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ABSTRACT

Dense overflows entrain surrounding waters at specific locations, for example, sills and constrictions, but

also along the descent over the continental slope. The amount of entrainment dictates the final properties of

these overflows, and thus is of fundamental importance to the understanding of the formation of deep water

masses. Even when resolving the overflows, coarse resolution global circulation and climate models cannot

resolve the entrainment processes that are often parameterized. A new empirical parameterization is sug-

gested, obtained using an oceanic and laboratory dataset, which includes two novel aspects. First, the pa-

rameterization depends on both the Froude number (Fr) and Reynolds number of the flow. Second, it takes

into account subcritical (Fr , 1) entrainment. A weak, but nonzero, entrainment can change the final density

and, consequently, the depth and location of important water masses in the open ocean. This is especially true

when the dense current follows a long path over the slope in a subcritical regime, as observed in the southern

Greenland Deep Western Boundary Current. A streamtube model employing this new parameterization

gives results that are more consistent with previous laboratory and oceanographic observations than when

a classical parameterization is used. Finally, the new parameterization predictions compare favorably to

recent oceanographic measurements of entrainment and turbulent diapycnal mixing rates, using scaling ar-

guments to relate the entrainment ratio to diapycnal diffusivities.

1. Introduction

Dense waters are generated in several regions usually

located at high latitude, where either strong atmospheric

cooling and/or ice formation with consequent brine re-

jection, contribute to increasing the water density. These

waters may flow over a sill or through a constriction to

form dense currents descending the continental slope,

hence the name overflows. Examples of locations of such

overflows are the Denmark Strait (Dickson and Brown

1994; Girton and Sanford 2003; Käse et al. 2003), the

Faroe Bank Channel (Saunders 1990; Mauritzen et al.

2005), the Baltic Sea (Arneborg et al. 2007), and various

locations along the Arctic (Aagaard et al. 1981) and

Antarctic (Muench et al. 2009; Padman et al. 2009; Foster

and Carmack 1976) continental shelves. Marginal seas,

where evaporation induces an increase in density, are

other regions of dense water formation; for example, the

Mediterranean (Baringer and Price 1997; Price et al.

1993), the Red Sea (Peters and Johns 2005; Peters et al.

2005), and the Persian Sea. Dense currents descend the

continental slope for long distances before encountering

the ocean bottom or interleaving at their level of neutral

buoyancy. At the sill/constriction and during the de-

scent, dense currents have been observed to entrain the

surrounding ambient fluid. The final properties of their

water masses are dictated by the amount and properties

of the entrained fluid. Vertical profiles through the dense

current have shown that the top of the current is a region

with usually large velocity shear and low Richardson

number, which presents large turbulent displacements

indicative of entrainment due to shear-driven mixing

(Figs. 2d,f of Peters and Johns 2005). The bottom of the

dense current is also a region with a low Richardson

number due to the large shear caused by frictional drag.

Mixing occurring in this bottom region contributes to

the dilution of the densest water mass, even if most of
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the entrainment is confined to the top of the current.

Furthermore, Özgökmen and Fischer (2008) recently

found that form drag resulting from separation around

rough bottom topography can be as important as the

bottom shear drag for the dynamics of the overflow. In

the present study, we focus solely on the shear region

at the top of the dense current, which we believe is driv-

ing the entrainment in most of the overflows examined.

However, very shallow overflows whose height is com-

parable to the bottom boundary layer depth will be influ-

enced by bottom friction, and the entrainment will be due

to a combination of shear-mixing at the top and friction

at the bottom of the current (Umlauf and Arneborg

2009a,b). Some overflows, like the one generated in the

Ross Sea contributing to the formation of dense Antarctic

Bottom Water (AABW), can be impacted by tidal cur-

rents that may affect the outflow volume transport and

hydrographic properties. In the Ross Sea, tidal currents

exceeding 1 m s21 at spring tide advect water parcels

20 km across the continental slope during a half tidal

cycle and have been observed to increase the benthic

layer thickness (Padman et al. 2009). Dense currents are

an integral part of the thermohaline circulation and their

water properties are of global importance. For example,

one of the most important sources of deep water in the

oceans is the North Atlantic Deep Water (NADW), which

is formed in the Nordic seas, and its water properties

are modified by entrainment occurring at the Denmark

Strait, Faroe Bank Channel, and along the descent over

the continental slope.

The dynamics of dense currents have been thoroughly

investigated in the past starting with Ellison and Turner

(1959). Price and Baringer (1994) used an entrainment

parameterization based on the results of Ellison and

Turner (1959) in a streamtube model where the dense

current flowed downslope balancing buoyancy, Cori-

olis, and friction forces. This model considered a mo-

tionless overlying ambient ocean and ignored any

three-dimensional effects by laterally integrating over

the streamtube. Jungclaus and Backhaus (1994) resolved

the plume horizontally using a hydrostatic, reduced grav-

ity, two-dimensional primitive equation numerical model.

This latter study investigated the transient character of

dense currents flowing down a slope and the effects

of topographic disturbances. Recently, the importance

of representing overflow dynamics in global circulation

and climate models became apparent and led to a signif-

icant collaborative effort and formation of the so-called

climate process team on gravity current entrainment (Legg

et al. 2009). Coarse resolution does not allow these models

to resolve the overflow regions; hence, the overflow

dynamics are either oversimplified or ignored. An effort

has been made to represent small passages with widths

of order of 10 km, which connect source regions of dense

water to the continental slope and the open ocean. Using

the so-called ‘‘partially open cell-faces’’ (A. Adcroft and

R. W. Hallberg 2004, personal communication), coarse

resolution models can now resolve the overflows. How-

ever, these models still cannot resolve the entrainment

processes that are consequently often parameterized. A

widely used parameterization, based on the results of

Ellison and Turner (1959), uses a supercritcal Froude

number (Fr $ 1) criterion that assigns zero entrainment

to subcritical flows. The entrainment velocity, We 5 EU,

is considered to be a function of the local mean velocity

of the flow U, and the entrainment parameter E is rep-

resented, based on the experiments of Ellison and Turner

(1959) and subsequent analysis (Turner 1986), by

E 5

0.08Fr2 � 0.1

Fr2 1 5
, for Fr2 $ 1.25

0, for Fr2 , 1.25

.

8<
: (1)

The above expression was obtained assuming that

the entire dense current is a single layer in which the

properties are averaged within the layer depth and over

the current cross section. Hence, the Froude number

in Eq. (1) is a bulk property of the flow defined as

Fr 5 DU/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HgDr/r0

p
, where g is the gravitational ac-

celeration, H is the dense layer depth, DU and Dr are the

velocity and density difference between the dense cur-

rent and the ambient fluid of density r0. The entrainment

is assumed to modify the water properties throughout

the layer depth in the dense current.

In past years, active research has been focusing on the

dynamics of overflows (Ezer 2005, 2006; Legg et al. 2006;

Riemenschneider and Legg 2007; Özgökmen et al. 2006,

2009; Chang et al. 2008) and on finding new ways to better

parameterize entrainment in dense overflows. Hallberg

(2000) and Xu et al. (2006) parameterized entrainment

into a dense current using expressions that included a

function of Fr similar to Eq. (1). However, in isopycnic

coordinate models, the dense current is represented

by multiple layers, and the entrainment formulation is

for a change in layer thickness because of a gradient

Richardson number Ri, rather than a bulk Richardson

number Rib 5 1/Fr2, which required the use of Ri in-

stead of Rib in the expressions similar to Eq. (1). Their

expressions present a critical gradient Richardson number,

above which entrainment is zero, equal to 0.8 (Hallberg

2000) and 0.25 (Xu et al. 2006). Jackson et al. (2008)

proposed a new parameterization for shear-driven mixing

with particular focus on overflows. Their expression in-

cluded a decay length scale to allow for turbulent eddies,

generated in the low Ri layer, to be self-advected and

mix in adjacent regions. Their expression maintained an
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entrainment function F(Ri) similar to Eq. (1) and sup-

pressed entrainment above a critical Ri.

Rotating laboratory experiments carried out by

Cenedese et al. (2004) and Cenedese and Adduce (2008),

suggest that entrainment in dense currents can occur for

subcritical Froude numbers, a fundamental difference

from the Ellison and Turner (1959) parameterization,

herein named the ET59 parameterization. Furthermore,

a dependence of the entrainment on the Reynolds num-

ber was found by Cenedese and Adduce (2008). Wells

and Wettlaufer (2005) reproduced the nonrotating results

of Ellison and Turner (1959), and Wells (2007) found

results similar to Ellison and Turner (1959) in rotating

experiments. Nonrotating experiments investigating en-

trainment and detrainment in a dense current flowing

downslope in a stratified fluid were conducted by Baines

(2001, 2002, 2005, 2008) for different slope angles. The

development of a dense current flowing down a slope in

transition from a hydraulically controlled flow and the

associate mixing and entrainment mechanisms have been

investigated in the laboratory by Pawlak and Armi (2000).

2. A new parameterization

This study proposes a new parameterization for en-

trainment in dense currents flowing down a sloping

bottom. The new parameterization takes into account

the laboratory findings of Cenedese et al. (2004) and

Cenedese and Adduce (2008). In particular, it assumes

that the amount of entrainment in a dense current de-

scending down a slope depends on both the Froude

number Fr and Reynolds number Re of the flow and that

entrainment occurs for subcritical Fr (,1). The sub-

critical entrainment observed in Cenedese et al. (2004)

and Cenedese and Adduce (2008) has been suggested

(Wåhlin and Cenedese 2006; Hughes and Griffiths 2006;

Lauderdale et al. 2008) to be of fundamental importance

for the water mass characteristics, such as density, of a

dense current descending the continental slope. A weak,

but nonzero, entrainment can change the final density

and, consequently, the depth and location of important

water masses in the open ocean. This is especially true

when the dense current follows a long path over the slope

in a subcritical regime. Lauderdale et al. (2008) found

that moderate mixing rates in the southern Greenland

Deep Western Boundary Current (DWBC) occurring

over a distance of ;1000 km, between Denmark Strait

and Cape Farewell, increase the volume transport of the

dense current as much as the intense entrainment oc-

curring near the sill in the Denmark Strait. Hence, the

proposed new entrainment parameterization allows for

subcritical Fr entrainment and takes into account the ef-

fects of both the Fr and Re on the entrainment dynamics.

Consequently, the proposed parameterization differs

substantially from the ET59 parameterization still widely

used. The term ‘‘entrainment’’ is usually associated with

the vigorous mixing due to Kelvin–Helmholtz instabil-

ities in the shear layer of the dense current, which occurs

typically near the sill, as the current descends a steep

slope. In this study, as discussed in detail below, we use

the term entrainment also to indicate the less energetic

mixing occurring in the dense current as it descends the

continental slope, with the possibility of including ‘‘back-

ground’’ mixing caused by, for example, internal waves

breaking. The importance of subcritical Fr turbulent

mixing in stably stratified flows has also been observed in

data including meteorological observations, large eddy

simulations, and direct numerical simulations. An im-

proved second-order closure model accommodating arbi-

trary Richardson numbers has been proposed by Canuto

et al. (2008).

The new parameterization has been obtained using

a large dataset that includes oceanic and laboratory

data. The oceanic data span five location sites: Medi-

terranean overflow (Baringer and Price 1997), Denmark

Strait (Girton and Sanford 2003), Faroe Bank Channel

(Mauritzen et al. 2005), Baltic Sea (Arneborg et al. 2007),

and Lake Ogawara (Dallimore et al. 2001); while the

laboratory data include both nonrotating (Ellison and

Turner 1959; Alavian 1986) and rotating (Cenedese et al.

2004; Cenedese and Adduce 2008; Wells 2007) experi-

ments on density driven currents descending a slope. For

the majority of the data used, the values of the entrain-

ment parameter, E, Fr, and Re are not ‘‘local’’ and ‘‘in-

stantaneous’’ measurements, but instead are based on

‘‘integral’’ measurements. For example, the value of E is

usually found by a mass balance between two consecutive

sections across the dense current, similarly the values of

Fr and Re are cross-sectional averages and/or averaged in

time. Hence, the proposed parameterization should be

used exclusively to predict an average value of E given the

average values of Fr and Re across a section in the dense

current. This parameterization is not meant to resolve, for

example, the vertical changes in entrainment velocity due

to vertical changes of the gradient Richardson number.

The mathematical structure of the suggested param-

eterization is similar to that proposed by Ellison and

Turner (1959) and likewise is empirical,

E
new

5
Min 1 AFra

1 1 AC
inf

(Fr 1 Fr
0
)a , (2)

where Min, A, F0, and a are constants and Cinf is given by

C
inf

5
1

Max
1

B

Reb

� �
, (3)
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where Max, B, and b are constants. For small Fr (i.e.,

Fr / 0), Eq. (2) becomes Enew 5 Min,1 while for Fr / ‘,

Eq. (2) becomes Enew 5 1/Cinf and for large Re (i.e.,

Re / ‘) becomes Enew 5 Max. In the present study we

choose the values of Min 5 4 3 1025 and Max 5 1. The

value Min 5 4 3 1025 is based on the limited oceano-

graphic and laboratory data available for low Fr. The en-

trainment parameter obtained in the Baltic Sea (Arneborg

et al. 2007) for Fr 5 0.55 is close to the value observed

in the laboratory by Cenedese et al. (2004) for a similar

Fr. The availability of more oceanographic and labora-

tory data may modify the exact value of Min but, as dis-

cussed in detail in the next section, recent measurements

of turbulent diapycnal mixing rates (Lauderdale et al.

2008) suggest that the value chosen for Min is represen-

tative of oceanic overflows with a low Fr. Unfortunately,

oceanic data for large Fr are not available to the authors’

knowledge. Hence, the value of Max is chosen more

arbitrarily equal to 1, assuming that even for large Fr

and Re, the entrainment parameter will reach an upper

bound. The authors believe that, in the future, obser-

vational research should focus on collecting data at lo-

cations where large Fr are expected, to better define the

upper bound of the entrainment parameter. A value of

E 5 0.1 was previously found for unstratified jets and

plumes (ET59; Turner, 1986). For large Fr, the flow is

driven by momentum rather than buoyancy forces, hence

the upper bound E 5 0.1, found for unstratified plumes,

could also be employed. Given the lack of oceanic ob-

servations at large Fr and Re, which could help us choose

between the two possible values of E for Fr / ‘ and

Re / ‘, we choose arbitrarily Max 5 1 with the un-

derstanding that new data and studies may lower this

value down to Max 5 0.1.

The other five constants in Eqs. (2) and (3) are de-

termined by a nonlinear regression function, using least

squares estimation, of the whole dataset to Eq. (2) giving

A 5 3.4 3 1023, F0 5 0.51, a 5 7.18, B 5 243.52, and b 5

0.5. Figure 1 shows the values of the entrainment param-

eter Enew, obtained using Eq. (2), versus the measured

FIG. 1. Measured entrainment parameter E vs the entrainment parameter Enew given by

Eq. (2). The solid line is the linear fit of the data given by the expression Enew 5 0.95E with an

R2 5 0.91. Solid (open) symbols indicate oceanic (laboratory) data.

1 This is strictly true only if ACinfFr0
a � 1, which is the case for

the constants’ values found with the nonlinear regression function.
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entrainment E for the whole dataset. The values of Re

used in (3) are Re 5 107 for the oceanic data (solid

symbols), and for the laboratory experiments the Re

quoted by the authors. The solid line represents the

linear fit of the data, Enew 5 0.95E with an R2 5 0.91, and

suggests that the new expression for the entrainment

parameter is a very good representation of both the

oceanic and laboratory data analyzed. Figure 2 shows

the measured Fr and E for the dataset analyzed in the

present study. The solid curves represent Eq. (2) for

different values of Re. It is worth noting that the value of

a is large, and the proposed parameterization has a

strong dependence on the Fr around Fr 5 1. The ET59

parameterization (dashed line in Fig. 2) presents a sub-

critical Fr cutoff corresponding to a value of a / ‘ at

Fr2 5 1.25. The new parameterization allows for sub-

critical Fr entrainment but maintains the strong de-

pendence on Fr around Fr 5 1 observed both in the

laboratory and oceanic dataset. The above results are

only slightly modified when changing the values of Min

and Max. For example, a value of Max 5 0.5 will pro-

duce a very similar fit between E and the predicted Enew

as in Fig. 1, and the solid curves in Fig. 2 will be modified

for Fr / ‘ and Re / ‘ to approach E 5 0.5 instead of

E 5 1. A value of Min 5 0 will give the exact same fit

between E and the predicted Enew as in Fig. 1, and the

solid curves in Fig. 2 will be modified for Fr & 0.7 and

approach E 5 0 instead of E 5 4 3 1025. The lack of data

for both Fr / ‘ Re / ‘ and Fr / 0 explains why

the proposed parameterization, derived by a nonlinear

regression of the available oceanic and laboratory data,

away from these limits is not strongly influenced by the

choice of Min and Max.

The constants in Eq. (3) found by the nonlinear re-

gression function suggest that Eq. (3) could be rewritten

as

C
inf

5
1

Max
1

Re
cr

Re

� �1/2

, (4)

where Recr 5 6 3 104 could represent the critical Re that

must be exceeded to sustain three-dimensional inertially

dominated turbulent fluctuations in a shear flow, which

mark the so-called mixing transition (Dimotakis 2005).

This transition is characterized by an increase in strain

rates and area across which mixing occurs and, as a con-

sequence, an increase in mixing activity occurs above

Recr. The Re effects on the dynamics and mixing be-

come substantially weaker with increasing Re, for Re .

Recr. Hence, we expect that the parameter E should

increase and depend weakly on Re for Re . Recr. Pre-

vious studies suggest values of Recr 5 O(104) (Dimotakis

2005) and the value in Eq. (4) is within this range. Figure 2

supports the hypothesis that after approximately Recr 5

6 3 104 the value of the entrainment parameter is not

strongly dependent on the Re, with the black curves being

closer together. Although only speculation, it is inter-

esting to note that the empirical fit of the oceanic and

laboratory dataset may suggest the presence of a critical

Re representing a mixing transition phenomena.

FIG. 2. Measured Fr vs E. The solid curves represent Eq. (2) for the different values of Re

labeled on the rhs of the curves. The dashed line represents the ET59 parameterization given by

Eq. (1). Solid (open) symbols indicate oceanic (laboratory) data.
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The new entrainment parameterization does not di-

rectly include the effect of rotation. Cenedese and Adduce

(2008) observed that rotational effects can cause the

generation of cyclonic eddies above the dense current,

as observed, for example, near the Denmark Strait over-

flow (Bruce 1995; Krauss 1996; Jungclaus et al. 2001).

However, density measurements showed that eddies

caused a very small amount of entrainment when com-

pared to the entrainment in dense currents in the wave

or turbulent regimes (Cenedese and Adduce 2008). Fur-

thermore, rotational effects are expected to influence the

trajectory of the dense current (i.e., the direction of the

velocity vector), and the magnitude of the current ve-

locity, ultimately influencing the values of Fr and Re. We

believe that ‘‘local’’ mixing is not affected by rotation

directly, but indirectly through the velocity magnitude

and, consequently, the values of Fr and Re. This sugges-

tion is supported by the rotating experiments of Wells

(2007) that show values of the entrainment parameter

basically indistinguishable from those obtained in the

nonrotating experiments of Ellison and Turner (1959;

Fig. 2). Hence, we do not include the effect of rotation

directly in Eq. (2), with the understanding that rotation

will influence the values of Fr and Re included in this

expression.

Comparison with observations and laboratory data

To investigate how well the new parameterization

predicts entrainment in overflows and dense currents,

we now compare the values given by Eq. (2) with the

direct estimates of entrainment for recent oceanographic

measurements in overflows not included in the dataset

used to derive Eq. (2). We use data obtained during the

REDSOX field program in the Red Sea (Peters and

Johns 2005; Peters et al. 2005), the Cross-Slope Exchanges

at the Antarctic Slope Front (ANSLOPE) experiment

in the Ross Sea (Muench et al. 2009), a dataset including

hydrographic, current, and microstructure measurements

from the western Baltic Sea (Umlauf and Arneborg

2009a,b), and a very recent dataset collected by Fer et al.

(2010) in the Faroe Bank Channel. Furthermore, we also

compare the new entrainment parameterization pre-

diction with recent laboratory data obtained for large

Re 5 4000 by J. Chen (2009, personal communication).

Figure 3 illustrates the value of E and Fr for these new

datasets (open symbols), the oceanic observational data

(solid symbols) shown in Fig. 2, the new parameteri-

zation, Eq. (2), obtained for Re 5 108 (solid line) and

Re 5 4000 (dashed line), and the ET59 parameteriza-

tion, Eq. (1) (dotted line). It should be noted that all

FIG. 3. Measured Fr vs E for the recent oceanic and laboratory measurements (open

symbols) and the oceanic data shown in Fig. 2 (solid symbols). The solid (dashed) line rep-

resents the new parameterization, Eq. (2), obtained for Re 5 108 (Re 5 4000), while the

dotted line represents the ET59 parameterization, Eq. (1). Error estimates are included when

available.
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observed oceanic overflows present a subcritical Fr, for

which the ET59 parameterization would predict zero

entrainment. The new parameterization prediction of the

entrainment parameter lies well within (Red Sea, Faroe

Bank Channel) or very close to (Ross Sea) the error bars

of the observational measurements.

The data from the western Baltic Sea (Umlauf and

Arneborg 2009a,b) requires some caution since, as dis-

cussed in the introduction, dense currents having a

small thickness compared to the bottom Ekman layer

depth are strongly influenced by bottom friction. These

recent cross-channel turbulence transects revealed a low

mixing region (open triangle) on the central and northern

slope, and a high mixing region (open diamond) on the

southern slope, which could explain the large variability

observed in the Arneborg et al. (2007) dataset obtained

at a fixed location exactly between these two regions.

However, the values of E obtained by Arneborg et al.

(2007) (solid right triangle) are on average larger than

those of Umlauf and Arneborg (2009a,b) reflecting a

larger Fr, consistent with the prediction of the new pa-

rameterization. The high mixing rates on the southern

slope (open diamond) observed by Umlauf and Arneborg

(2009a,b) do not indicate local entrainment of ambient

fluid, they indicate where ambient fluid entrained on the

other side of the channel is finally mixed down within

the dense current. The low mixing rates (open triangle),

observed on the central and northern slope, indicate

ambient fluid entrained in the interfacial boundary layer

by the additional interfacial shear caused by the ob-

served transverse circulation (Umlauf and Arneborg

2009a,b). The proposed parameterization is not meant to

capture the effects of transverse circulation and friction in

shallow overflows. It focuses solely on the shear region at

the top of the dense current, which we believe is driving

the entrainment into most of the overflows examined.

Hence, it is not surprising that the new parameteriza-

tion does not predict the entrainment rates measured

in the western Baltic Sea, especially in the region affected

by the transverse circulation (open triangle). Neverthe-

less, the comparison shown in Fig. 3, albeit done with only

few observational data points, suggests that the new pa-

rameterization better represents entrainment in overflows

when compared to previously used parameterizations that

did not allow for subcritical mixing.

The laboratory data (open left triangles) obtained

for large Re 5 4000 by J. Chen (2009, personal com-

munication) present slightly larger values of E than pre-

dicted by the new entrainment parameterization (dashed

line). As in Cenedese and Adduce (2008), E is obtained

using a mass balance between two cross sections of the

dense current, but the values of Fr and Re were mea-

sured at the upstream cross section (source) and are not

the average value between the two sections. Hence,

Fr and Re represent ‘‘initial’’ values and not the values

experienced by the dense current during the measured

entrainment processes. This difference could partially

explain the small discrepancy between the laboratory

data (open left triangles) and the new parameterization

prediction (dashed line), which, however, gives an im-

proved prediction when compared to the ET59 param-

eterization (dotted line).

Unfortunately, oceanographic measurements of entrain-

ment in overflows are not very common. To further test

the new parameterization, we use some recent measure-

ments of turbulent diapycnal mixing rates by Lauderdale

et al. (2008). Diapycnal diffusivities Kr can be related

to the vertical velocity using the steady-state advection–

diffusion equation, where we assumed that the length

scale of horizontal variations of the scalar T is much larger

than that of vertical variation so that ›x, ›y� ›z,

w
›T

›z
5 K

r

›2T

›z2
, (5)

where w is the vertical velocity and T is a tracer, for

example, temperature. By dimensional analysis, we ob-

tain w 5 Kr /L, where L is a characteristic vertical length

scale over which the tracer T presents gradients. Dia-

pycnal diffusivities Kr ; 1024 m2 s21 are common in the

southern Greenland DWBC over the path between the

Denmark Strait and Cape Farewell (;1000 km) and

generate an increase in volume transport by entrain-

ment similar to that occurring for the localized and more

intense entrainment near the sill in the Denmark Strait,

where Kr ; 1023 m2 s21. The large density gradients

were observed (S. Bacon 2009, personal communica-

tion) to be confined within the dense current interface

having a thickness of approximately 10 m, that is, L 5

10 m, which yields a vertical velocity w 5 1025 m s21.

Hence, we find a value of the entrainment parameter

E 5 w/U 5 ½ 3 10�4, when using the measured dense

current velocity U 5 0.2 m s21. The value Fr 5

U/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HgDr/r0

p
5 0.45 associated with the above entrain-

ment parameter is obtained assuming a depth of the

current H 5 200 m and Dr 5 0.1 kg m23. The open

square in Fig. 3 represents the above estimates of E and

Fr for the southern Greenland DWBC obtained using the

turbulent diapycnal mixing rates recently observed by

Lauderdale et al. (2008). The new parameterization does

a very good job in representing the estimates of en-

trainment in a subcritical Fr overflow.

The value Min 5 4 3 1025, which represents Enew for

Fr / 0 in Eq. (2), is based on the limited available

oceanic (Arneborg et al. 2007) and laboratory (Cenedese

et al. 2004) data at low Fr. A finite value of Enew for Fr / 0

is preferred in order to include in this new parameterization

AUGUST 2010 C E N E D E S E A N D A D D U C E 1841



the entrainment and mixing due not only to shear in-

stability occurring for moderate and high values of Fr, but

also due to the so-called background mixing (Polzin et al.

1997) occurring at low values of Fr. By background mixing

we refer to the mixing caused by, for example, internal

waves breaking. Such mixing will undoubtedly contribute

to small, but still finite, changes in the dense current

properties. The background mixing has Kr ; 1025 2

1026 m2 s21 (Polzin et al. 1997), which with the above

assumption L 5 10 m and assuming also that U 5 0.1 2

0.01 m s21 for Fr / 0 flows, gives an order of magnitude

value for E between 1024 and 1026. The average value

E ; 1025 is correctly represented by the new entrain-

ment parameterization prediction for Fr / 0, hence the

proposed parameterization captures also the entrainment

due to background mixing. On the contrary, one may

choose to ignore the background mixing in this parame-

terization, and parameterize this mixing separately in

general circulation and climate models. In this case, the

value of Min 5 0 and differences with the results dis-

cussed herein will arise only for Fr / 0.

3. Streamtube model

A further test of the new parameterization given by

Eq. (2) is performed using a streamtube model, similar

to that of Price and Baringer (1994), to simulate the lab-

oratory experiments of Cenedese and Adduce (2008), and

the Mediterranean overflow data of Price and Baringer

(1994). The momentum conservation equation for the

dense overflow layer is

›U

›t
1 U � $U 1 f 3 U 5

gDr$D

r
0

�
t

b

r
0
H
� EUU

H
, (6)

where U is the dense layer velocity, f is the Coriolis

parameter, D is the bottom depth, tb 5 r0CDUU is the

bottom stress, CD is the drag coefficient, and E is the

entrainment parameter. An important simplification is

that the baroclinic pressure gradient arising from the

alongstream variation of column height or density is

assumed to be small in comparison with the buoyancy

acceleration resulting from the density difference and

bottom slope. We consider the linear steady-state solu-

tion of Eq. (6), hence ignoring the first two terms on the

left-hand side. Finally, each numerical experiment is run

twice, changing only the value of E that assumed the

ET59 expression (1) in the first run, and the new pro-

posed expression (2) in the second run.

a. Laboratory experiments

We choose two laboratory experiments with different

Re from Cenedese and Adduce (2008) to investigate

how the new parameterization predictions compare to

those obtained using the ET59 parameterization. The

streamtube model configuration is highly idealized to

reproduce the geometry and initial conditions in the

laboratory. The slope, s 5 $D, is constant; the dense

current is a single layer of density r; the ambient fluid is

homogenous with a density r0; the Coriolis parameter is

constant (i.e., f plane); the initial flow rate of the dense

current Q0 is constant; and the initial width of the cur-

rent is W0, resulting in a initial velocity U0 5 Q0 /H0W0,

where H0 is the initial depth of the dense current. The

values of the above parameters for the two laboratory

experiments are shown in Table 1.

The width of the dense current, as it descends the slope,

is imposed to be equal to that observed in the laboratory

experiments. Price and Baringer (1994) suggested a pa-

rameterization for the broadening of the current which

depends on the Ekman number. However, this parame-

terization was recently found (J. F. Price 2008, personal

communication) inadequate to represent the broadening

of several overflows, such as the Faroe Bank Channel

overflow. The dynamics regulating the broadening of a

dense current descending a slope are still unknown and

a theory predicting either the width of the current as it

descends the slope, or how the width depends on the

external parameters, is still missing. Hence, we prefer to

impose the evolution of the width of the current to be the

same as observed in the laboratory. The height of the

current, as it descends the slope, is computed taking into

account the amount of entrained fluid. Finally, the value

of the drag coefficient CD is determined assuming that in

the experiments of Cenedese and Adduce (2008) the

angle u between the flow trajectory and the alongslope

TABLE 1. Parameters used as initial conditions in the stream-

tube model. All values are in mks and temperature is in 8C. Low

(High) Re indicates the run shown in Fig. 5 (Fig. 6), and Med in-

dicates the run shown in Fig. 8; S (S0) and T (T0) are the salinity

and temperature of the dense (ambient) water and salinity is in-

dicated only for the Med run. Here f0 indicates the Coriolis pa-

rameter while f 5 f0 cosa (where a is the slope angle) is the vertical

component of f0 in the tilted coordinate frame used for the stream-

tube model. All other parameters are defined in the text.

Run Low Re High Re Med

r(S) 1.0028 3 103 1.0022 3 103 (37.8)

r0(S0) 998.54 998.44 (35.7)

T 20 20 13.4

T0 20 20 12

Q0 2.5 3 1026 8.3 3 1026 1.5 3 106

f0 1 1 8.4 3 1025

H0 0.002 0.004 100

W0 0.067 0.067 15 3 103

s 0.7 4.14 12 (4) 3 1023

CD 0.19 0.48 0.003
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direction (St 5 tanu), is given by the ratio of the drag and

Coriolis forces, as shown schematically in Fig. 4;

S
t
5

Drag

Coriolis
5

C
D

U2

H

1

fU
. (7)

Hence, an expression for CD in the laboratory can be

obtained

C
D

5
S

t
fH

U
, (8)

which, for the experiments of Cenedese and Adduce

(2008), spans values between 0.1 and 0.7. Similar values

of CD were also found in the laboratory experiments of

Ross et al. (2002). The model results’ sensitivity to the

choice of the drag coefficient has been examined and is

discussed later in the text. Equation (7) assumes that

E� CD, which is the case for these experiments where

E 5 O(1022 2 1023).

Figures 5 and 6 show the results of the streamtube

model calculation when using the new entrainment pa-

rameterization (solid curves) and the ET59 parame-

terization (dashed curves) and compare those to the

laboratory measurements (triangles) of a low Re ex-

periment (Re 5 14.6; Fig. 5) and a high Re experiment

(Re 5 331.5; Fig. 6). As expected, the low Re and Fr

experiments are better modeled when using the new en-

trainment parameterization Enew that takes into account

a Re dependence of the entrainment and a subcritical

Fr entrainment. In particular, the low Re experiment in

Fig. 5 has a Fr 5 1.5 for which the ET59 parameteriza-

tion predicts a larger entrainment than observed in the

laboratory. The ET59 parameterization was obtained by

empirically fitting laboratory experiments having Re 5

O(103) and does not take into account the Re de-

pendence of the entrainment parameter observed by

Cenedese and Adduce (2008). Hence, it is not surprising

that it cannot correctly predict the entrainment for ex-

periments with a Re very different from that of the ET59

experiments. The new parameterization predicts fairly

well the decrease in density of the dense current as it

descends the slope (Fig. 5a). The average current height

measured in the experiment is well represented in the

model when using the new parameterization (Fig. 5b),

and on the opposite, the ET59 parameterization pro-

duces a height that is larger than observed because of the

larger entrainment. Finally, when using Enew, the tra-

jectory of the dense current as it descends the slope is

closer to the observed trajectory than when using the

ET59 parameterization (Fig. 5c). However, the veloc-

ity of the dense current is very similar when using the

two different entrainment parameterizations, suggest-

ing that the changes in density are balanced by the change

in height of the current and not by a change in the velocity

of the dense fluid. The dense current modeled velocities

agree with those measured in the laboratory as shown in

Fig. 5d.

As the Re of the experiment increases and reaches the

same order as that in ET59 laboratory experiments, we

expect the new parameterization to give similar results

as the ET59 parameterization. Figure 6a shows how the

density of the current descending the slope is predicted

slightly better when using the new parameterization than

the ET59, but the difference between the two predictions

is small when compared to that observed for the low Re

experiment (Fig. 5a). The current height measured in the

laboratory lies in between the average height predicted

by the two parameterizations (Fig. 6b), while the pre-

diction of the velocity is very similar regardless of the

parameterization used (Fig. 6d). Finally, for both pa-

rameterizations, the modeled trajectory is more down-

slope than the observed trajectory in the upper part of the

slope (Fig. 6c). As the current descends, the ET59 pa-

rameterization predicts a trajectory with a larger along-

slope component that better represents the final position

of the dense current on the slope.

The sensitivity of the model results to the choice of the

drag coefficient has been examined. The streamtube cal-

culations of the low Re experiment illustrated in Fig. 5

have a value of CD 5 0.19 obtained using Eq. (8). The

model is run with the same initial conditions, using the

new entrainment parameterization, but with two other

different values of the drag coefficient spanning two

FIG. 4. Sketch of the forces acting on a dense current descending

a sloping bottom in the presence of background rotation: Coriolis

Co, buoyancy Bu, drag Dr, and entrainment En. The resulting ve-

locity is indicated by the dotted arrow. Dashed lines indicate iso-

baths.
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orders of magnitude; that is, CD 5 0.01 and CD 5 1. As

expected, a lower value of the drag coefficient causes

a larger velocity of the dense current descending the

slope and, consequently, a larger Fr and entrainment with

a lower final density of the current. The current does not

descend the slope as much as when employing larger

values of CD (Fig. 7). On the other hand, a larger value

of CD allows the current to descend the slope with a

larger downslope component, with a smaller velocity and

amount of entrainment, and with a consequent larger

density at the bottom of the slope. For the lower value

of the drag coefficient a weak meander pattern appears

near the source (Figs. 7b,d) because of the mismatch

between the imposed initial conditions and the ‘‘pre-

ferred’’ balanced state illustrated in Fig. 4 (Smith 1975).

These meanders are damped downstream by the viscous

drag and do not appear when the drag coefficient is

larger. The sensitivity analysis of the streamtube model

calculations to the value of the drag coefficient reveals

that this parameter is of fundamental importance when

predicting the final location and density of a dense current

descending a slope, as also previously noted by Smith

(1975). The use of Eq. (8) to determine the drag co-

efficient for the model runs reproducing the laboratory

experiment of Cenedese and Adduce (2008) guarantees

the use of a value of CD dynamically consistent. When

Eq. (8) cannot be used, particular care must be taken in

the choice of CD. One must be aware of the influence of

the specific value used on the model results.

b. Mediterranean overflow

Streamtube model calculations are conducted to re-

produce the Mediterranean overflow data of Price and

Baringer (1994). The geometrical configuration of the

model is kept the same as in the runs reproducing the

laboratory experiments; that is, the bottom slope is

constant, the ambient fluid has uniform density, and the

dense current is homogenous. All the model parameters

are chosen to be consistent with the data in Price and

Baringer (1994) and are shown in Table 1. The slope is

assumed to be gentler (s 5 4 3 1023) for the first 20 km,

and after it assumes the value s 5 12 3 1023. The width

FIG. 5. Streamtube model calculations using the new entrainment parameterization (solid curves) and the ET59

parameterization (dashed curves) compared to the laboratory measurements (triangles) of a low Reynolds number

experiment (Re 5 14.6). (a) Density, (b) height, (c) trajectory, and (d) velocity of the dense current. The experi-

mental value of the height is an average value over the whole current positioned arbitrarily at a distance from the

source equal to 0.5 m.
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of the dense current as it descends the slope is imposed

to be consistent with the measurements in Fig. 7a of

Price and Baringer (1994), and is parameterized as W 5

W0 1 gx, where W0 is the initial current width (Table 1),

and g 5 0.08 for the first 20 km, and g 5 0.3 afterward

(Fig. 8c).

The model results using the new parameterization

(solid curves) and the ET59 parameterization (dashed

curves) are shown in Fig. 8 where the triangles indicate

the oceanographic measurements reported in Price and

Baringer (1994). The streamtube model results obtained

with the ET59 parameterization are very similar to those

presented in Price and Baringer (1994). We do not ex-

pect an exact correspondence since the streamtube model

of Price and Baringer (1994) included a detailed topog-

raphy and a stratified ambient density profile. The simi-

larity of the results indicates that the idealized model

configuration used for the runs presented in Fig. 8 cap-

tures the main dynamics of the overflow, and the results

are only slightly influenced by the details of the topog-

raphy and the stratified ambient density profile.

The ET59 parameterization allows for entrainment

only for supercritical Fr, that is, the values above the

dotted line in Fig. 8b. Hence, the salinity of the dense

current does not change until after ;30 km from the

source. After this location, its value changes dramati-

cally to reach S 5 36.5 around 70 km, and remains al-

most unaltered for the rest of the descent over the slope

since the Fr is subcritical until ;150 km and then it

becomes barely critical. The new parameterization al-

lows for subcritical Fr entrainment, and the dense cur-

rent salinity is modified immediately after the source,

with a smaller decrease in the first 30 km after the source,

and a larger decrease between 30 and 70 km, as ex-

pected given the larger Fr (Fig. 8b). The results of the

model using the two parameterizations are similar, both

runs show a sudden decrease in salinity at the exit of the

sill in the Strait of Gibraltar where the overflow is gen-

erated. However, with the new parameterization the en-

trainment begins at the source and the salinity at 70 km

from the source is slightly lower than when using the

ET59 parameterization. The most important difference

FIG. 6. Streamtube model calculations using the new entrainment parameterization (solid curves) and the ET59

parameterization (dashed curves) compared to the laboratory measurements (triangles) of a high Reynolds number

experiment (Re 5 331.5). (a) Density, (b) height, (c) trajectory, and (d) velocity of the dense current. The experi-

mental value of the height is an average value over the whole current positioned arbitrarily at a distance from the

source equal to 0.5 m.
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between the two parameterizations is apparent in the

results after 70 km from the source. The ET59 param-

eterization does not allow for subcritical Fr entrainment,

hence the final water properties of the dense current

remain almost unchanged after 70 km from the source;

that is, the density is almost constant during the descent

over the continental slope. On the other hand, the new

parameterization allows for subcritical Fr entrainment,

and the salinity of the dense current continues to di-

minish along the descent, although at a rate much smaller

than in the first 70 km. This weak entrainment influ-

ences the final salinity of the dense current, and explains

the slight decrease in salinity observed in the data from

70 to 200 km (Fig. 8a). The dense current potential den-

sity measured after 250 km is 27.5 kg m23 when using the

new parameterization, and approximately 0.2 kg m23

larger when using the ET59 parameterization. This dif-

ference in potential density corresponds approximately

to a 250-m difference in the vertical location of these

water masses when considering the ambient ocean po-

tential density profile in Fig. 4b of Price and Baringer

(1994). The difference in vertical location of the overflow

water mass depends on the ambient stratification. Price

and Baringer (1994) show that near the major overflows,

the ambient stratification is quite weak at depth, the

quoted Mediterranean overflow case presents one of the

strongest ambient stratification. Hence, we expect that

even a small difference in the final potential density of

the overflow may cause a large difference in the verti-

cal location of the overflow water mass. If one were to

model a dense current descending the continental slope

for a long distance in a subcritical Fr regime, the final

properties and vertical location of the overflow water

mass will differ dramatically depending on which pa-

rameterization is used.

The new parameterization gives a better prediction of

the height of the dense current (Fig. 8d), while both

parameterizations predict a realistic velocity within 50 km

from the source and overestimate the current velocity af-

ter this location, with the new parameterization giving

slightly lower values than the ET59 parameterization

(Fig. 8f). The larger velocity and density obtained with

the ET59 parameterization cause the dense current tra-

jectory to have a larger downslope component than the

FIG. 7. Streamtube model calculations for the low Reynolds number experiment (Re 5 14.6) shown in Fig. 5 using

the new entrainment parameterization for three values of the drag coefficient: CD 5 0.19 (solid line), CD 5 0.01

(dashed line), and CD 5 1 (dotted line). The laboratory measurements are shown by the triangles. (a) Density, (b)

Froude number, (c) trajectory, and (d) velocity of the dense current.
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trajectory predicted with the new parameterization, which

compares very favorably with the observed trajectory of

the Mediterranean overflow presented by Smith (1975). An

exact correspondence between the predicted and observed

path of the overflow is not expected due to the irregu-

larities of the ocean bottom not represented in the model.

4. Conclusions

We propose a new parameterization for entrainment

in overflows that takes into account the dependence of

the entrainment on both the Fr and Re. The primary

novelty of the proposed parameterization is that it al-

lows for subcritical Fr entrainment. This is believed to be

of major importance in the ocean since there are several

locations where dense currents are observed to be sub-

critical but are still several hundreds of kilometers away

from their neutrally buoyant level or the ocean bottom,

suggesting that the final properties of these water masses

are dictated by entrainment occurring at subcritical Fr.

Furthermore, the proposed entrainment parameteriza-

tion depends on the Re of the flow. This aspect is be-

lieved to be of importance not for the ocean itself, since

the oceanic Re is very large and the Re dependence in

Eq. (2) disappears for Re / ‘. However, when com-

paring laboratory data to oceanic observations, it is fun-

damentally important to understand, and take into account

the entrainment dependence on the Re.

The new parameterization predictions compare favor-

ably to recent oceanographic and laboratory measure-

ments of entrainment. Streamtube model calculations

show that the new parameterization, Eq. (2), leads to

a significantly improved prediction of density, height,

and trajectory of low Fr and Re laboratory experiments

when compared to the predictions obtained using the

ET59 parameterization. As expected, the two parame-

terizations give similar results for Re of the same order

as those in the laboratory experiments of ET59.

FIG. 8. Streamtube model calculations using the new entrainment parameterization (solid curves) and the ET59

parameterization (dashed curves) compared to the oceanic observations of the Mediterranean overflow (triangles)

(Price and Baringer 1994). (a) Salinity, (b) Froude number, (c) width, (d) height, (e) trajectory, and (f) velocity of the

dense current. The observed Mediterranean overflow trajectory is from Smith (1975).
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The proposed parameterization has been obtained

using a large dataset, which includes oceanic and labo-

ratory data associated exclusively to dense currents and

overflows. However, as discussed in Wells et al. (2010)

the dependence of the entrainment parameter on the

Froude number must be related to how efficiently

stratified turbulence can convert the kinetic energy of

the flow into irreversible mixing. Wells et al. (2010)

propose an empirical relationship between the entrain-

ment parameter E, the bulk Froude number Fr, and the

flux coefficient G, hence suggesting the possibility that

the proposed parameterization could be applicable not

only to mixing in overflows, but also to other mixing

mechanisms.

One aspect of the proposed parameterization is that

the controlling nondimensional parameters Fr and Re

are ‘‘bulk’’ properties of the dense flow. This choice was

determined by the fact that, for the majority of the data

used to obtain the new parameterization, the values of

E, Fr, and Re are ‘‘integral’’ measurements. Hence, the

proposed parameterization is able to predict an average

value of E given the average diagnostic values of Fr and

Re across a section in the dense current. However, most

numerical models recently use entrainment parameter-

izations based on a local gradient Fr, or Ri (Hallberg

2000; Xu et al. 2006), which can be calculated pointwise.

The entrainment in these models is sensitive to hori-

zontal and vertical resolutions, indicating that the lack of

resolution to capture criticality can be a possible concern

when using a parameterization based on a local gradient

Ri. Hence, the use of a local gradient Ri parameteriza-

tion is not recommended for coarse-resolution global

circulation and climate models (Xu et al. 2007). Re-

cently, parameterizations for mixing in overflows based

on second-order turbulent closure have been considered

(Ilicak et al. 2008a,b, 2009). Provided fairly high-resolution

regional models are used, most turbulence closure, in

particular the so-called very large eddy simulation (VLES)

technique, reproduce satisfactory ocean data from the

Red Sea overflow (Ilicak et al. 2008a,b).

Finally, the present study focuses on the modification

of the dense current properties by entrainment and il-

lustrates the importance of a correct prediction of den-

sity to estimate the depth and location of important

water masses in the open ocean. Another important

quantity necessary to compute water mass production is

the dense current transport and the modification it un-

dergoes when entrainment occurs. Lauderdale et al. (2008)

estimated an increase in volume transport by entrainment

in the dense current over the path between the Denmark

Strait and Cape Farewell similar to that occurring for the

localized entrainment near the sill in the Denmark Strait.

An estimate of the transport in a dense current can be

obtained when one knows the entrainment rate between

two consecutive sections across the dense current and the

transport at the entering section. However, direct mea-

surements of transport can be difficult and rare in the

field. Often, the transport measurements along a dense

current are not detailed enough to make a comparison

with the estimate of increase in transport, especially on

the open slope where the absence of topographic con-

strictions makes it particularly challenging to sample the

entire fluid in a dense current. While this important as-

pect is clearly beyond the scope of this study, it certainly

suggests that more field data are needed for dense over-

flows, not only near the sill or constriction where the

overflows are generated, but also along the whole path

such currents follow.
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