horizontal slice 10cm below the plume. Large, diffuse patches propagating upwards
in this figure correspond to fluid detraining to the right, and these coincide with the sudden
deflections of the darker region associated with the plume.

A similar analysis for the side view experiment is shown in figure 9, which presents a
time series of a vertical slice against the wall. The light space at the top of the figure shows
that the plume does not leave the source attached to the wall and adjusts over a distance of
1-2cm. Detachment events can be seen clearly in figure 9 as the lighter patches descending
over time. Although the front view and side view experiments were run with comparable
parameters, the times of detachment are not consistent, suggesting that the mechanism is
very sensitive to the experimental conditions or somewhat chaotic. This makes it difficult
to determine whether the buoyancy flux has any effect on the frequency of detachment, but
there is a clear trend for increasing rotation rate to increase the frequency of detachment
as shown by figure 10.

Figure 9: Time series of a vertical slice of blue light intensity between the source and the
wall from the side view. The experimental parameters are identical to those in figures 7c
and 7d.
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Figure 10: Scatter plot of time periods measured between detachment events against the
inertial period of rotation. Only side view experiments were used to obtain these values.

5 Discussion

The results of our experiments leave many open questions for the effects of rotation and
confinement on turbulent plumes. Even without the presence of rotation, the shape of the
steady state formed by a point source plume along a wall is surprising. The results of a
recent numerical study [7] do not appear to match the profile of close to constant width
from the wall found in figure 6, and it remains important to understand this discrepancy.
The difference between the numerics and our experiments may also have implications for
the use of the half-cone model (6)-(8) in modelling glacial meltwater plumes. Quantifying
the variation in the volume flux with height experimentally for this flow would be useful in
determining whether the model can accurately represent the asymmetric plume dynamics.
We only performed the non-rotating experiment at a single volume flux and source density,
so there is plenty of scope for further investigation of this flow in various parameter regimes.

One caveat for our results in the non-rotating experiments is the position of the source
nozzle. As discussed earlier, the dynamics near the source are thought to be dominated by
the Coanda effect and the downstream impact of this is unknown. Replacing the source with
a simple pipe outflow attached to the wall would remove these effects, but it is likely that
the flow from this source would be laminar. Obtaining geophysically relevant parameters
would be difficult in this case, but possible with a sufficiently deep tank that allows for the
laminar-turbulent transition region.

The addition of rotation to the wall plume experiments resulted in frequent deviations
from the steady state. The movement of the plume away from the wall and the detrainment
that occurs during these detachment events has a strong impact on the amount of mixing
that occurs between the plume and the ambient. Figure 11 shows the time-averaged front
view of plumes at four different rotation rates for a buoyancy flux of By ~ 47.5cm*s3.
Despite the difference in dye concentration between the non-rotating and rotating experi-
ments, a clear trend is visible with the dye becoming more diffuse at higher rotation rates.
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Figure 11: 3-minute time averages of the reduction in blue light intensity for four exper-
iments in front view at various rotation rates. The time average is taken over a period that
begins 20s after the start of each experiment, so effects of initial transients are not seen. Note
that the dye concentration in the f = 0 experiment is half of that in the other experiments.

The lateral spreading of dyed fluid is also greater as f increases.
This increased dispersion can be quantified by considering a Gaussian profile fit to the
light intensity deficit at each height. For a given row of pixels, we fit the profile

_(e=p)?

I=Ae™ 27, (10)

by taking the maximum intensity deficit to be equal to A and finding the first two data
points away from this maximum to have I < A/e, i.e. the points that are an e-folding
distance from the maximum. We then assume these points are at x = p =4 /20, from which
we obtain the mean of the Gaussian p, and the standard deviation o. Vertical profiles
of o(z) provide a useful measure of dispersion to compare the different experiments with.
Figure 12 plots these profiles for both the experiments shown in figure 11 and those run
with a higher buoyancy flux. The profiles show a striking dependence on the rotation rate
of the experiment, with the change in buoyancy flux having practically no impact on the
dispersion observed. This is despite the fact that the frequency of detachment was not
totally consistent between experiments with the same rotation and varying buoyancy flux.

This apparent independence of buoyancy flux for long term mixing poses an interesting
question as to how wall jets without any buoyancy would develop in this rotating system.
Turbulent jets initially lead to confined cylindrical structures at sufficiently high rotation
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Figure 12: Plot of Gaussian standard deviation o(z) from 3-minute averages.

rates (see GFD Report of Lehn, 2018), but the interaction of these structures with the wall
is unknown. Finding out whether a turbulent wall jet has the same detachment behaviour
would be useful for further understanding the dynamics. Another process in rotating plumes
found to be independent of the buoyancy flux is the precession of an axisymmetric plume
in a rotating environment. The precession frequency was found in [10] to only rely on the
rotation rate and not the buoyancy flux of the plume or the total depth of the water. This
suggests that the process of detachment from the wall may be related to the free plume
precession, and gaining further insight on the wall plume dynamics could help our
understanding of the laterally unconfined plumes.

The fact that the wall plume reverts to a quasi-steady state between detachment events
could be indicative of bistability in the system. The existence of multiple steady states for
an unconfined plume in a rotating (and stratified) environment was discovered by Deremble
[6]. This study used a continuation method to numerically compute the steady states
of an LES-type model where turbulent processes are parameterised by an eddy viscosity.
Without rotation the method identifies the steady state solutions described by classical
plume theory. Once rotation is added, a steady state similar to the classical solution is
found as well as second state that exhibits very different circulation patterns. This solution
has fluid upwelling along the vertical axis beneath the plume, and the outflow of plume
fluid is deflected. If similar steady states exist for the wall plume this could explain the
attachment/detachment behaviour, so a further study on steady states for this problem
would provide a lot of insight into the dynamics.

The influence of the bottom boundary on the wall plume is not fully understood. At
higher rotation rates the more rapid lateral spreading appears to coincide with hindered
vertical motion, as can be seen in figure 11 when f = 2. In the video for this experiment,
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detrained fluid is seen to arrange itself into Taylor columns, indicating that the Taylor—
Proudman theorem is affecting the dynamics and that velocity is close to uniform with
height. The combination of the bottom boundary condition and the Taylor—-Proudman
theorem would explain this restriction on vertical motion. However,the precise effect that
the bottom of the tank has on the detaching behaviour is unknown. Plume precession in
[10] was found to be independent of the depth of the water, and testing whether the wall
plume motion also has this property would provide further evidence to determine if the
detachment is a signal of the precession.

One key result from [10] comes about because the precession is solely dependent on the
rotation rate. Since precession occurs in every experiment after approximately one rotation
period, rotation will always affect the dynamics as long as the source is maintained for a
sufficiently long period of time. We have not quite shown that the dynamics of the wall
plume are only dependent on the rotation rate, but we can hypothesise that since it is
independent of the buoyancy flux similar results may apply. This would have implications
for geophysical flows with sustained sources, such as glacial meltwater plumes and dense
water currents running into undersea canyons. As we have seen above, plumes affected by
rotation mix and disperse laterally to a greater extent than expected from a plume in a
non-rotating environment, leading to changes in the long-time effects of these flows.
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On Turbulent Fountains with Background Rotation

Andrea M. Lehn

September 29, 2022

1 Introduction

Turbulent fountains are ubiquitous in natural systems as well as in industrial processes
[7]. Fountains occur when there is a reversal or arresting of fluid motion due to buoyancy
differences between the fluid in the fountain and the ambient environment. A turbulent
fountain occurs when a fluid of non-neutral buoyancy is injected form a localized source
with sufficient momentum to be driven initially against gravity and to become turbulent.
Consider a jet of salty water injected at the bottom of a tank of fresh water. Initially,
the salt water will be driven upwards, against gravity, if there is sufficient momentum to
make the jet turbulent. The fluid will rise, entraining fresh water along the way, until it
can no longer rise. The diluted salty fluid at the top of the fountain then overturns, driven
downwards by gravity. The fluid may fall completely to the bottom or intrude horizontally
in the ambient if a background density stratification is present.

The role of rotation on the dynamics of turbulent fountains has not been detailed in
scientific literature, although it is relevant for geophysical processes. For some natural
processes involving turbulent fountains, such as cloud formation or volcanic eruptions, the
Earth’s rotation may influence the dynamics. This report presents experimental results
investigating the role of rotation on turbulent fountains.

1.1 Laminar vs. Turbulent Fountains

The Froude number (F'r) is the non-dimensional group which determines whether or not
a fountain will be turbulent or laminar. Consider a circular source with radius R and
mean source velocity u, injecting buoyant fluid with a modified gravitational acceleration
g = (Ap/po) g, where Ap is the density difference between the two fluids, pg is a reference
density, and g is acceleration due to gravity. F'r represents the ratio of inertial forcing to
gravitational forcing for the fountain and is defined as
U
Fr= ViR (1)
For Fr >> 1 a fountain becomes turbulent while for Fr = O(1) it remains laminar.
Qualitatively and quantitatively there are differences between turbulent and laminar foun-
tains. Before overturning, laminar fountains rise to a height, h, which is on the order of R,
the source radius. This result may be obtained from dimensional analysis. For a laminar
fountain with four variables, h, R, ¢’ and @, h ~ R for a source with a fixed ¢’ and @. There
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Figure 1: A turbulent fountain rising. Dense, salty water is injected upwards into a fresh
ambient from a high F'r source. Image from Bloomfield and Kerr [3].

is little to zero entrainment of the surrounding fluid and the laminar fountain has memory
of the source conditions, i.e., the penetration height is totally dependent upon source con-
ditions. Burridge and Hunt [4] have systematically investigated the behavior of fountains
at low and very low F'r source values. Overall, these systems are well studied.

The behavior of high F' r sources, i.e. negatively buoyant sources driven by source
momentum, was initially studied by Turner in 1966 [8]. Turbulent fountains have little
memory of the source conditions due to turbulent entrainment of ambient fluid, which
causes the fountain to penetrate such that h >> R. An example of a turbulent fountain is
shown in Figure 1. Heavy fluid is injected from a point source upwards into a still body of
ambient fluid. Turbulence enhances mixing of the lighter ambient into the injected fluid,
which reduces the buoyancy, allowing the fluid to rise higher before overturning and falling
back down.

The important parameters for turbulent fountains are the buoyancy flux, B, and the
momentum flux, M. M is the volume flux of the source times the mean outlet velocity with
units of L*/T? and B is the volume flux of the source times ¢/, with units of L*/T3. For a
source with a circular cross section,

M = 7R?*u? (2)

and
B = nR%uyg’. (3)

Both of these variables include information about source conditions ¢’, @ and R; however,
these parameters alone do not determine the fountain height, as they do for a low F'r source
fountain.

Bloomfield and Kerr [3] determined a power law for the mean height of rise of a turbulent
fountain, based on original work by Turner [8]. The height, H y depends solely upon M and B.
For a turbulent fountain,

Hy =1.6M3/4B~1/2, (4)

This non-rotating, turbulent H; is useful as a characteristic length scale. The height of
the fountain oscillates about a mean height with relatively large amplitudes. Eddies where
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mixing occurs are visible along the sides of the fountain and at the top, as shown in Figure
1. Once the fountain overturns, a curtain partially shields the sides of the rising fountain,
preventing the rising fluid from entraining the ambient fluid. The dynamics of turbulent
fountains have been well studied for a range of conditions, including turbulent fountains in
multi-layer cross-flows [1] and fountains impinging on a density interface [2].

1.2 Low Fr Sources with Rotation

Griffiths and Linden [6] investigated the stability of two-layer density stratified systems with
ambient rotation. A curved density interface forms due to the buoyancy difference between
the two fluids, and eventually the system becomes unstable under the influence of the Coriolis
force. The constant flux experiments performed by Griffiths and Linden are related to the
present investigation. A buoyant fluid was injected at the free surface of a homogeneous body
of fluid which had been spun-up to rigid body rotation. A circular cross-section, porous source
of 1 cm diameter was positioned at the free surface. A constant volume of buoyant fluid was
injected for the duration of the experiment, and the radial and vertical growth of a vortex was
observed. The Fr values for these experiments are relatively low, ranging from 1073 to 5, so
that the flow remains laminar.

A key feature that differentiates the Griffiths and Linden experiments from those pre-
sented in this report is that upon injection there is no large vertical penetration of the fluid.
For turbulent fountains, there is a large change in height of injected fluid due to source
momentum and subsequent entrainment of ambient fluid. The momentum of the source for
the Griffiths and Linden experiments, indicated by F'r, is not sufficiently large to create
turbulent entrainment of the ambient fluid. In the constant flux experiments, a geostrophic
vortex grows, surrounded by the ambient fluid. There is very little mixing. A side-view
image showing vertical penetration of a geostrophic vortex is shown in Figure 2.

The streamlines of the flow are solely determined by rotational effects, the Coriolis
and centrifugal forces, and the modified gravity, ¢/, between the two fluids. Eventually,
the vortex becomes unstable to rotation and higher order modes occur. A top view of an
unstable configuration is shown in Figure 3. The vortex that forms from injected fluid forms
a smooth boundary with the ambient fluid since there is negligible mixing at the density
interface. The density difference between the two fluids is maintained as the vortex grows.

A key result of Griffiths and Linden’s work is that the radius, R ~ t'/* and the height,
ho~t1/2,

1.3 Objective: Behavior of Turbulent Fountains with Rotation

How the current investigation is situated with published scientific literature can be visualized
as table with two options, rotation or no rotation and laminar or turbulent. This grid is
shown in Figure 4. Laminar and turbulent fountains have been well characterized and
rotating currents with a low F'r have been studied, filling in three quadrants of the grid.
Conversely, constant source volume flux, turbulent fountains with background rotation have
yet to be studied. This project is situated in the bottom right corner of this grid. The
dynamics of the turbulent fountain are studied by systematic experiments over a parameter
space determined by important dimensionless groups, as discussed below.
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Figure 2: Side view of a vortex forming from Griffiths and Linden [6]. The dark vortex is
buoyant fluid injected from a low F'r source. Dotted lines are theoretical predictions of the
vortex location. The tank is rotating anti-cyclonically and the vortex is rotating cyclonically.

Figure 3: Top view of the onset of instabilities with different azimuthal wave numbers in
experiments by Griffiths and Linden [6].
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Figure 4: The scientific context of this project fits into the bottom right quadrant of this
grid. The dynamics of rotating, turbulent fountains are investigated for the first time in
this project.

2 Dimensional Analysis

Dimensional analysis was used to determine a parameter space for experiments. Although
dimensional analysis is useful, knowing the relevant physical variables is crucial for deter-
mining appropriate dimensionless groups. Based on expected behavior of rotating systems
and turbulent fountains, relevant physical variables are determined and scaling is performed
to derive three dimensionless I1 groups.

Based on the power law produced by Turner [8] and verified by Bloomfield and Kerr [3]
there is a time scale for the turbulent fountain. A relevant time scale for the time it takes a
fluid parcel to rise to the top of the fountain is the ratio of momentum flux to buoyancy flux,
M/B. For a turbulent fountain, recall that momentum flux and buoyancy flux are the
relevant parameters for predicting fountain behavior. The Coriolis parameter, f, has units of
T~! It is the appropriate rotational time scale. The Coriolis parameter is equal to twice the
rotational frequency of the experimental table: f = 2. In terms of the period of the table’s
rotation, Tigpre, 2 = 27/ Tiapre- Thus, the period of rotation is 47/ f's.

Since the system is rotating, there is an added stiffness to the fluid due to its vorticity.
This can be understood by considering the Taylor-Proudman Theorem. A fluid parcel that
is displaced in a direction parallel to the axis of rotation will be forced back to its initial
location by rotation. The faster the rotation rate, the more vertical displacement of fluid
parcels is suppressed. An alternative argument is that in the limit of rapid rotation, the
Taylor-Proudman Theorem gives Qw/0z = 0 where w is the velocity in the vertical direction,
z. Since there is no vertical flux through the bottom of the tank, w = 0, the vertical velocity
must be zero everywhere.

Using the Buckingham Pi Theorem and intuition about the system based on the Taylor-
Proudman Theorem and on behavior of non-rotating turbulent fountains, three Il groups are
determined for the rotating fountain system. There are five relevant variables in the system,
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fy M, B, the height of the fountain, H; and the initial depth of the ambient, Hy. Since
there are two dimensions, three II groups exist. The groups are Il;=fM/B, Ilo = Hy/Hr
and II3 = M/fQH%. The first group, fM/B represents a ratio of the two important time
scales of the problem, the fountain rise time to the rotational time. The third group can
be thought of as a ratio of the momentum imparted to the fountain and the resistance to
vertical penetration. For simplicity, given the time constraint of the GFD program, the
ratio of fM /B was varied systematically for fixed values of M. The height of the tank Hp
was also fixed. Based on the parameter space, the rotation time scale, 1/f was slower than
the fountain time scale, M/B. Thus, it was anticipated that the fountain dynamics would
dominate the system before rotation.

3 Experimental Setup

3.1 Laboratory Apparatus

Experiments were performed in the Geophysical Fluid Dynamics Laboratory at the Woods
Hole Oceanographic Institution. A 91 c¢m diameter cylindrical plastic tank was placed on
a direct-drive rotating table and filled with sea water to Hp = 35 cm. A pump was used
to inject a constant flux of dyed fluid through a 0.5 cm diameter copper pipe, which was
positioned in the center of the tank, just below the free surface. An acrylic lid with a small
circular opening for the source was placed on top of the tank for rotating experiments. This
was so the air layer above the free surface was also brought up to solid body rotation, to
create a nearly stress free boundary between the water and air.

Instrumentation for collecting digital video data from the side view and top view were
attached to the rotating table. From the top, a Basler imager was positioned to provide a
top view of the entire tank. A Windows machine equipped with software to control the top
view camera was mounted to the rotating frame and used to acquire images. Images were
collected as single page tifs at a rate of five frames per second. The side view was filmed
on a Nikon Coolpix P7000. The collection rate was 24 frames per second. Start times were
synchronized using coordinated verbal and visual cues. For the side view, illumination was
provided using Light Tape, a flexible electro-luminescent panel, which was aligned flush
with the curved tank wall. Pictures of the experimental setup are shown in Figure 5.

3.2 Experimental Parameter Space

A total of 20 experiments were conducted to investigate the role f and B on the behavior of
turbulent fountains. The volume flux of the source, Qo, M and Hp were fixed at Qo = 5.11
cm?/s, M = 133 cm*/s? and Hy = 35 cm for all experiments. To compare the fountain rise
time and rotation time f and B were systematically varied. For the rotating experiments
the table was rotated at f = [0.5,1.0,2.0 and 3.0] s—'. Another set of experiments examined
the non-rotating case, f=0. For all five rotation rates, fluids of four different densities were
injected to investigate the role of buoyancy. Four values of B were examined, B/Qy =
[0, 0.2, 0.5, 1] g where g) ~ 25 cm?s™3. The case of B = 0 is a jet purely driven by
momentum, since there is negligible buoyancy. In terms of the dimensionless parameter
fM/B, which represents the ratio of rotational time to fountain rise time, the fountain
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Figure 5: The experimental apparatus used to study rotating fountains. Left: the top view
of the rotating system showing the tank lid and source. Right: a side view of the system
showing the location of the two camera views as well as the lighting, provided by flexible
electro-luminescent lighting (Light Tape).

dynamics are expected to set in before rotation. The Rossby number, Ro is represented by
(fM/B)~! for this problem. Ro is a ratio of the rotation time, 1/f s to the advective time,
M/ B s for the initial values of the flow. So, Ro = B/fM for the turbulent fountain with
background rotation. The experimental parameter space is shown graphically in Figure 6.
The horizontal axis is the reciprocal Ro and the vertical axis is the theoretical fountain
height, computed from equation 4, normalized by Hrp.

4 Results

4.1 Role of Rotation in Turbulent Fountains

The first experiments were performed by varying f with a fixed B and M. The buoyancy
difference was set by the difference between sea water and fresh water, which was the
maximum buoyancy flux tested, B/Qo = gj. The role of rotation significantly influences
the system dynamics. Figure 7 is a time series comparing a non-rotating turbulent fountain
to a turbulent fountain with background rotation. In the non-rotating case, the injected
fluid spreads radially as it penetrates the ambient. Billows at the interface of the two fluids
indicate turbulent mixing, whereby denser ambient fluid mixes with the fountain, decreasing
it buoyancy. With reduced buoyancy, the fountain touches the bottom boundary of the
tank and then returns to the surface, driven by buoyancy. The same source conditions with
background rotation produced a fountain with a smoother interface and with significantly
decreased penetration. The vortex formed in the rotating case prevents the newly injected
fluid from mixing with the ambient, thus stifling penetration. Figure 8 shows the fluid
interactions occurring in the interior of a surface vortex, formed once the fountain has
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Figure 6: Experimental parameter space for non-zero buoyancy flux and non-zero rotation
rate. The vertical axis is H¢based on scaling by Bloomfield and Kerr [3] given in equation 4,
scaled by the depth of the ambient, Hp. The horizontal axis is the reciprocal Ro, f M/ B.

turned around and risen due to its buoyancy. The injected fluid is initially colored yellow
but then dyed red after the vortex has established. The red fluid shows the fountain still
exists but is contained within the vortex. A small region at the center of the fountain may
punch through the vortex, but largely the fountain is contained within the vortex. Since the
newly injected fluid is largely shielded from the ambient by the established vortex, it may
only entrain fluid of similar density, leaving its buoyancy relatively unchanged. Without
the reduction in buoyancy, the fountain penetrates less deeply. It is too buoyant to continue
further and must rise.

For all non-zero rotation rates, rotation systematically decreases the vertical fountain
penetration. Figure 9 shows the height of the fountain as a function of time for a fixed
value of B/Qq = g, and four non-zero f values. Data is plotted until a consistent fountain
depth is established. As f increases, the initial entrainment and penetration depth are
systematically decreased. Before the vortex has begun to shield the incoming fluid from the
ambient, entrainment and mixing occur, as in the non-rotating case. The vortex establishes
more rapidly at higher f, decreasing the time available for fluid to entrain the denser
ambient. Thus, the buoyancy remains unchanged and the fountain does not penetrate
as deeply. The average fountain height obtained from data presented in Figure 9, scaled
by the height of a non-rotating turbulent fountain, Hy = 1.6M 3/4B=1/2 is plotted against
fM/B in Figure 10. This non-dimensional plot shows that the penetration of the fountain is
substantially reduced with increasing rotation. By comparing the volume of the vortex with
time to the injected volume, it is clear that rotation systematically suppresses entrainment,
as shown in Figure 11. Overall, the entrainment is small relative to the injected volume
and only occurs at early times, when the fountain is initiated, before the vortex partially
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Figure 7: A time series showing the influence of rotation on turbulent fountain dynamics.
Panel A shows a turbulent fountain with no background rotation. The fountain becomes
turbulent, hits the bottom of the tank, and eventually rises back up to the surface. Panel B
shows the same fluid being injected with identical source conditions, B/Qo = 0.5¢g;, = 12.5
cm?s™ and M = 133 em?*s2, but with a background rotation of f = 3.0 s~'. The period

of one rotation (T = 1 ROT) was 4.2 s.

Figure 8: A time series revealing fountain behavior in an established vortex. The fountain
color is changed from yellow to red after the vortex has established. The interior behavior
of the vortex-fountain system is qualitatively shown to be complex, including stratification
and circulation. Source conditions were B/Qp = g = 25 cm?s™® and M = 133 cm?s™2
with a background rotation of f = 0.5 s~1.
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Figure 9: Height of the fountain versus time for increasing f at a fixed B. Source conditions
were B/Qo = gj = 25 cm*s™3 and M = 133 cm?*s—2.

encapsulates the fountain. Entrainment of ambient fluid subsidies as more fluid is injected
because the fountain is contained within the growing vortex, shown qualitatively in Figure
8. The fountain is entraining fluid of a density close to that of itself, which doesn’t enhance
mixing with the ambient and maintains a large ¢'.

Unexpectedly, the radius of the vortex which develops at the surface grows with /2,
A log-log plot of radius versus time is shown for all g’ values with varying f in Figure 12.
Since this collapses well to a line with slope of a half, this suggests that R(t) ~ t1/2. This is
robust for all non-zero values of f and B examined. Notably, this behavior is different than
the '/ scaling demonstrated by Griffiths and Linden [6]. A scaling for R as a function of f
was estimated by plotting the vertical intercepts of the log-log R vs.t plots and assuming a
power law scaling of the form R ~ t'/2f# . This power law can be determined by plotting the
vertical intercepts of the lines of slope m = 1/2, shown as dotted lines on Figure 13. Plotting
these vertical intercepts against log f would produce a line should a power law scaling be
correct. Figure 13 shows the intercepts used to determine the value of 5. Figure 14 shows the
intercepts plotted against log f. Two dotted lines are plotted to serve as visual aids, one of
slope m = —1/3 and one of m = —1/2. A similar approach was applied for the B, using data
from cases with varying ¢, to find that R ~ BY/3.

The power law for R ~ f? is not obvious. There is support for § = —1/3 and for 3 =
—1/2, but it is not clear which is correct given the limited amount of data currently available.
A value of 8 = —1/3 would be consistent with a —1/3 power law for the dimensionless group
fM/B since R ~ B/3. A linear least squares fit produced a slope of 8 = —0.44 with a
R-squared error R? = 0.99 and an RMS error of 0.042. Since there are only four data points,
this power law is not yet definitive. However, a power law of 5 = —0.44 is consistent with
expected values based on dimensional analysis and physical reasoning, as discussed further
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Figure 10: Average fountain height after long times normalized by the non-rotating fountain

height, plotted against fM/B for one value of B/Qo = g;,. Average H values are obtained
from data shown Figure 9.

Figure 11: The volume of the vortex that develops plotted against total injected volume as
a function of time. The initial entrainment, indicated by the large increase in volume at
early times, is decreased with increasing f. Source conditions were B/Qo = g( = 25 cm?s ™3
and M = 133 cm*s—2.
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Figure 12: A log-log plot of R vs. t for varying f and three non-zero values of B/Qy =
[0.2,0.5 and 1.0]g) where g, = 25 cm*s™3. A line of slope m = 1/2 is shown as a dotted
line for comparison to the data. The scaling of R ~ ¢1/2 is robust for the 12 experiments
represented here.

in § 4.2.

Plots collapsing the radius according to the scaling relationships R ~ t1/2B1/3 f=1/3 and
R ~ t'/2BY3 =1/2 gre presented in Figures 15 and 16, respectively. Both of these plots
collapse the data relatively well. Since M and Hp were not varied due to time constraints,
there is not enough information to determine a complete scaling for radial growth of the
vortex at the surface. However, there has been progress toward determining a comprehensive
power law. An interesting finding that is strongly supported by this data set is that the radius
grows with t'/2 rather than t'/4, as was determined by Griffiths and Linden [6].

4.2 Turbulence versus Rotation in Rotating Jets

In order to further understand how rotation impacts the fountain, the simplified case of a
pure momentum source (i.e. a jet) with background rotation was studied. The experimental
setup was the same, except salt water was injected into salt water, so there was no buoyancy
flux. The experiment was repeated for the same rotation rates, f = [0.5,1.0,2.0 and 3.0]
s~ As expected from the previous experiments, rotation plays a critical role. A time
series of the early time behavior of a jet with and without rotation is shown in Figure
17. The jets subjected to background rotation are contained to a vertical column almost
immediately. The non-rotating jet expands laterally and reaches the bottom. Background
rotation influences the jet by constraining radial growth to a vertical column. The jet with
rotation penetrates the ambient, but does not descend to the bottom of the tank as the jet
does. As more fluid is added, the column grows radially and the vertical interface with the
ambient fluid is maintained. The fluid appears to be forced into a Taylor column at very
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Figure 13: To estimate a power law for R ~ f? the vertical intercepts of the dotted lines,
indicated by red asterisks, are plotted against log f in Figure 14. Source conditions were
B/Qo = gy = 25 cm*s™3 and M = 133 cm?*s—2.

Figure 14: A plot of the vertical intercepts in Figure 13 versus log f. Source conditions were
B/Qo = gy = 25 cm*s™® and M = 133 cm*s~2. Lines of slope m = —1/2 and m = —1/3
are shown for comparison. A least squares analysis produces a slope of m = —0.44 with an
R-squared fit of R? = 0.99 and an RMS error of 0.042.
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Figure 15: Collapse of R data for cases of non-zero f and B. Data is fit according to the
scaling R ~ t1/2f~1/3B1/3 which has dimensions of T~/SL4/3. B/Qq = [0.2,0.5 and 1.0]g),

where g = 25 cm*s~3.

Figure 16: Collapse of R data for cases of non-zero f and B. Data is fit according to
the scaling R ~ t'/2f~1/2B1/3 which has dimensions of T~1/2L4/3. Source conditions were
B/Qo = [0.2,0.5 and 1.0]gf, where g = 25 cm*s~3.
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Figure 17: A time series comparing a turbulent jet with no background rotation (A) and

with background rotation (B). The rotation rate is f = 3.0 s~!, corresponding to one
rotational period (T = 1 ROT) of 4.2 s. Snapshots are taken after 1,2,3,4 and 5 rotational

periods. Source conditions were B = 0 and M = 133 cm?*s~2.

early times, as soon as two rotational periods. In order to quantify the role of rotation, the
radius of the initial Taylor column, Rrc, was plotted against f. An example measurement
Rpc is shown in Figure 18.

From dimensional analysis an expected scaling for f can be obtained. For a non-buoyant
(B = 0), turbulent jet with background rotation the meaningful physical parameters are
Rre, f, and M. From this, Rre ~ f~1/2M* is expected. A dotted line of slope m = —1/2
is plotted along with the experimental results in Figure 19. This fits the data well and is
consistent with the proposed scaling. A linear least squares analysis yielded a power law
exponent of —0.46 with and R-squared error R? = 0.96 and an RMS error of 0.089. This result
agrees with a study of rotating jets by Etling and Fernando, [5]. This scaling of f ~1/2 may be
influencing the radial growth of the vortex for the buoyant cases. This finding supports the

scaling of R ~ f~1/2, although more data is necessary to validate the relationship.

5 Conclusion and Future Work

The dynamics of turbulent fountains and jets with background rotation was investigated
by varying the non-dimensional parameter, fM/B, which represents a ratio of the fountain
time to the rotation time. Key results of this project are shown in Figure 20. Although
more rigorous statistical analysis is ongoing to clarify and validate the scaling laws presented
in this report, many trends have been observed clearly. For cases where B # 0, once the
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Figure 18: The distance treated as the radius of the Taylor column, Rpc, for jets with
background rotation. The source conditions were B = 0 and M = 133 cm?s™2 with a
background rotation of f = 3.0 s71.

Figure 19: A log-log plot of the radius of the Taylor column versus f. A dotted line of
slope m = —1/2, which is expected from dimensional analysis, is shown for comparison.
The source conditions were B = 0 and M = 133 cm?*s~2.

354



Figure 20: As a follow up to the diagram shown in Figure 4, the results of this project have
begun to populate the bottom right quadrant.

fountain returns to the surface, the radius of the vortex grows as R ~ t'/2. Comparing cases
with varying B showed R ~ B'/3; however, the dependence on rotation is less clear, leaving
R~ f~%2 and R ~ f~1/3 as possible power laws. There is support for both of these laws.
More data is necessary to clarify the dependence on f. It could be argued that R ~ f~1/2
based on evidence that a Taylor column with Rpc ~ f~1/2 establishes at early times.

Experiments varying Hp and M will be performed in the near future. Hr appears to
matter for the fountain system. This is in contrast to Bloomfield and Kerr [3], where the
penetration height H; does not depend on Hy. Solid-body rotation introduces a stiffness
to the ambient fluid which strongly discourages vertical motion, in accordance with the
Taylor-Proudman Theorem. This is apparent by how rotation systematically suppresses
fountain penetration. The fluid appears to be forced into a Taylor column after just a few
rotation periods. Ryc appears to scale according to Ry ~ f~1/2.

Another ongoing aspect of this project is investigating the onset of instability once
the vortex becomes unstable to rotation. A picture demonstrating the onset of different
instabilities shown from the top view is show in Figure 21. For a turbulent source with
background rotation, higher order azimuthal wave numbers are observed, as they are in
Griffiths and Linden [6]. Further characterization of these instabilities will be the topic of
future work.
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Figure 21: Once the fluid returns to the surface, the vortex becomes unstable to rotation.
Characterization of this unstable behavior is ongoing. Panel A shows source conditions of
B/Qo = 0.2g) = 4.9 cm*s™3 and M = 133 cm*s™2, with a background rotation of f = 2.0

S—l

. Panel B shows source conditions of B/Qg = 0.2¢g; = 4.9 cm*s™3 and the same M with

a background rotation of f = 0.5 s71.
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Swimming with Posts

Sara Lenzi

August 23, 2018

1 Introduction and Motivations

Biological problems regarding microorganisms moving into viscous fluid are interesting fields
of research since the second half of 1900s [1][2]. The case in which such organisms are em-
bedded in a fluid in presence of a microstructure is particularly useful for the study of
fundamental biological phenomena but differs from the classical continuous fluid dynamics
problem because of the presence of obstacles comparable in size with the swimmers them-
selves.

Some examples can be [3][5]:

- mammalian sperm in the viscous vaginal mucus : where the swimmer (sperm) is con-
strained to move across a fibrous fluid (mucus);

- nematode moving in the soil;

- diseases diffusion, like malaria, occurs when male gametocyte parasite Plasmodium navi-
gates a dense suspension of red blood cells in the digestive tract of the mosquito as it searches
for its female counterpart.

For all these reasons the analysis of the ondulatory motion of microorganisms at low Re
numbers still arouses the interest of scientists. About this an important experimental work
has been developed by Majmudar et al. [3] to infer which is the optimal swimming wave-
length for an organism embedded in a fluid or how the swimmer motion/speed is affected
by obstacle spacing.

Results reported by Majmudar et al. [3] show that the presence of obstacles, against which
the swimmer can push or pull, generally enhances swimmer velocity.
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Figure 1: Some experimental results from Majmudar et al.
Note in the bottom panels the velocity reaches its maximum for | ~ 0.5.

Even if maintaining a fixed shape, the swimmer changes motion frequency in function of
viscosity (decreasing frequency for increasing viscosity and vice versa).

In particular, it approaches the crawling frequency when the structure spacing is smaller
and an increased one for higher spaced obstacles.

In [3] is shown how, in certain conditions, the swimmer maximizes its speed for ¢ ~ 0.5
where { is the ratio between the swimmer length (q) and the spacing between obstacles (L)
(see fig.1). In our work, due to our different definitions that will be shown later, we replaced
this ratio with &.

Moreover, it has been observed that changes in swimmer speed are not correlated to maxi-
mizing efficiency or locomotion but only to surrounding environment changes (ex.
viscosity).
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In this work the following are assumed:

- swimmer interacts with topography only on one side. Top and bottom bounds of
2D domain correspond to the swimmer and the topography, respectively;

- no head/tail for the swimmer. Ignoring as a first approximation the particular inter-
action of extremities with the fluid field;

- periodic topography. Domain contains a periodic portion of both topography and
swimmer;

- small gap. Small distance between the swimmer and the topography;

- no inertia for both swimmer (organism with very small m) and fluid (Re — 0).

On the other side we focused on some aspects we identified as interesting to be explored:
- fixed /flexible swimmer shape. What if the swimmer is able to maintain a constant
shape against fluid’s pressure during its motion? What if the profile can be modified by

external forces?

- shape of topography. How does the particular choice of topography influence the
motion? Does a different topography affect swimmer velocity?

- finite/periodic swimmer length. What if we consider a finite/infinite length for the
swimmer?
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2 Setting the Problem

Let’s consider the following 2D domain in which the upper boundary is represented by the
swimmer and the lower represents the topography:

Figure 2: Sketch of domain

L is the domain length, H is the vertical dimension, h(x,t) is the mean separation between
the swimmer and the wall, Y and W are the swimmer and the wall profiles, respectively.
We assume the swimmer produces a backward wave of velocity ¢ to propel itself forward
with velocity U(t).

The domain contains exactly M wavelengths of the swimmer profile and N wavelengths of
the wall where M and N are different integers.

If A= 2?” and A\, = 2% are the wavelengths of the swimmer and the wall,respectively, we
obtain the following relation:

N7 1)

L=M\=N\y =M
k K

Furthermore, in the reference frame of the swimmer, for the swimmer and the wall profile :

Y =acosk(x+c H
{ (z +ct) + @)

W =bcos K (m + f(f U(t’)dt’)
with velocity boundary conditions:

77(1'7 Y, t) = (07 }/t) (3)
t(x, W,t) = (=U(t),0)

at the top and bottom profiles, being Y; the time derivative.

The equations of dynamics for the 2D Newtonian inertia-less fluid are the following:
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P = Uz + Uyy)
Py = W(Vaz + Vyy) (4)
Ug + Uy =0

mass and momentum conservation in the Re — 0 approximation written in the x-y space.
Since we consider the case of small gap (H< L lubrication theory) the non-dimensional
problem is described using different length scale for the x and y directions and as time scale
the time the wave needs to move through the domain :

t=kr ¢g=y/H t=tck d=u/c ©=uv/cHk (5)

respect to these variables the domain is L = 2w M, the non-dimensional equations for the
profiles are

W = beosk (m + /0 t 0(5)) (6)

N

Y =1+ acos(z +t) (7)
and for eq.(4) we obtain
Po = (uyy + ttz) = 1y + 0(€) (8)
By = €(2vz + vyy) = 0(€) (9)
iy + By =0 (10)
where we defined
a=a/H b=0b/H #i=K/k ﬁ:p% U=Ufck e=kH<1 (11)

representing non-dimensional amplitudes for swimmer and topography, non-dimensional
topography wavenumber, pressure and swimmer velocity,respectively.
We also add the small-ratio condition for lubrication theory.

Note that the non-dimensional k£ = % is not only the ratio of the two wavenumbers but
also of the two wavelengths A = 2% and A\, = %’T

In the following we will use this parameter in analogy with the { ratio used by Majmudar

et al. with the difference that since our spacing between obstacles is % our analog reference
value will be doubled.
So, while the original reference [3] is to £ ~ 0.5, we will focus on x = 1.
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3 Swimmer Dynamics

We analyze now the force balance of the system. The normal force balance along the swim-
mer profile is dictated by the Euler-Bernoulli b eam theory:

P = DYxmca: - fd (12)

where D is the swimmer stiffness and we assume the swimmer produces wave moving back-
ward with velocity ¢ with the associated non-dimensional driving force:

fa(z,t) =aDcos (z +1). (13)

For D — o0 eq.(12) can be re-written as:

v Jfa
= Yoxxxr — & 14
D (14)

Sl

when the first term vanishes and

v Jd
D (15)

which after integration gives the constrain of a fixed shape condition:

Y ~ 1+ acos(z+1t). (16)

and justifies the assumption of eq.(2) for swimmer profile.
Since we solve the instantaneously no-inertia swimmer problem (in the limit of m — 0) we
know that Vt F' = 0 along the swimmer profile:

2 M
Flyoy :/ fdz=0 . (17)
0

Considering the non-dimensional argument the non-dimensional normalized vector normal
to the swimmer surface is:

(Y1) (—€Yy,1)
VY241 1+ e2Y,2

f = ~ (=€, 1) (18)

where we recalled for simplicity all the non-dimensional variables without hat and the sub-
script is the space derivative.
The stress tensor for the Newtonian problem is represented by the following :

p(uy +vz)  —p+ 2puy
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>

Figure 3: Tangent and normal vectors. £ = r, = (1,Y,) and # = (~Y,, 1) since i - £ =0

where the normal components are represented by o;; and the shear components by o;;.
The non-dimensional stress tensor can be expressed as :

G = <_p tole)  euy ) (20)

€Uy —p + o(e€)

from which we can derive the x-component of the force:

fly=y = (;}Z 6_“;;) <—€1Yx> =e(pYy +uy). (21)

In this case the total force along x-direction can be written (see eq.(17))
2T M
Fly—y = / pYy + uydx (22)
0

using the explicit form for the local force f.

We remark that since we assume infinite stiffness for the swimmer (see eq.(13)) we didn’t
consider the y-component of F that is equivalent to assume that swimmer profile doesn’t
change shape with time (see eq.(16)).
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4 Solving the Problem

To solve the problem we need now an expression for both u, and p.
We derive an equation for the velocity field integrating eq.(8) across the domain and forcing
with the boundary conditions:

uly=Y)=0 and uly=W)=-U (23)

to obtain the following expression for the fluid velocity:

(Y —y)
Y -w)

Pz

5 Y=y y-W)-U (24)

u =

Furthermore, explicit integration of the continuity equation across the gap using eq.(24):

Y Y
/ Up + vydy = / ugdy +v(Y) —v(W) =0 (25)
w w
becomes :
Y+ — |-y —wp-v—— = 2
t+6x[ 12( W) -U 5 UW| =0 (26)
which (note that for the swimmer profile Y; = Y, = —a sin(x + t)) gives us a conservation law
for some quantity that can eventually depend also on time:
R h
Q) = v —uw - = _Uh (27)

12 2

where h =Y — W is the gap.
With these equations it’s possible to calculate the velocity field from the :

w=—5 (Y —y) (- W) - Uy

s Y-=w)
Qt)y=Y —-UW — zi= _ Uh (28)
fly=y = (pYz + uy)ly=y
Assuming the no-inertia condition for the swimmer:
2T M
Fly—y = / pYy +uydr =0 (29)
0
and
2 M
/ pzdr =0 (30)
0
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(because of our choice of periodicity for p) eq.(28) becomes:

uly—y = %"'%
pe = [-Q+Y —UW - Y] 2 (31)

027rM pYy + uydr =0

and from the lasts of the (31) we obtain an equation for U and Q that can be replaced into
the third of the (31) to get a final equation for the swimmer velocity :

LNI9 —21}) + 19(212 — 212)

U— (32)
IO IO 2
2I2(19 — 2I}) + 219(12 — 13 + ) — 1)
where we defined :
2w M m
1 t
() :/ [1 4 acos(z +t)] _dz (33)
0 [1 4+ acos(z+1t) —beosk(x + V)]
with O = [ U(#)di.
Note that in the limit of b — 0 (non wavy surface), Y — h and I* — I9_, .
In this case we have :
IOIO _ IO 2

that is the result predicted from the theory [5].
Plot of the instantaneous swimmer velocity is shown in fig.4 for different values of x:

Figure 4: Example of different instantaneous velocity U(¢) for a = 0.5 and b = 0.4 and
different values of .
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The expression for the mean velocity is:

2 U(¢
fO N(U(f)l)d(Zs

2w d
fO E(Udil)

(35)

_ 1 [T
= — tdt' =
0 T/o U

where we defined d¢ = k(U —Al)dt to consider the net phase difference from the swimmer
and the wall that is ¢ = x [ U(f)df — t.

With this change of variable eq.(33) becomes:

() = /%M [1+acos]™
0 [1+acos§—bcosn(§—t—i—fOtU(t’))dt’)}

7 d§ (36)

then

" e [1+acos&]™
I3 (9, k) = /0 [14 acos& — beos(kE + <Z>))]nalf (37)

where € = 2+t and U(t) — U(¢).
Plot for the mean velocity, gives us:

Figure 5: Upean velocity for different valuesofx,a = 0.5andb = 0 .4. The velocityisa
discontinuous function of x: for k > 1 is positive, for k < 1 is negative.

that is independent on ¢, since we integrated on this variable, and surprisingly also on the
wavenumber k.

In particular we notice some discontinuities for certain values of x and in general U is pos-
itive for k > 1 while for k < 1 is negative.

This is a non-obvious result since from the eq.(37) the dependence on « is clear. In the
following a main goal will be to understand why U is in general a constant, except for some
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discrete points in correspondence of small values of k.

4.1 Explaining U behavior

Since we want to explain the discontinuous behavior of U we considered the general
integral analytically:

m M 1+ acosz|™
n (9:K) = /0 1+ acosx — Y, (ka + qb)]"dx (38)

where Y), is a general periodic function representing the topography.
Rewriting it like a sum the integral becomes:

M ronj 1 m
/ [1+ acosx] i (30)
2

=1 w(j—1) [1 +acosx — Yp(lil‘ + ¢)]n
and operating a shift with the change of variable Z = x — 27(j — 1) we obtain

o [1+ acos(Z + 27 (j — 1))™ i
/0 [1+acos(@+2m(j—1)) = Yp(c(Z+2n(5 — 1)) + (z,)]ndx (40)

M

where the upper and lower limits are now independent of j. Commuting, and because of
the periodicity of cos x we obtain:

°n 1 1+ acosz]™
- M di =
/ 1+ acos® — Y, (kT +267m(j — 1) + ¢)]" . (41)

where the argument of cos still maintains a j-dependence.

Note that until now we used an exact representation for the integral. We re-write the
inner sum like:

&l [1+acosz]™
£
zj: 1+acosx—Y;7(zj + )" . (42)

where we recalled for simplicity z; = 2k7(j — 1) and v = kT + ¢.
Note that in the limit of M > 1 this inner sum is the Riemann integral between the
two limits a and b with M the number of intervals and Az = 17_7“ the length of the inter-

vals.
From that assumption the argument of cos goes from a = kT + ¢ (j = 1) and b =
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KT+ ¢+ 2rMk (j =M +1in b) and the integral (42) becomes:

1 KT+¢+2m MK 1 ~1m
~ [1+acosa” . (43)
27 Jyito [1+acosz — Y,(2)]
12 1+ acosz|™ _
=N— d 44
277/0 14+ acosz — Yy,(2)]" v (44)

remainding that x = % and because of the 2m-periodicity of cos .

Note that in the M > 1 limit the integral is independent of x and so the final form for eq.
(41) is:

27 27 ~)m
1 / [ [1+ acosz] i (45)
0

=N dr—

0 Tor 1+ acosz — Yp(2)]"
This approach is extremely useful and explains why the mean velocity is not a function of k
except for small values of M.

4.2 Extension to irrational

Because the previous argument is valid only for rational values of k we introduce the con-
tinued fractions argument to generalize the solution to all irrational numbers. Continued
fractions method is useful to address an univocal representation of a real number. This
method is based on the possibility of splitting a real number in its integer part q € IN and a
restre R :

m=q+r (46)

to obtain an expression through an iterative fraction as we can see in the following.
More precisely : given (m,r;) € R and ¢; € IN Vm 3!(r;, ;) : m = g; + r; where ¢; is the
integer part and r; is the rest of i-th iteration.
With this method we can iteratively split m in ¢; and r; but since :
1

Ti

and observing that by definition r; < 1 and 711 > 1 we can iteratively apply the method
defining the next ¢; 11 = T% > 1. The final result is :
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m = qo+ (48)
q +

Q2 +

qs +

qi +

1
qn

Collecting all the g; values m can be represented with the sequence S = [q0 ¢1 g2 ... qn]-

If m is rational 3 two finite sequences to represent this number : these sequences differ only
for the last coefficient ¢, and conventionally the number is represented by the truncated
sequence S = [qo q1 @2 -+ Qn—1].

Instead, in the case of irrational m, 3\S : S ={[q ¢1 q2 ... qn -..] of an infinite number of
coefficients to represent it.

So, for this second case, we can use a truncated sum as an approzimation for irrationals,
knowing that in the limit of n — oo

lim Y () = > () (49)
k=0 0

we obtain a better approximation the bigger value of n we choose.
A detailed example for the irrational x in function of ¢; is:

n
K= nh_)IEOZqi(l) L (50)

i=0
In conclusion, since rationals approximate irrationals, we can apply the previous argument
to irrationals replacing them with a limit of truncated sums.
The assumption of M > 1 and N, M with no common factors is valid to furnish an exhaus-
tive explanation also for irrationals to explain why for M very large we obtain a constant
values for U (fig.5).
Indeed, for big M, the rational k = Aﬂ/lis closer and closer to an irrational number and only

small Ms furnish higher or smaller values of the mean velocity (discontinuities of U/ in fig.5).
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5 Velocity as a Function of a & b

Summarizing what we noticed until now for the case of sinusoidal topography and fixed
shape for the swimmer we observe:

-for M >1 U = f(a,b) the mean velocity doesn’t depend on « (V& : k = 7).

-for M =0(1) U= f(a,b,k) .

A brief overview on the U behavior in function of a and b is shown in fig.5

We can generally conclude that the mean velocity is a non-trivial function of a and b and
that for kK = n with n € N, U has negative sign, while for x = % it assumes positive values.
Moreover, we can also affirm that generally the resonance (k = 1) isn’t the better condition
for the velocity and some other values of the wavenumber can provide a higher velocity
(for example k = %) depending on a and b values (behavior to be explored deeper, see fig.5
and fig.6).

Figure 6: Ujyeqn velocity in function of increasing b for different valuesofx and a = 0.5.
The plot show that the best x depends on the value of b.

Plot of {7 for fixed value of a varying b show that the higher value of the mean velocity
depends on the amplitude of topography (fig.6). The same can be noticed for U in function
of varying a for fixed value of b (fig.5).

Although U(¢) behavior is not surprising for @ < 1 — b, meaning that for all the values
of phase the swimmer can freely move along the gap, this behavior changes for values of
a > 1 —b. This last case is shown in fig.8 where instantaneous velocity is plotted against
phase for different values of a. From the plot is clear that if for example a = 0.9 the swim-
mer velocity is smaller than the topography velocity for all values of initial phase. Because
of this non zero relative velocity the swimmer will reach the topography independently of
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Figure 7: U,ean velocity in function of increasing a for different values of x and b = 0.4. The
plot shows that the best x depends on the value of a.

the value of the initial phase. The reached state is a locked state with contact,where we
define a locked state as t hat state in which the swimmer is moving with t he same velocity
of the topography.

Figure 8: Instantaneous velocity against phase for b = 0.4 and x = 1 with varying a.
Stable and unstable states are marked with stars. For positive phases the swimmer is in
a stable equilibrium (approaching the locked state), for negative phases the equilibrium is
unstable and the swimmer departs from the initial phase. In this second case two different
developments take place : for ¢ > ¢, the swimmer moves to the stable attraction basin
while for ¢ < ¢,, it crash against topography.

Non-trivial results can be observed for bigger values of a (example a = 1.1). In fig.8 two
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Figure 9: Bifurcation diagram: for positive phases the swimmer is in a stable equilibrium,
for negative phases the equilibrium is unstable and the swimmer departs from the initial
phase.

different value of phase are marked : both of them are locked state since their velocity is
U=1.

The locked state for ¢ < 0 describes a swimmer profile shifted on the right with respect to the
topography, in this case, increase in phase brings increase in velocity (i.e. moving away from
the locked state) and the same for phase decrease which brings to a lower velocity. We can
then affirm that the locked state with negative phase is an unstable state, marking it as ¢,,.
For positive ¢ the swimmer is shifted to the left (see eq.(13)), and in this case an increasing in
phase is linked to a decreasing in velocity and the other way around for decreasing in phase.
For this reason the ¢ > 0 locked state is a stable state (¢s).

In conclusion, the general behavior of the system is the following : for initial phases bigger
than ¢, the velocity of the swimmer increases and decreases to reach the topography velocity
(in the wave reference frame) and moves with that: this kind of locked state is without
contact since the swimmer maintains a phase difference with the topography. For an initial
phase smaller than ¢, the swimmer is not able to synchronize with the topography and will
reach the topography (locked state with contact). Bifurcation diagram for this problem
is shown in fig.9. Note that the considered range of a-values is very small, meaning that
it’s unlikely to find these kind of states.
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6 Swimming with Posts

We approach now the problem with posts to study how the topography affects the velocity
field. The swimmer still has an infinite stiffness so its shape doesn’t change with time.
The new domain is shown in fig.10 :

Figure 10: Picture of the domain with posts.

where posts are represented as regular semicircular structures separated by variable depth
troughs (choice of using half-circle shape is due to the mathematical limits of defining cir-
cular posts).

Even if, in the regions where troughs are present, lubrication theory is not valid anymore, we

assume in that part of domain interactions are negligible and results confirm that. Moving in
the posts reference frame with the change of variable x = kK + ¢ we obtain for profiles:

Y =1+ acos((x — ¢)/k) (51)
Yy = [\fmac(0,1 = o — 2nm)?) — 1| IRt TR

now the swimmer is moving forward and the increasing b determines the increasing of
the trough between two posts.

We assess the problem as before to calculate the U field after the redefinition of the I
integrals :

I,TZ/WM ..:/O%M...:/O%N( (1+acos(z — o)™ d (52)

M 1+acos(f—¢)—Y,)" K

Wherea?:/@x—i—gbandgz;: %
Because of numerical problems due to the alignment of the grid and the posts we shifted the
domain from [0, 27 M] to [—wM, wM] such that jumps of topography do not fall between
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two grid points giving rise to convergence problem.

Moreover, numerical results confirmed the assumptions we made to use lubrication
theory and also that the assumptions that there are negligible interactions in the trough
zone between the swimmer and the posts in the limit of high depth was correct.

Figure 11: Instantaneous velocity against phase for different x

Figure 12: Mean velocity in function of k.
The behavior of the instantaneous velocity is plotted in fig.11 and for mean velocity we

observe a qualitatively similar behavior to the previous case with several discontinuities for
some special values of k (fig.12).
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6.1 Increasing depth

Even if not systematically explored, we also observed the general convergent behavior of
velocity for increasing depth between posts that is, in the limit of large depth, bottom
doesn’t interact with the swimmer.

In the following, some examples are reported to catch this general behavior (see fig.13
for instantaneous velocity, fig.14 for mean velocity and fig.15 for a bigger range of b).

Figure 13: Example of convergent instantaneous velocity for increasing depth.

Figure 14: Example of convergent Uppean in function of (a small range of) k for increasing
depth.
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Figure 15: Example of convergent U,,eqn in function increasing depth.

Moreover, mean velocity behavior in function of variable resolution has been explored.
Results shows that for increasing grid points the mean velocity profile is not affected by the
particular choice of resolution, ensuring we chose adequate resolution for the computation
and then the reliability of our results.

6.2 Explanation of results

As in paragraph 4.1, where we focused on the sinusoidal topography case, we can develop
an integral argument to analytically explain x dependence of U also for posts case.

Even if we don’t go further into this topic, since it’s formally the same as previously dis-
cussed in the no-posts case, again, also in this case, the M > 1 argument is the only one
we need to explain the U behavior against &.

7 1Is k = 1 the better condition for U?

In their experimental work Majmudar et al. observed that the swimmer maximizes its speed
for 4 ~ 0.5 where { is the ratio between the swimmer length (q) and the spacing between
obstacles (L). As already hinted at the beginning of this work, due to different definitions
the % ratio corresponds to our 5. Consequently in the following we will refer to x ~ 1
instead of £ ~ 0.5 as the best value of wavenumber to maximize the mean velocity.
Referring to those results our work is focused on looking for a mathematical model confirm-
ing Majmudar et al. observations.

In the following we report different graphs for U in function of k£ to summarize our out-
comes. From these graphs emerges a non-obvious mean velocity behavior as a function of
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Figure 16: Mean velocity against &, for a = 0.5.

wavenumber: for almost all values of , it is clear that U is constant except for a discrete number
of k where a discontinuous behavior is evident. For wavenumber like k = 1/4,1/2,1,2,3 we
observe a different value of U and in particular, the value k = 1 (resonance, same number
of wavelength for swimmer and topography) doesn’t furnish the the higher value for the
mean velocity.

Furthermore, fig.17 shows a different behavior for the posts case with respect to the previous:

the mean velocity is now independent on b for big enough b and, again, x = 1 is not the

best choice for wavenumber since the x = % seems to furnish the higher value of {7 for all

9
b.

Figure 17: Mean velocity against b for a = 0.5 for different x.
The best value k seems to be K = 4/9. Note that U reaches a constant value for big enough
b.
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8 Results: Instantaneous and Mean Velocity

Also in this case we briefly summarize what we noticed :

-U:f(a,b)Vm:K:%withM»l.
-U = f(a,b,k) if M =0O(1) .
—U:f(a)zﬁooforb—)ooV%:mz%withM»l.

Where the last one is the converging velocity behavior we observed for increasing depth.
We report now some examples for instantaneous and mean velocity as a function of a and
b with an interpretation also for the case with posts.

8.1 Locked states

Also in the presence of posts we observe locked states.
In the following pictures locked states are shown for the particular value of trough depth
b=1:

Figure 18: Instantaneous velocity against phase for b = 1 and £ = 1 with varying a. Locked
states are marked with stars.

and for a bigger depth (b = 10) :

Bifurcation diagram (fig.20) shows stable and unstable states as a function of the control
parameter a. Note that contrary to the previous case we observe a larger validity range
for a.
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Figure 19: Instantaneous velocity against phase for b = 10 and x = 1 with varying a.
Example of locked states is marked with stars.

Figure 20: Bifurcation diagram: for positive phases the swimmer is in a stable equilibrium,
for negative phases the equilibrium is unstable and the swimmer departs from the initial
phase.
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9 Finite-length Swimmer

Figure 21: Sketch of finite length domain.

Another aim of this work is to understand what happens in the more realistic situation
of finite length.
In this case the number of swimmer’s wavelengths could be any number, that is, the to-
pography and the swimmer are not periodic anymore. We assume p = 0 at the organism
extremities and we come back to the fixed-shape swimmer (infinite stiffness case).
As at the beginning, we assume the no-inertia limit :

mE:F: ; f(z)dz =0 (53)

with the only difference that we are now considering a finite length organism and we restrict

our calculation to a wavelength for the swimmer (M = 1 — integration from 0 to 2m).
Because of the periodicity of p (infinite domain):

2w M
/ Pedz =0 (54)
0

and for the local force:
fly=y = € (pYz + uy) (55)

So, for the finite length problem, if we assume that the ends make no other contribution,
formulas for infinite stiffness (i.e., Y prescribed) are unchanged from the periodic problem.
Plot of instantaneous velocity in function of ¢ is reported in fig.22 for different values of k.
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Figure 22: Instantaneous velocity against phase for a = 0.5, b = 0.4 and varying k.

In this case the I integrals in x are only over 27 if there is exactly one wavelength along
the length of the swimmer. Moreover, the I)"(a,b) are clearly periodic in ¢ with period 27.
This gives a slightly different problem than the first periodic one. The mean speed becomes
a continuous function of k (see blue line in fig.23) and for increasing value of M it approaches
the discontinuous case of infinite length (see different values of M in fig.23).

Figure 23: Ujyean velocity in function of increasing x for the finite length case. Different
values of M represent different values of k. Note that for increasing values of M the mean
velocity is more similar to the infinite length discontinuous case.
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10 Flexible Swimmer

Figure 24: Domain fot the flexible case

Until now we considered the case in which the swimmer is able to maintain its shape or
equivalently the case in which the swimmer is always able to exert the same force
against the fluid (we didn’t consider Fy contribution).

We want now to approach the case in which the swimmer is not able to exert all possible
forces anymore or that it is deformable.

In this case the equations of dynamics are the same as before (see eq.(4)) since we are still
considering a Newtonian fluid.

The velocity boundary conditions are:

ulr, W) = vz, W) = 0
u(z,Y,t) =U v(z,Y,t) =Y, +UY;

and the force balance provides:

p=DYorsr — fd (57)

obtained referring to the Fuler-Bernoulli beam theory which is based on evenly distributed
forces along the body.
The force driving the swimmer in the swimmer’s reference is

t
fa(x,t) = Acos {x +t— / U(t’)dt'} (58)
0
and if we consider the effective inertia at the swimmer profile y = Y":
dU 2w M
m— =F = / f(z)dz = 0. (59)
dt 0

With the same assumptions of the beginning the integration of continuity equation across
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the gap furnishes:
Y
Vi g [ udy, (60)

integration of momentum (see eq.(9)) gives :

u=-Lv -y -wy+ L (61)

from which we obtain a formula for Y; and Q(t):
3

Q) =~ pe — H + (1~ L0 (62)

to set the problem in analogy with the initial one.

10.1 Very stiff swimmer

In the case of large stiffness t he swimmer is able t o equilibrate most part of the fluid force
so, for a vary large stiffness D > 1, we should obtain coherent results with the first case in
which we assumed a fixed shape.

Moreover, we note that for the case of flexible swimmer (D < 0o) because the only physical
solutions are for A > 0, the locked states are without contact!

This can be appreciated from p, equation :

12 Uh

Pz =13 Q(t)—Y+UW+7 (63)

where we have to require h > 0 to ensure physical values for p,.
Eq.(57) can be re-written as:

the first term goes to 0 for D > 1 and

Jd
I (65)

which after integration gives the constrain for a fixed shape:

Y ~ 1+ acos(x+ ¢). (66)

that is coherent with the initial case (infinite stiffness).
A main difference is that in this case the swimmer reaches the topography moving with
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that (the locked state) without contact.

A clear example of that is shown in fig.25 . The top of the figure shows the swimmer profile
against time with yellow corresponding to the maximum swimmer profile while blue to
the minimum. The swimmer (bottom-right in orange) is approaching the locked state
which is moving with the topography (bottom-right in blue).

An example of the approach of the locked state is shown in the bottom-left sketch where
velocity is reaching U = 1, meaning the swimmer is moving at the same velocity of the
topography in the wave reference frame.

Figure 25: Top: Map of swimmer profile in function of space, &, and time.
Lighter areas are peaks and blue areas are troughs of the swimmer profile.

Bottom left: Example of velocity evolution with time.
Bottom right: Example of locked state: swimmer profile in orange, t opography in blue.

Time evolution of swimmer profile close to the locked state is shown in fig.26 : starting with
a certain phase difference, the swimmer approaches the topography reaching a contactless

locked state.

In figs. 27, 28 some plots for the mean velocity for different stiffness and different x are
reported.
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Figure 26: Evolution of swimmer profile (orange) approaching the topography (blue). From
top left to bottom right : t =5, t =15, t = 25,t = 40, t = 60, t = 80.

Figure 27: Uean velocity in function of increasing a for finite stiffness D = 10 and different
K.
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Figure 28: Upean velocity in function of increasing a for infinite and finite stiffness (D = 100)
for different k.
The case for infinite stiffness approaches the finite stiffness case for big values of D.
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Mean velocity shows both some values of stiffness for which the locked state can’t be
reached (see fig.27 k = 1/2) and others for which it can.
Also in this case, for both cases of locked and not locked state, we can’t observe the
higher value of velocity in correspondence of k = 1.

11 Conclusions and Future Works

Since our work results don’t match with Majmudar et al. we need to better understand the
model we built.
Several assumptions have been done and some of them could affect our results:

- one side swimmer : since we neglected contributions from a second side, this assumption
probably leads to underrate the net velocity that generally increases in the presence of
obstacles.

Further work should be focused on introduction of two side models for the topography.
In this case the swimmer, interacting on both sides with topography, should increase its
velocity and, in principle, change the dominant wavenumber. This change could be useful
to better reproduce the C. Elegans velocity obtained by Majmudar et al.

- no head/tail : contributions from the extremities can deeply affect the resulting motion.
For this reason further work could be focused on modeling this aspect.

- lubrication theory : lubrication theory is an appropriate assumption if the domain
shows different scales for the two principal dimensions.

But probably, in real case, conduits along which the organisms have to move are not well
represented by this approximation.

A new analysis in the absence of lubrication theory could be interesting to understand

which are the limits of this theory and how accurate is the small gap assumption to
describe the problem.
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Porous Convection with Internal Heating:
Understanding Enceladus Hydrothermal Activity

Thomas Le Reun

October 3, 2018

1 Introduction

Enceladus, a 500 km diameter icy satellite orbiting Saturn, has drawn a lot of attention since
the first flybys operated by the Cassini probe in 2005. Pictures and in situ astrochemical
measurement have revealed the presence of a water vapour and ice plume ejected into outer
space, as represented in figure 1 [26]. It emerges along fractures in the ice crust at the
South Pole of Enceladus and is associated with a large heat flux anomaly of 12.5 GW.
[26]. Later analyses have revealed that the ejected material contains silicate particles of
nanometric size whose chemistry indicates that the water contained in the plume has been
previously hot, liquid, and in contact with silicate rocks [17]. Enceladus plumes have since
then been interpreted as evidence for hydrothermal activity occurring below the ice crust
of Enceladus. This remains nonetheless surprising and paradoxical as, unlike the Earth,
Enceladus has radiated away all its initial heat, and its small size makes internal heating
by radiogenic elements insufficient to explain the abnormal heat flux [5].

Recently, CHOBLET et al. [5] have proposed a self-consistent model to explain the
hydrothermal activity based on internal heating by tides in Enceladus’ water-saturated
porous core. Because of the small gravity intensity within the moon, its silicate core, depicted
in figure 2, is thought to be unconsolidated [28, 5]. As an example, the pressure at the centre
of the core is around 2 MPa, which is well below the typical fracture stress of silicate rocks
encountered in planetary interiors [28]. Based on Enceladus’ density and moment of inertia,
researchers propose that the core porosity ranges from 20% to 30% [5]. In addition, it is also
proved from tracking of Fnceladus’ librations that between the core and the ice crust lies a
global ocean [ 29] whose thickness varies from 30 km to around 5 km in the model proposed in
[5], the ocean’s liquid water permeates and saturates the porous core. Flowing of water inside
Enceladus’ core may then be driven by tidal heating giving rise to instabilities. Enceladus has
a short period and eccentric orbit around Saturn which exerts a huge gravitational torque
because of the gigantic mass ratio between the two bodies. The spin and the orbit of the moon
are synchronised. If the orbit was perfectly circular, the tidal bulge of Enceladus would
always point towards Saturn, but eccentricity changes this picture as it forces periodic
misalignment of the tidal bulge, leading to oscillations of the shape of the core. This periodic
deformation is associated with dissipation and net heating in the bulk of the core over
one period. With these three ingredients, it is proposed in [5] that as water flows
inside the core, tidal heating causes its temperature to rise, thus leading to upwelling of
hot plumes through the porous matrix. This process is summarised schematically in
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Figure 1: Picture of Enceladus’ vapour and ice plume taken by Cassini, adapted from [26].

figure 2. CHOBLET et al. [5] provide a thorough numerical study of the porous convection
with internal heating process in conditions similar to Enceladus’ interior. They observe that
this phenomenon is able to drive hydrothermal activity which is consistent with Cassini’s
observations. Interestingly, they showed in their simulations that the flow organises in
narrow upwelling sheets that focus heat flux anomalies along lines at the surface of the
core.

Yet, convective instabilities in internally heated porous layers far from the onset of
motion has received little attention. Several experimental and numerical studies, mostly
carried out by researchers interested in nuclear accident prevention, were focused on the
onset of convective instabilities or on averaged heat transport through closed porous layers
[3, 24, 13, 19, 8]. To the best of our knowledge there is no quantitative study describing
flow structures inside such a porous layer and the associated thermal anomalies at the top
boundary. In addition, Enceladus’ core includes additional complexity as it communicates
with a layer of unconfined liquid water: the subsurface ocean. Heat and mass transport
are coupled between the two media and their behaviours are governed by very different
physics. Studies of instabilities driven by temperature differences have been carried out in
the context of nuclear accident prevention, waste storage in deep geological repositories
or solidification of binary alloys [1, 2, 20]. Yet they are restrained to quantifying either
the onset of instabilities [4, 16], or to heat transfer close or far from the onset of motion
[1]. Other numerical works, mostly carried out in a geophysical fluid dynamics context,
have proposed a simplification to the issue of two layers coupling: they focus on the porous
medium only and apply a special boundary condition that allows for heat and mass transfers
at the top as a parameterisation for the coupling with the above layer [27, 22, 6, 5].

In the present proceeding, we introduce an idealised model for Enceladus’ core as a two
dimensional internally heated porous layer with an open top boundary. With this set-up,
we aim to understand the flow structures close and far from the onset of convective
motion, and to quantify heat transfer efficiency and heat flux anomalies in such a system.
We thus seek to bridge the gap between idealised and mathematical studies of the related
Rayleigh-Bénard problem in porous media [25, 14, 15] and complex numerical simulations
of planetary interiors [22, 5].

This report starts with a short introduction on the idealised system used here. We
discuss in particular the choice of the thermal boundary conditions at the top of the layer and
the expected balances at stake to adequately scale the governing equations. We then present
a brief stability analysis of the considered system, and explore the different regimes above
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Figure 2: Right: schematic view of Enceladus’ interiors. The entire surface is covered by
a thick ice sheet; underneath lies a global water ocean and a silicate core. Due to the low
gravity, large deviations are observed in the topography of these layers: the thickness of the
ocean is thought to vary between 30 to 60 km. Left:A cartoon of the model proposed in
[5] to explain hydrothermal activity inside Enceladus. The rocky core is porous, saturated
with the ocean’s water and heated by tidal friction. Heating forces the ascent of buoyant
hot fluid then giving rise to hydrothermal activity.

the onset of convection. The core of this proceeding is devoted to investigate the principal
scalings and balances at play in the non-linear regime and the how the flow organises to
carry the internal heat away. We then study the influence of large-scale variations of the
volume heat production to account for a tidal-like heating and compare the driven flow to
the homogeneous case. Lastly, we discuss the relevance of this simple model to describe the
interior of Enceladus; we include estimates of the hydrothermal activity driven by convection
in the core of Enceladus that are consistent with those provided in [5].

2 A Simple Model for the Interior of Enceladus

2.1 The model and its governing equations

The core of Enceladus is modelled by a two-dimensional porous medium of permeability &,
which is saturated with water of viscosity p. It lies beneath an ocean that we assume to be
well mixed with a global temperature Ty —see figure 3. The flow U = (U, W) inside the
porous core is modelled by Darcy’s law:

U = fj(—vmpg) (1)

where P is the pressure, p is the density of water and g is the gravity field, which we
assume to be vertical and constant throughout the layer. Note that this is not the case in
Enceladus’ core as the gravitational field intensity increases linearly with radius. Moreover,
since it is a small 500 km moon, the strength of gravity on Fnceladus is about a hundred times
smaller than on the Farth. In addition to Darcy’s law, the flow is assumed to be
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Figure 3: An idealised 2d model to describe porous convection inside Enceladus’ core in
interaction with the subsurface ocean. The bottom of the porous layer models the centre of
the moon, there is no heat and mass flux at this height. Mass exchange between the ocean
and the porous core are allowed with a free vertical velocity at the top.

incompressible, so that it must also satisfy a continuity equation:
0, U+0,W=0. (2)

Water motion inside the core is driven by buoyancy and temperature differences. We
model the effects of temperature on density assuming linear expansion of the fluid with
temperature under the Boussinesq approximation, such that p = po(1 — (T — Tp)) where
po is a reference density and « the thermal expansion coefficient. Darcy’s law may thus be
written as:

U = i (=V P+ ppga®e.) (3)

where P’ = P+ pogzand © =T — T
The flow being driven by thermal anomalies ©, we must introduce an equation modelling

the transport of heat inside the porous medium. This is achieved using thermal energy
conservation, in which a source term accounting for volume heat production is included:

20 +U-VO = kV?0+¢q (4)

with x the heat diffusivity inside the porous medium —i.e. of both water and the porous
matrix together— and ¢ is the internal heat source term. The latter is related to the volume
heat production by tidal heating Qv via ¢ = Qv /(pc,) where ¢, is the heat capacity per
unit of mass of the porous medium and p its density.

2.2 Boundary conditions

From a mathematical point of view, Darcy’s 1 aw is a first order equation with two com-
ponents, two boundary conditions must therefore be applied to the velocity field U . The
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temperature field is governed by a second order equation and two boundary conditions must
also be imposed on © .

The bottom of the porousayer roughly corresponds to the core centre, we thus assume
that there is no heat and mass flux crossing the bottom boundary, that is:

2,0(z=0) =0 and W(z=0)=0 (5)

The top of the layer at z = h is in contact with the ocean and must allow mass exchange
between the core and the ocean. This is achieved by imposing a purely vertical velocity at
the top, t.e. :

U(z=h)=0. (6)

The two layers are also thermally coupled. One first natural choice for the top boundary
condition is to impose the top temperature to be the temperature of the ocean, i.e. ©(z =
h) = 0. However, the advective heat flux driving hydrothermal activity W©(z = h) across
the interface would vanish. Another condition should then be considered as the water
coming out the porous layer may drive a buoyant plume rising in the ocean. In such a
configuration, the water coming out of the core would keep its temperature as it crosses the
boundary between the two domains, that is:

9,0(z=h)=0. (7)

Such a condition cannot be applied everywhere at the top boundary as the temperature of
the water flowing in would not be controlled. We must therefore impose the temperature
of the incoming fluid to be the same as in the ocean. To summarise, the other boundary
condition that is used hereafter is:

ifW>0,0,0(z=h)=1 (8)
else O(z=h) =0.

Such a discontinuous boundary condition introduces an additional non-linearity in the sys-
tem which may be difficult to handle. In addition, one may wonder whether the elliptic
problem (4) with the boundary conditions (8) is well posed; this issue will be discussed
below.

The boundary conditions (8) and (6) may be regarded as two end-members of the
fully coupled problem of the core-ocean interaction. In the case of slow ascent in the
porous medium, diffusion from the ocean inside the core causes the temperature inside the
porous medium to drop in the top boundary vicinity. Conversely, if the upwelling is fast,
diffusion is not able to affect the temperature inside the ascending plume. As a side note,
intermediary situations where 0,0(z = h) = —f with 8 > 0 could also be considered.
Nevertheless, choosing between the two boundary conditions or parameterisation 5 would
require a demanding study of the fully coupled system involving both the ocean and the
porous core.

2.3 Scaling the problem: dimensionless equations

In this paragraph, we aim at writing dimensionless equations driving the porous convection
with internal heating. First, all considered lengths are normalised by the height of the
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porous layer h. We must also define a velocity and a temperature scale, respectively, denoted

as U*and A©O.
Darcy’s law (3) gives a simple relation between these two scales

k
U* = ;poagA@ . (9)

Another relation can be inferred from the advection-diffusion equation and several balances
may be considered: advection and diffusion, diffusion and heat production or advection and
heat production. We predict that in the non-linear regime, heat production and advec-
tion will be the dominant balance, leading to the following relation between velocity and
temperature:

U*©*=hq. (10)
Both scales are then expressed as a function of physical parameters as follows:
k
U2 = —poaghg
a e (11)
AO =
kpoag

We finally find that the system considered here is governed by only one dimensionless
parameter, a Rayleigh number comparing the relative importance of advection and diffu-

sion!: 12
hU* k h?
Ra = M (agqh> . (12)

K RV K

Note that other definitions have been considered for the Rayleigh number, depending in
particular on the expected balance at play. For instance, BURETTA & BERMAN [3] choose
velocity and temperature scales based on advection and diffusion balance, leading to a
Rayleigh number Ray, = Ra?.

Introducing the dimensionless temperature § = ©/AO and velocity uw = U /U*, the
dimensionless governing equations for a porous layer with internal heating are:

V-u =20
1
00+u-Vo = —V3H+1
Ra

where the pressure is rescaled by hU™* and time by h/U*. The flow being incompressible and
2d, it is particularly convenient to introduce a stream function 9 such that u = V x (—e,).
The governing equations (13) are then transcribed as:

V3 = — 0,0
1
00+ J(1,0) = EVQ@ +1 (14)

J(,0) = 0,90,0 — 0;90,0

Tt can thus also be regarded as a Peclet number.
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Figure 4: Schematic cartoon of the staggered grids used in the numerical code showing the
relative locations of the computed values of the stream function v and the temperature 6.
1 is evaluated at the nodes of the lattice whereas temperature is computed at the squares’
centres.

Lastly the boundary conditions are, for the velocity:

and for the temperature:

) ifw>0, 0,0z=1)=1 _ o
BC 1: { clse Bz = 1)~ 0 BC2 0(z=1)=0. (16)

2.4 Numerical code

In the following, we investigate numerically the non-linear behaviour of porous convection
with internal heating. We use a code that was introduced by HEWITT et al. [14] to study
Rayleigh-Bénard convection in porous media. The code solves the governing equations of
the temperature and stream function (14) in a rectangular domain of aspect ratio L with
periodic boundary conditions in x. It proceeds using a Fourier transform in the x direction
and finite differences in z and time. The code evaluates temperature and velocity at the
nodes of two staggered grids —see figure 4— allowing the numerical scheme to be flux
conservative and second order accurate in time and space.

3 The Onset of Convection

In this section, we investigate both theoretically and numerically the critical value of the
Rayleigh number Ra above which a convective instability develops. We also study the
motion the flow structure at onset, which is in particular helpful to benchmark the numerical
scheme.
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3.1 The diffusive base state

We seek a base state (up, 6) for which there is no velocity (u, = 0), which corresponds to
a balance between heat production and diffusion:

V30,+1=0. (17)

The system is invariant along the z direction and taking into account the boundary condi-
tions —either BC 1 or BC 2 in (16)— yields:

Op(2) = % (1-27%) . (18)

3.2 Linear perturbations to the base state
We look for perturbations of the base state of the form:
Y =1(x)e’ and O =0 + 01 (x)e”" (19)

such that |41, |#1] < 0. The exponential terms allow to account for the existence of
convective instability characterised by Re(c) > 0. Using the ansatz (19), the equations (14)
written at order one are:

V2 = — 0.6, (20)
061 + Razdypy = Ra 'V . (21)

Taking the x derivative of (21) and substitution with (20) gives a single equation on the
stream function:

V41 = RaoV?1 — zRa’0,01n (22)

As the system is invariant along the x direction, 11 is assumed to be a plane wave along
x, that is 11 = 101(z) exp(ikx) —and consequently 6; = 0y1(z) exp(ikz). The equation (22)
with the plane wave assumption yields the following ordinary differential equation on the
function g1:

W _ 2k + Rao)y{? + (k* + Raok?® — zRa®k2)ibg; = 0 (23)
where o is also unknown. This boundary value problem has five boundary conditions:
e w(z=0)=0-—v0(0)=0
e u(z=1)=0— (1) =0
e (2=1)=0— ¢} (1) =k?
¢ 0,0(z=0)=0—v2(0)=0
e p1(1) =1 to set the amplitude of the solution

where we have used the boundary condition BC 2 for the temperature at the top of the
domain. This is justified as we consider the onset of motion and upwelling is by construction
very slow close the threshold.
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3.3 Theoretical solving

The equation (23) is solved numerically with the SciPy routine solve bvp [18, 7]. The
input parameters are the Rayleigh number Ra and the wave number k. These two values
are explored to find the range of parameters for which the instability grows. A plot of the
critical values of the Rayleigh number above which the instability grows as a function of
the wave number is given in figure 5 left. From this numerical solving, we find the lowest
value of the Rayleigh for which ¢ = 0 to be Ra = Ra. = 5.894 at k = k. = 1.751. The
temperature field and streamlines of the unstable mode at onset are represented in figure 5
right. The vertical structure functions g, and gy are plotted in figure 6.

Unstable mode at threshold

7
R I e Ra, = 5.894
k= 1.751 ,
0 3 3 0 1 2 3
k X

Figure 5: Left: Curve of the critical Rayleigh number Ra.(k) above which the instability
grows as a function of the horizontal wave number k. Right: temperature heat map and
velocity streamlines of the most unstable mode at the threshold of the instability.

In their experimental set-up with closed top boundary BURETTA & BERMAN [3] pre-

dicted, and found experimentally their critical Rayleigh number to be Ray,. ~ 32.8. To
compare their values to ours, we must remember that Ray, = Ra?, and here we find that

Rag ~ 34.7; this is slightly above Ragy, ., but remains similar.

3.4 Benchmarking the numerical code

The theoretical investigation of the onset of convection is used to benchmark the numerical
code. Simulations are carried out at values of the Rayleigh number Ra very close to the
onset —|Ra— Ra.| < 10" typically. The aspect ratio L of the box in the z direction is chosen
to match twice the critical wave length, i.e. L = 2 x 3.580. Computations are initiated with a
diffusive temperature profile (18) plus a relatively small noise. We observe an exponential
growth or decay of the kinetic energy and the thermal energy of the perturbation to the
diffusive base state. The growth rate found numerically is reported in figure 7. It is
compared to the theoretical value of the growth rate at the same Rayleigh numbers and
at the critical wave number k.. The agreement between the two methods appears to be
satisfying: the relative error between both growth rates is within 2%, apart from the
closest value of Ra to Ra,  for which it is difficult to measure precisely the growth rate.

The agreement between the numerical computation is sufficient to use it confidently for
the study of the non-linear behaviour of the instability above the threshold, provided the
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Figure 6: Vertical structure function of the stream function tg;(z) and the temperature
0o1(z) obtained by solving the boundary value problem (23) (black line) and extracted from
a numerical simulation of the instability close to the threshold (Ra — Ra. ~ 3 x 1072).

spatial and time resolution are sufficient to well resolve the dynamics.

4 The Non-linear Behaviour of Internally Heated Convection

4.1 Organisation of the flow: structures and scales
4.1.1 TIllustrating the non-linear behaviour

To introduce to the non-linear behaviour of the instability driven by internal heating, we
propose to illustrate typical patterns observed at different Rayleigh numbers. Figures 8
and 9 are typical snapshots of the temperature field and streamlines, and figure 10 shows
the mean temperature difference between the bottom and the top of the porous layer as a
function of Ra. At low Rayleigh number, i.e. for Ra. < Ra < 40, the convection reaches
a steady state with few rolls, be it for boundary condition BC 1 or BC 2 —see (16). For
larger Rayleigh numbers, the flow exhibits a chaotic behaviour where two or three modes
with different periodicity —or plume numbers— are in competition. This situation ceases
for Ra = 600, at least for an aspect ratio L. = 4: higher values of the Rayleigh number
give rise to steady solutions with a large number of narrow plumes. This transition is
also noticeable in the temperature difference —figure 10— where the emergence of steady
plumes is associated with a sudden decrease in the temperature difference.

The only noticeable difference between the two boundary conditions is the existence of
thin thermal boundary layer when the top temperature is imposed —BC 2. Its thickness
of order Ra~! is set by a balance between vertical advection and diffusion. In addition,
the high degree of similarity between the simulations carried out with different boundary
conditions suggests that the mixed boundary condition —BC 1— is reliable. Note that this
is not the case below the threshold of the instability where flowsthat are highly sensitive
to initial conditions are observed. We therefore choose to use both boundary conditions in
the study hereafter, as long as Ra > Ra,; the condition BC 1 is particularly convenient in
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Figure 7: Growth rate computed from numerical simulations and comparison with the
expected theoretical value obtained solving the boundary value problem (23). For the
theoretical computation, the wave number k is chosen such that k = k..

terms of resolution as it does not produce a sharp boundary layer at the top of the domain.

Lastly, we notice on these snapshots that (6, |u|) = O(1), and more quantitatively on
the plot of the mean temperature difference between the top and the bottom of the layer
—figure 10. This is the case even close to the instability threshold at Rayleigh numbers
as low as 10. It confirms that the balance between advection and heat production drives
the dynamics. In addition, in the steady saturated state of the convective instability, the
temperature anomaly 6 is positive. This is a theoretical constraint given by the extremum
principle applying on elliptic and parabolic partial differential equations —the interested
reader may refer to a short demonstration in [12].

4.1.2 Typical plume size and distances

The snapshots presented in figures 8 and 9 show that, as the Rayleigh number is increased,
the typical extent is reduced, as observed for instance in [5] for the case of internal heating,
and also in [14] and [15]. We also notice that the number of plumes increases.

In this paragraph, we aim at better quantifying the typical plume size ¢, and separation
Az, as a function of the Rayleigh number. This is achieved from measurements of the heat
flux J; at the top of the porous layer,

(24)

where the horizontal bar denotes a horizontal averaging. .J; involves both an advective
and a diffusive contribution, and we recall that for the case of fixed temperature at the top
—BC 2—, the advective part of J; vanishes.

Ji peaks at the core of upwelling zones, and we define the typical plume scale ¢, as the
full width at half maximum of these peaks. For one simulation, J; is recorded every quarter
time unit —while a simulation is typically a hundred time units— ¢, is the ensemble average
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Figure 8: Snapshots of the temperature field 6 (heat map) and the stream lines of the flow
at Ra = 10 (left) and Ra = 100 (right) for boundary condition BC 1 (top) and BC 2
(bottom). Both states have reached a statistically steady state but the overall behaviour
is chaotic. The resolution for both simulations is 512 x 300 (z x z). Note that the
aspect ratio is decreased by a factor two between the two Rayleigh numbers.

Figure 9: Snapshots of the temperature field 6 (heat map) and at Ra = 1000 for boundary
condition BC 1 (top). The resolution for both simulations is 1024 x 300 (z X z).
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Figure 10: Mean temperature difference between the bottom and the top of the porous layer
A6 as a function of the Rayleigh number Ra, for both boundary conditions and for an aspect
ratio L = 4. The diffusive temperature difference Af = Ra/2 is shown for comparison.

over every peak of all snapshots. The same process is used to determine the typical plume
separation Az,. The result of this processing is shown in figure 11: both the plume width
and separation exhibit the same scaling with the Rayleigh number, that is £, Az, Ra~1/2
even close to the threshold. It indicates that although the plumes become narrower with
increasing Ra, their density and aspect ratio remains unchanged. This power law can’t be
explained by linear theory, even at low Ra, as the mean separation between plumes does
not coincide with the most unstable mode predicted by linear stability analysis —see figure
11.

The Ra~'/? power low describing plume size and separation may be explained by de-
riving a relation between the mean temperature field and the mean temperature gradients
[9]. Multiplying the energy conservation relation in (13) by the temperature 6 yields:

by + W —_ + . 2

Taking the time and volume average, denoted as ( - ), and assuming the system has reached
a statistically steady state, leads to the following relation:

1
= whz
5 W

where the left hand side term is an energy leak term at the top boundary averaged in zx.
It vanishes for boundary condition BC 2 where §(z = 1) = 0. Integration by parts of the

term <0V29> finally gives the following identity:

_ % (6V26) + (6) (26)

z=1

(0) = Ra™ ' {|VO|*) + % W’ = (27)

z=

w and @ are both order one quantities because of the physical balance between heat pro-
duction and advection. As a consequence, the gradients are order Ra'/? which explains the

scaling observed in figure 11.
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Figure 11: Typical plume size ¢, (left) and plume separation Az, (right) for several
simulations with both boundary conditions BC 1 and BC 2 at different aspect ratios ranging
from 2 to 8. Both quantities scale with the Rayleigh number as Ra~'/2. The error bars are
determined by the standard deviation of the mean plume width and separation over a data
set containing every plumes of all snapshots. The red stars indicate the plume separation
expected for the most unstable mode fitting in an aspect ratio L = 8 domain inferred from
linear theory by solving the boundary value problem (23).

4.2 Describing the asymptotic regime of porous convection with internal
heating

In the previous section, we have illustrated the heat transporting structures in the non-
linear regime of the convective instability through snapshots. We have also characterised
shape properties such as their typical width and distance. In this section, we present a
thorough characterisation of the asymptotic regime in terms of heat transport and physical
balances. In particular, we derive a steady non-linear solution for plumes at high Rayleigh
numbers that we compare with what is observed in simulations.

4.2.1 The flux conservation equation to characterise heat transport

The horizontally averaged vertical heat flux, including advection and diffusion, writes:

(28)

Thermal energy conservation (13) prescribes a balance between vertical heat transport and
volume heat production such that:

J(z) ==z (29)

In the asymptotic regime of high Rayleigh number, we expect that the heat produced is
carried away by advection only, except in a boundary layer when they exist —i.e. for
boundary condition BC 2— that is:

wh(z) =z (30)
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Figure 12: Vertical variations of the horizontally-averaged advective heat flux in the case
of both low and high Rayleigh numbers, for boundary condition BC 1 and aspect ratio
L = 4. Note that the results are very similar for BC 2 apart from the presence of a top
boundary layer of thickness O(Ra~!) where the advective flux drops to zero as 6 vanishes.
The asymptotic law wf = z is given for reference.

As it can be noticed in figure 12, the advective heat flux tightly follows the asymptotic law
(30) even at Rayleigh numbers as low as Ra = 50. This balance is broken when § = 0 is
imposed everywhere at the top boundary —BC 2—: the advective flux is converted into
conductive heat flux over a layer of thickness O(Ra™!) as illustrated in figure 15. Never-
theless, heat transport in the bulk is dominated by advection at high Rayleigh numbers, as
expected.

4.2.2 The evolution of temperature with height

Convection being efficient in transporting heat away, one may wonder how it mixes the
thermal energy in the porous layer, which is characterised by the horizontally averaged
temperature profile. In the case of Rayleigh-Bénard convection in porous media, in the
asymptotic regime of high Ra, the temperature is constant in the bulk [14]. That is also
an observation made in classical convection with internal heating, where the quadratic
temperature profile at low Ra flattens towards constant temperature across the domain
—see [11] and references therein.

In figure 13, at low Rayleigh number —here Ra = 10— the temperature profile bears
a quadratic shape reminiscent of the diffusive base state (18). Conversely, at high Ra, we
observe homogenisation convergence towards an asymptotic profile for which the tempera-
ture increases with depth in the porous medium. The temperature difference being O(1),
it is reduced by a factor (’)(Rafl/ 2) compared to the diffusive base state. In that respect,
the non-linear regime of our convection setup is similar to those mentioned above in terms
of internal energy mixing.

We also quantify the lateral variations of the temperature and represent in 14 the hori-
zontal variance of the temperature field, that is 62 — 9. Surprisingly, it seems to converge
towards a linear profile, exactly like the advective flux. The origin of this particular law will
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Figure 13: Vertical variations of the horizontally-averaged temperature flux for boundary
condition BC 1 and aspect ratio L = 4. Note at Ra = 10 a quadratic profile that is

reminiscent of the diffusive steady state (18)
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Figure 14: Horizontal variance of the temperature as a function of z for boundary condition
BC 1 and aspect ratio L = 4 at low and high Ra. The line 62 — 9 is given for reference in

both cases.
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Figure 15: Comparison between the two boundary conditions BC 1 and BC 2 of the advec-
tive flux, average temperature and horizontal variance profiles at Ra = 1000 for an aspect
ratio L = 4. This figure highlights the similarities between the profiles apart from the top
boundary layer.

be explicited in the next paragraph. The variance increase with height is consistent with
the observation from snapshots in 8 and 9 that the temperature contrast between upwelling
and downwelling zones increases with height, as cold water flows in and hot water is expelled.

4.2.3 Analysing scalings and balances in the high Rayleigh number regime

In the preceding paragraphs, we have exhibited the statistical features of the asymptotic
regime of high Rayleigh numbers in terms of plume dimensions, heat transport and temper-
ature variations. We would like to provide a theoretical understanding of these properties;
we thus propose to analyse the governing equations (13) for Ra > Ra.

We know after paragraph 4.1.2 that horizontal gradients are order Ra'/?: this forces in-
troducing a rescaled horizontal variable & = Ra'/2z. The continuity equation then compels
|u| /|w| ~ Ra~1/?, we thus also define a rescaled horizontal velocity @& = Ra'/?u. With these
rescaled variables, velocity components, temperature and gradients are all O(1).

The curl of Darcy’s law in (14) gives:

O,w — O,u = 0,0 (31)
or equivalently with rescaled variables:
Ra'?9;w — Ra='?0,i = Ra'/?8;0 (32)
which yields at leading order in Ra:
Ozw = 0z0 (33)
and thus, taking into account vertical mass flux conservation:
w=0-0(z) . (34)

The advective heat flux may therefore be recast as:

ol 2

wh =602 —00=0%—-10 (35)
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which explains the similarity observed between figures 12 and 14. The equivalence between
temperature fluctuations and heat advection is a consequence of Darcy’s law and of the
O(Ra'/?) scaling for the plume dimensions.

Lastly, note that the advection-diffusion equation in not easily reduced in the asymptotic
regime of high Ra. Horizontal and vertical advection, lateral diffusion and heat production
are all of the same order when rescaled variables are used.

4.2.4 A non-linear solution in the high Rayleigh number regime

With the help of the scalings expressed in the preceding paragraph, we derive in the present a
fully non-linear solution to the equations (13) in the high Rayleigh number regime. We look

for a low order solution that is steady and harmonic with wave number k = Ra'/ 2}:. The
ansatz for the velocity field is therefore:

@ = do(z)sin(kz)
{ w = wo(z)cos(ki) (36)

for which there is no mean vertical or horizontal mass flux. For this ansatz to satisfy the
continuity equation, the following relation is required:

~

w’o = —k‘ﬁo . (37)

We must also introduce an assumption for the structure temperature field. It may be
found by analysing the advection-diffusion equation (13) transcribed in rescaled variables &
and 4, and keeping the highest order terms only:

1020 + w0,0 = 0330 + 1 . (38)

f must contain a harmonic part for the temperature fluctuations to match the velocity field
(36), but a component depending on z only must also be added for the diffusion term in
(38) to be balanced by the non-linear term. Our ansatz for the temperature is therefore:

0 = f(z) + wo(z) cos(ki) (39)

which automatically satisfies the velocity-temperature fluctuations relation provided by
Darcy’s law (34).

To determine the functions wg and f, we must use the advection-diffusion equation (38),
which contains a mean and two harmonic (l% and 2]%) terms. Balancing the mean terms and
using the continuity relation (37) simply yields a balance between vertical heat advection
and heat production, that is:

dw%
dz

=2 e wy=V2z (40)

The harmonic £ terms transcribe a balance between horizontal diffusion and the vertical
advection of the average thermal energy —or temperature— profile:

wof' = —k*wy e f(z)=fo— Kz . (41)
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The latter balance is particularly important, without any a priori knowledge of the depen-
dence of k with the Rayleigh number, it sets k& o« Ra'/2. In other words, an alternative way
to derive the structure of the temperature and velocity fields would have been to use first a
similar ansatz to (36) and (39) but without any assumption on the relative scalings between
the two components of the velocity or the dependence of k with Ra. The balance between
vertical advection and lateral diffusion would have imposed k « Ra'/2, and consequently
the relative scalings of the preceding paragraph.

Lastly, the harmonic 2k terms coming from the non-linear term leads to exactly the
same balance as Darcy’s law, which is automatically satisfied by our ansatz.

To summarise, the fully non-linear low-order solution to the internally heated porous
convection in its expanded form is:

Rafl/Q

U = —— sin(Ra'/?ka
r ( )
w =2z cos(Ra'?kx) (42)

0 = fo—k?2 4 2z cos(Ra'/?kx)

where k and fy are O(1) but a priori unknown. Note that this solution only satisfies one
boundary condition: the absence of mass flux at the bottom of the porous layer. The
remaining boundary conditions, be it the absence of bottom heat flux, the purely verti-
cal velocity at the top, or any of the thermal boundary conditions BC 1 or BC 2, are all
unmatched with the solution. Although the non-linear solution predicts a decrease of tem-
perature with height, the obtained linear trend obviously does not match the more complex
master curve observed in figure 13.

Figure 16 provides a comparison between plumes extracted from the simulations at
two different Rayleigh numbers with a synthetic plume corresponding to the solution 42.
The overall behaviour of the two fields are the same, but the theoretical solution does not
capture the shrinking of the plumes close the the top boundary. To draw a more quantitative
comparison between the non-linear solution and the flow in one plume, we plot in figure 17
several horizontal cuts at different heights of the vertical and horizontal velocity. We find
that in the bulk, the theoretical solution adequately describes the amplitude of the velocity
variations despite the above-mentioned discrepancies. As indicated by the highest profile
in figure 17, refining the model would require including higher harmonics which become
predominant at the top boundary, which is difficult to implement because of non-linearities.

4.2.5 Conclusions

To conclude on the asymptotic behaviour of the instability, we have derived a steady, pe-
riodic and fully non-linear solution of the equations (13) under the assumption of high
Rayleigh number. It has highlighted the main balance at play in the layer between heat
production and the vertical advective flux, and between the horizontal diffusion and the
advection of the average thermal energy. Although the non-linear solution is too simple
and does not satisfy the majority of the imposed boundary conditions, it does capture the
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Figure 16: Left: single plume isolated in the regime where the flow is steady and periodic
in z, with boundary condition BC 1. Right: synthetic field for a single plume obtained
from the solution (42). The rescaled wave number k is chosen to match the Ra = 5000
case, and its value is around 0.64. fp is chosen around 1.8 to roughly match the bottom
temperature profiles observed in 13. Note that although the streamlines do not seem to be
vertical at the top boundary, a zoom shows that they ultimately bend to match verticality
very close to the top boundary.
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Figure 17: Horizontal profiles at different heights z of the scaled vertical (left) and horizontal
(right) velocity across a plume. The amplitudes are normalised accordingly to the non-
linear solution (42). The expected structure is shown in red and the only fitting parameter
is the rescaled wave number k ~ 0.64. The Rayleigh number is Ra = 5000 and the top
boundary condition is BC 2.
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Figure 18: Plot of the Nusselt number N defined in (45) as a function of the diagnostic
Rayleigh number R* = Ra x A# for both boundary conditions BC 1 and BC 2 and an
aspect ration of L = 4. The transition around R* = 103 corresponds to the emergence of a
steady state in the saturation of the instability —see snapshots of the flow in figures 8 and
9. The line N = 1 materialises purely diffusive heat transfer, and the vertical line marks
the theoretical onset of convective instability. The insert shows the same data close to the
threshold of the instability.

amplitude of both the horizontal and vertical velocities, and hence of temperature fluctua-
tions.

4.3 Quantifying heat transport across the porous layer

Earlier in this proceeding, we have shown that heat is carried away by convection. This
results into a well-mixed interior with a temperature that remains O(1) whereas it would be
O(Ra) if advection was not efficient. Nevertheless, we would like to quantify this transport
efficiency and to compare it to the more classical setup of Rayleigh-Bénard convection.

In the case of Rayleigh-Bénard convection, be it in an unconfined fluid or a porous
medium, advective heat transport efficiency is characterised by the Nusselt number which
quantifies the enhancement of the heat flux compared to a purely diffusive case. In the case
of internal heating, as the system has reached a statistically steady state, the flux crossing
the top boundary must match the heat produced in the layer. Quantifying heat transport
efficiency therefore requires using a more general definition of the Nusselt number. On
solution is to generalise the definition of the Nusselt number considering that it compares
the volume and time average of the total heat flux —including advection and diffusion—
to the diffusive heat transport [10]. Calling N this number, its definition reads:

wl — Ra_1(9Z0> (wb)
“Ra (o0 TR Rg

where A = (9.6) = 6(0) — (1) > 0.

N = < (43)
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In order to compare the present setup to Rayleigh-Bénard convection in porous media,
we must use an effective Rayleigh R* for which the temperature scale is based on the
temperature difference across the layer. We recall that, according to (9), the temperature
and velocity scales are proportional to one another. Here, we introduce a diagnostic Rayleigh
number that is based on the temperature scale Af x AO instead, and therefore on a velocity
scale U' = AQU*. Consequently, as Ra = hU* /k, the diagnostic Rayleigh number based on
A0 x Af writes:

R* = AORa . (44)

The “Rayleigh”-Nusselt law that we must use for comparison with the Rayleigh-Bénard
setup is therefore a mapping between R* and N. It is explicited from (43) as:

(wb)

N=1+R"o0 .

(45)
Because A0 = O(1), the asymptotic regime of high Ra corresponds to high values of
R*. Moreover, because (wf) = (z) = 1/2, the scaling between N and R* boils down to the

simple law:
N x R* . (46)

This scaling is observed in our simulations for both conditions at the top boundary —
BC 1 and BC 2— as shown in figure 18. Interestingly, there is a clear enhancement of
the efficiency of heat transport as steady states emerge in the non-linear saturation of the
instability around R* = 103.

The same scaling between N and R* is also found in the classical Rayleigh-Bénard setup
[25, 14, 15]. The fact that the Rayleigh-Bénard and internally heated convection both lead
to the same efficiency is specific to the porous media: in unconfined fluid, it has recently
been shown experimentally that the Nusselt-Rayleigh laws are different between the two
setups [21] because of the important role of inertia.

4.4 Conclusion on the asymptotic regime

In the present section devoted to the study of the large Rayleigh number regime, we have
shown via simulations that, as expected, the heat produced in the layer is mostly carried
by the flow. This is characterised by the observed balance between vertical advection and
heat production in figure 12, or by the large values of the Nusselt number which compares
the total heat flux to the diffusive heat flux —see figure 18. We have also shown that the
efficiency of heat transport by the flow is similar to the classical Rayleigh-Bénard setup in
porous media.

Lastly, we have exhibited a low order solution to the non-linear problem (14) that
captures the velocity amplitude in the bulk of the layer, and that also reveals that the scaling
between the plume size and the Rayleigh number is set by a balance between horizontal
diffusion and vertical advection of the mean thermal energy.
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Figure 19: Snapshot of the temperature field for the heterogeneous heating case (top) and
the mean temperature and mean flow streamlines averaged of the the saturated phase of
the instability (bottom).

5 Accounting for Tidal Heating: Spatial Modulation of Heating

5.1 Large scale modulation of heating

We explore in this section the change in the transport brought by large-scale modulation of
the internal heating. This is important for the case of Enceladus in which heterogeneity of
tidal heating has been shown to play a role in focusing the heat flux where heating is the most
intense [5]. We consider here a domain with aspect ratio L = 4 for which ¢ takes the

following form:

g(z) = 1 — Agcos (25.7,) (47)

which is such that the mean heat production is unchanged compared the homogeneous case.
In addition, the maximum heat production is located at the centre of the domain. In the
following, we only illustrate heat modulation with Ag = 0.5 in the case of the boundary
condition BC 1. Ag = 0.5 is a good proxy for tidal heating which bears latitudinal and
longitudinal variations up to a factor 2 between minima and maxima.

5.2 Large scale low and pulsatility

The first striking feature emerging from heterogeneous heating is the attraction of the
plumes towards the centre where internal heating is the strongest. Although plumes may
exist in the whole interior of the domain, they merge towards the centre, which results in a
higher temperature region with larger heat flux anomaly, as illustrated in figure 19. Note
that despite the plume merging in the centre, the upwelling zones remain narrow and their
number is increased with Ra.
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Figure 20: Horizontally averaged advective heat flux at the top boundary at Ra = 300 (left)
and Ra = 3000 (right), with comparison between homogeneous (top) and heterogeneous
(bottom).

Plume merging towards the centre is driven by a large scale mean flow that is also shown
in figure 19. Note though that fine structures may still be traced in the mean flow, especially
at Ra = 3000 where the side plumes persist over a long time. Although we attempted to
describe this mean flow in a way very similar to the plume solution found in the previous
section, a simple solution remained elusive. This is because time-dependent fluctuations
play a collective role in establishing the mean flow and transporting heat, and they remain
difficult to handle without any proper closure method.

Sweeping and merging of plumes also leads to pulsatility in the advected heat flux, as
shown in figure 20. At intermediate Rayleigh number (Ra = 300), whereas the flux was
intermittent for homogeneous heating, it exhibits a quasi-periodic behaviour for a modulated
heating. The typical period is of order one, i.e. it takes place over a convective time scale, and
corresponds to the time needed for plume formation, advection and merging. The effects of
heterogeneous heating are even more striking at high Ra: the steady state observed in the
homogeneous case is replaced by quick oscillations of the heat flux. They correspond to the
many plumes observed in the centre of the domain hitting the top boundary non
synchronously —see figure 19.

5.3 Similarities with the homogeneous heating case

Despite the existence of a mean flow and the pulsatile behaviour, convection with hetero-
geneous internal heating bears many similarities with the homogeneous case. As already
noticed earlier, small scale plumes are still present in the flow, and their typical width re-
mains proportional to Ra~'/2 —see figure 21— but with increased variability. This means
that the balance between horizontal diffusion and vertical advection is still at play to de-
termine the single plume dynamics.
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Figure 21: Left: typical plume size in the heterogeneous heating case, and comparison with
a law £}, o Ra~'/2. The error bars are determined in the same way as in figure 11. Right:

mean temperature profile for the heterogeneous heating at several Rayleigh numbers; the

red line corresponds to the temperature profile in the homogeneous case in the high Ra
regime.

Moreover, even if lateral variations of the mean temperature are obvious in figure 19, the
horizontally averaged temperature follows a trend that is very close to the homogeneous case,
as it is shown in 21.

5.4 Changing Agq

The effect of the amplitude of heating modulation Aq has also been considered. As expected,
increasing Aq leads to a narrower confinement of the upwelling plumes and larger heat flux
anomalies at the center of the domain. It also gives rise to transtion from intermitent
behaviour to quasi-periodic, even at large valeus of Ra.

6 Porous Convection with Internal Heating Inside Enceladus

6.1 Physical properties of Enceladus’ core

This last part comes as a conclusion on this ideal study of porous convection with internal
heating and aims at re-framing our results in the context of Enceladus core.

To characterise convection inside Enceladus’ core, and to compare our results to existing
literature, we use the same physical parameters as in [5]. A set of fixed physical constants are
given in table 1. We reproduce the process used in [5] and do not precisely specify the
permeability k£ and internal heat production Qyvalues. Instead, we consider that k may range
from 107 m? to 10~ m? and that the tidal heating is between 10 GW? and 40 GW. We
therefore draw a map of the behaviour of the system keeping the parameters of table 1
constant and varying both k and Qy .

2This lower bound is inferred from the flux at the south pole of Enceladus
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Core radius (h) 186 km

Kinematic viscosity (v) 1 x107% m2.s72
Thermal diffusivity (k) 1 x 1076 m%.s72
Water thermal expansion () | 1.2 x 1073

Heat capacity (cp) 4x10% JK kg™t
Gravity (g) 0.1 m.s—2

Table 1: A summary of the physical parameters used to transpose our idealised study to the
case of Enceladus’ core. They are adapted from [5] —see in particular the Supplementary
Material.

Temperature scale A® (K)

Rayleigh number Ra
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Figure 22: Left: the Rayleigh number as a function of the permeability and the tidal
heating. The red line materialises the onset of convection for the homogeneous heating
case. Right: typical dimensional temperature scale A© (in Kelvin) —see (48)— inside the
porous core of Enceladus. The white line gives an idea of the liquid-vapour transition that
arises around 500 K at the pressure reached at the core-ocean boundary.

6.2 The Rayleigh number inside Enceladus

As explained in the second section of this proceeding, the overall behaviour of the system
depends only on one dimensionless parameter, the Rayleigh number defined in (12). The
map of the possible Rayleigh numbers inside the core of Enceladus is given in figure 22.
In the range of values of k considered in [5], the system is always unstable to convection.
Nevertheless, Ra does not reach very high values and peaks around 500.

6.3 Typical velocity and temperature inside the core of Enceladus

In this paragraph, we are interested in quantifying typical temperature and velocity —or
Darcy flux— inside the porous medium. Using the scalings introduced in paragraph 2.3,
we write the temperature scale A© as a function of Ra:
KV
kagh

A = Ra (48)
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This scale is shown in figure 22. We find that depending on the parameters, the expected
temperature difference between the porous core and the ocean AO ranges from a few tens
of degrees to a few hundred. For a difference of 200 K, the temperature inside the porous
medium reaches 500 K, which is the temperature at which liquid water turns into vapour at
the pressure found at the bottom of Enceladus ocean. Beyond this temperature, our model
is certainly not adapted to describe the flow inside the core.

The velocity scale is given by a diffusive velocity «/h augmented by a factor Ra, that
is:

U = %Ra . (49)

The diffusive velocity scale amounts to 0.1 mm.yr~—!; because Ra does not exceed 500, the
Darcy flux remains below 5 cm.yr—?.
Consequently, the convective time scale 7 is:
h h?
T=-—=—Ra~1Gy X Ra . 50

TR y (50)
The typical variability timescale, for instance for the flux at the top boundary —see figure
20— is thus at least 2 million years. It is a very slowly evolving system; as a consequence,
the presently observed symmetry breaking between the south pole and the north pole of
Enceladus, where tidal heating is the same [5], might be a consequence of pulsatile behaviour

happening over a timescale that is too long to be appreciated.

6.4 Hydrothermal velocity at the bottom of Enceladus

To evaluate the typical velocity of the buoyant hot water coming out of the core at the
bottom of the ocean we must first evaluate the buoyancy flux. A first difficulty arises
when we seek to transpose our two dimensional simulations into three dimension: does
the source of buoyancy take the form of a point or of a line? Simulations carried out in
[5, 22, 27] suggest that upwellings in the porous medium take the form of elongated sheets.
We will therefore assume that the upwellings we have characterised in the porous layer here
drive line sources of buoyancy, giving rise to a two dimensional buoyant plume. The two
dimensional buoyancy flux Bog has dimensions [Byg] = L3 - T3, a typical hydrothermal
velocity Uy, is therefore given by U = B;ég. Note that a refined calculation adapting the
model of MORTON et al. [23, 30] to the case of 2d plumes in unstratified ambient leads to a
similar result: the velocity inside the turbulent plume is constant and proportional to Béc/ﬁ.
The buoyancy flux is given by [30]:

Bag :/ . ag (OW)],_, (51)
upwelling

where the 1d integral is computed over an upwelling zone of typical extent £, o Ra=1/2. As
© and W are proportional to Ra, Bsg scales like Ra®/2, or more explicitly:
2
KV
BQd ~ ﬁ Ra3/2 (w0)|2:h . (52)

Focusing of the heat flux in narrow upwelling zones leads to enhanced values of (wf)|,_,, as
shown in figure 23. In the case of heterogeneous heating, focusing increases by a factor 10
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Figure 23: Left: maximum value of the non-dimensional advective heat flux at the top of
the porous layer determined from the simulations. The error bar accounts for the standard
deviation of the maximum value over the course of a simulation. Both homogeneous (Ag =
0) and heterogeneous (Ag = 0.5) are considered. Right: typical hydrothermal velocity
obtained from the buoyancy flux at the bottom of the ocean as a function of permeability
and tidal heating.

the heat flux at the bottom of the ocean. Finally, the typical hydrothermal velocity is found
to be about 1 cm/s, no matter what the permeability or the tidal heating are. This value
is coherent with the typical velocity found in [5] with different scaling arguments relying on
the power anomaly advected to the ocean floor.

7 Conclusions and Future Works

We have carried out in this project an analysis of convection driven by internal heating

in a porous layer with an open top boundary. This ideal system has been designed as a

model for the core of Enceladus, following the work of CHOBLET et al. [5]. We reproduce

observations that were already made in [5], such as the focusing of heat flux in narrow areas,

that we have described theoretically and numerically. The model used here has also helped to
highlight the underpinning of heat transport in an internally heated layer. In particular, we

have shown that the plume structure is governed by a balance between the vertical advection
of thermal energy with horizontal diffusion. In addition, the heat transport efficiency, which

has been characterised via a generalised Nusselt number, is the same as for the classical

Rayleigh-Bénard convection in porous media [25, 14, 15]. Lastly, despite the idealisation of
our model, rescaling it to the core of Enceladus gives an estimate of hydrothermal activity
that are coherent with those carried out in [5].

A first theoretical extension of this work would be to derive an upper bound for the
heat transport in the porous medium. We have found that the transition to steady state at
high Rayleigh number is associated with enhancement of the transport observed in figure
18. We don’t know a priori whether the observed steady solutions are optimal and it would be
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interesting, using the method introduced in [25], to derive the most efficient flow to carry
heat away.

In addition, there is a need to clarify the behaviour of the system at the boundary and
the coupling between the porous layer and the above ocean. We have stated in the second
section that the two possible thermal boundary conditions used here —imposed temperature
of free temperature in the upwellings— are the end-members of the system. The imposed
temperature condition represents a very slow porous layer compared to the above ocean.
In this configuration, the water coming out of the core is at the same temperature as the
ocean and is neutrally buoyant; there is then no hydrothermal activity in the sense of what
we know at the bottom of the Earth’s ocean. Nevertheless, it is associated with a diffusive
heat flux anomaly on the subsurface ocean’s floor which is likely to drive convection and
mixing in the ocean. The observed chemical signature of contact with silicate rocks at high
temperature could very well happen below the thin thermal boundary layer at the top of the
core. In short, it is difficult to produce a statement on the thermal structure of the subsurface
ocean without a careful study of the coupled system with possibly two very different typical
evolution timescales for each medium.

8 Acknowledgments

I would like to thank Ducan Hewitt for supervising this work and providing support and
insight throughout the project. I am also grateful to David Goluskin for a long afternoon
talk that helped me gain understanding of internally heated convection. I would also like
to thank Neil Balmforth for taking two hours to review and improve my final presentation.
Lastly, I am grateful to the co-directors, Neil Balmforth and Colm Caulfield, the staff and
the fellows for this wonderful summer of research and fun.

References

[1] A. BagceHr AND F. A. Kurackl, Natural Convection in Superposed Fluid-Porous
Layers, SpringerBriefs in Applied Sciences and Technology, Springer New York, New

York, NY, 2014.

[2] C. BECKERMANN, S. RAMADHYANI, AND R. VISKANTA, Natural Convection Flow
and Heat Transfer Between a Fluid Layer and a Porous Layer Inside a Rectangular
Enclosure, Journal of Heat Transfer, 109 (1987), p. 363.

[3] R. J. BURETTA AND A. S. BERMAN, Convective Heat Transfer in a Liquid Saturated
Porous Layer, Journal of Applied Mechanics, 43 (1976), pp. 249-253.

[4] M. CARR AND B. STRAUGHAN, Penetrative convection in a fluid overlying a porous
layer, Advances in Water Resources, 26 (2003), pp. 263-276.

[5] G. CHOBLET, G. ToBIE, C. SOTIN, M. BHOUNKOV, O. ADEK, F. POSTBERG, AND
O. SOUEK, Powering prolonged hydrothermal activity inside Enceladus, Nature Astron-
omy, (2017), p. 1.

417



[6]

[7]
8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

L. CSEREPES AND L. LENKEY, Forms of hydrothermal and hydraulic flow in a homoge-
neous unconfined aquifer, Geophysical Journal International, 158 (2004), pp. 785-797.

ERrIC JONES, SciPy: Open source scientific tools for Python, 2001.

F. J. FONTAINE AND W. S. D. WILCOCK, Two-dimensional numerical models of
open-top hydrothermal convection at high Rayleigh and Nusselt numbers: Implications

for mid-ocean ridge hydrothermal circulation, Geochemistry, Geophysics, Geosystems,
8 (2007), pp. 1-17.

D. GOLUSKIN, Zonal flow driven by convection and convection driven by internal heat-
ing, PhD thesis, 2013.

——, A Family of Convective Models, in Internally Heated Convection and Rayleigh-
Bnard Convection, SpringerBriefs in Applied Sciences and Technology, Springer, Cham,
2016, pp. 1-26.

—, Internally Heated Convection Experiments and Simulations, in Internally Heated
Convection and Rayleigh-Bnard Convection, SpringerBriefs in Applied Sciences and
Technology, Springer, Cham, 2016, pp. 49-64.

—, Stabilities and Bounds, in Internally Heated Convection and Rayleigh-Bnard
Convection, SpringerBriefs in Applied Sciences and Technology, Springer, Cham, 2016,
pp. 27-48.

H. C. HARDEE AND R. H. NILSON, Natural Convection in Porous Media with Heat
Generation, Nuclear Science and Engineering, 63 (1977), pp. 119-132.

D. R. HEwiTT, J. A. NEUFELD, AND J. R. LISTER, Ultimate Regime of High Rayleigh
Number Convection in a Porous Medium, Physical Review Letters, 108 (2012).

—, High Rayleigh number convection in a three-dimensional porous medium, Journal
of Fluid Mechanics, 748 (2014), pp. 879-895.

A. A. HiLL AND B. STRAUGHAN, Global stability for thermal convection in a fluid
overlying a highly porous material, Proceedings of the Royal Society A: Mathematical,
Physical and Engineering Sciences, 465 (2009), pp. 207-217.

H.-W. Hsu, F. POSTBERG, Y. SEKINE, T. SHIBUYA, S. KEMPF, M. HORNYI,
A. Junsz, N. ALTOoBELLI, K. SUZUKI, Y. MASAKI, T. KUWATANI, S. TACHIBANA,
S.-1. SIRONO, G. MORAGAS-KLOSTERMEYER, AND R. SRAMA, Ongoing hydrothermal
activities within Enceladus, Nature, 519 (2015), pp. 207-210.

J. KIERZENKA AND L. F. SHAMPINE, A BVP Solver Based on Residual Control and
the Maltab PSE, ACM Trans. Math. Softw., 27 (2001), pp. 299-316.

F. A. KULACKI AND R. RAMCHANDANI, Hydrodynamic instability in a porous layer
saturated with a heat generating fluid, Wrme- und Stoffbertragung, 8 (1975), pp. 179-
185.

418



[20]

[21]

[22]

[23]

[24]

[30]

M. LE BARS AND M. G. WORSTER, Interfacial conditions between a pure fluid and a

porous medium: implications for binary alloy solidification, Journal of Fluid Mechanics,
550 (2006), p. 149.

S. LEpPOT, S. AUMATRE, AND B. GALLET, Radiative heating achieves the ultimate
regime of thermal convection, Proceedings of the National Academy of Sciences, 115
(2018), pp. 8937-8941.

M. MONNEREAU AND F. DUBUFFET, Is Io’s Mantle Really Molten?, Icarus, 158 (2002),
pp. 450-459.

B. R. MORTON, G. I. TAYLOR, AND J. S. TURNER, Turbulent gravitational convection
from maintained and instantaneous sources, Proc. R. Soc. Lond. A, 234 (1956), pp. 1-
23.

D. A. NiELD AND A. V. KUzNETSOV, Onset of Convection with Internal Heating
in a Weakly Heterogeneous Porous Medium, Transport in Porous Media, 98 (2013),
pp. H43-552.

J. OTERO, L. A. DONTCHEVA, H. JOHNSTON, R. A. WORTHING, A. KURGANOV,
G. PETROVA, AND C. R. DOERING, High-Rayleigh-number convection in a fluid-
saturated porous layer, Journal of Fluid Mechanics, 500 (2004), pp. 263—281.

C. C. Porco, P. HELFENSTEIN, P. C. THOMAS, A. P. INGERSOLL, J. WISDOM,
R. WEsT, G. NEUKUM, T. DENK, R. WAGNER, T. ROATSCH, S. KIEFFER, E. TUR-
TLE, A. McEwWEN, T. V. JOHNSON, J. RATHBUN, J. VEVERKA, D. WILSON,
J. PERRY, J. SPITALE, A. BraHIiC, J. A. Burns, A. D. DELGENIO, L. DONES,
C. D. MURRAY, AND S. SQUYRES, Cassini Observes the Active South Pole of Ence-
ladus, Science, 311 (2006), pp. 1393-1401.

M. RABINOWICZ, J. BOULGUES, AND P. GENTHON, Two and threedimensional model-
ing of hydrothermal convection in the sedimented Middle Valley segment, Juan de Fuca
Ridge, Journal of Geophysical Research: Solid Earth, 103 (1998), pp. 24045-24065.

J. H. RoBERTS, The fluffy core of Enceladus, Icarus, 258 (2015), pp. 54-66.

P. C. THoMmas, R. TAJEDDINE, M. S. TISCARENO, J. A. BUrNS, J. JoseprH, T. J.
LoOrREDO, P. HELFENSTEIN, AND C. PORCO, Enceladuss measured physical libration
requires a global subsurface ocean, Icarus, 264 (2016), pp. 37-47.

A. W. Woobs, Turbulent Plumes in Nature, Annual Review of Fluid Mechanics, 42
(2010), pp. 391-412.

419



REPORT 1. Report No.
DOCUMENTATION PAGE |WHOI-2022-01

3. Recipient’s Accession No.

4, Title and Subtitle

2018 Program of Studies: Sustainable Fluid Dynamics

5. Report Date
December 2022

6.

7. Author{s)

Neil Bairhforth and Colm-cille Caulfield

8. Performing Organization Rept. No.

10. Project/Task/MWaork Unit Mo.

9. Performing Organization Name and Address

Woods Hole Oceanographic Institution

1. Contrac{C} or Grant{G) No.
(<
(G} OCE-1829864

12, Sponsoring Organization Name and Address

National Science Foundation

13. Type of Report & Period Covered
Technical Report

14,

15. Supplementary Notes

This report should be cited as: Woods Hole Oceanographic Institution technical Report, WHOI-2022-01

16. Abstract {Limit; 200 words}

The 2018 GFD Program theme was Sustainable Fluid Dynamics with Professor Andrew Woods of the University of
Cambridge serving as principal lecturer. Andy showed the audience in the cottage and on the porch how to find
similarity solutions everywhere, from deep in the earth to high in the atmesphere. He expanded on his lectures with the
fellows during “Andy time”, and stayed on throughout the summer to participate in the traditional debates on the porch
with participants old and new. Andy also contributed enthusiastically to the supervision of the fellows, particularly when
there was an opportunity to squirt food dye into an experiment.
The first ten chapters of this volume document these lectures, each prepared by pairs of the summer's GFD fellows.
Following the principal lecture notes are the written reports of the fellows’ own research projects.
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