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Abstract: We investigate the use of polarized illumination in multiview microscopes for
determining the orientation of single-molecule fluorescence transition dipoles. First, we relate the
orientation of single dipoles to measurable intensities in multiview microscopes and develop an
information-theoretic metric—the solid-angle uncertainty—to compare the ability of multiview
microscopes to estimate the orientation of single dipoles. Next, we compare a broad class of
microscopes using this metric—single- and dual-view microscopes with varying illumination
polarization, illumination numerical aperture (NA), detection NA, obliquity, asymmetry, and
exposure. We find that multi-view microscopes can measure all dipole orientations, while the
orientations measurable with single-view microscopes is halved because of symmetries in the
detection process. We also find that choosing a small illumination NA and a large detection NA
are good design choices, that multiview microscopes can benefit from oblique illumination and
detection, and that asymmetric NA microscopes can benefit from exposure asymmetry.
© 2017 Optical Society of America under the terms of the OSA Open Access Publishing Agreement
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1. Introduction

The orientation of single-molecule fluorescence transition dipoles is a valuable reporter for
biological processes. By imaging biological samples with fluorescent probes that are fixed to
known structures, researchers have studied the dynamics of motor proteins [1, 2], DNA [3],
actin [4], septin [5, 6], and membranes [7]. The number of techniques available to biologists
for measuring the orientation of single dipoles in live cells is continually expanding. A recent
review [8] identified three major categories of single-dipole orientation determination techniques:

Spatial/angular variation of emission techniques image single molecules and use the dis-
tribution of intensity in the back focal plane [9] or in the image plane [10] to estimate their
dipole orientation. Information-theoretically optimal techniques in this category use defocusing
or phase masks in the back focal plane to encode orientation and position information in the
image [11]. These techniques can estimate the orientation of dipoles in all orientations and
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only require a single frame of intensity measurements, but they require complex reconstruction
algorithms, expensive high numerical aperture (NA) optics, and sensitive detectors. Furthermore,
these techniques spread the signal from a single molecule over a large area on the detector, so
they suffer from a poor signal-to-noise ratio [12].

Spatial variation of illumination polarization techniques vary the polarization and intensity
in the illumination path to excite dipoles in specific orientations in the focal volume [13]. Although
these techniques can accurately estimate the orientation of dipoles in all orientations, they require
scanning which makes acquisition time a concern in live-cell imaging.

Polarized illumination or detection techniques vary the polarization of light in the illu-
mination or detection paths and exploit the anisotropic absorption and emission patterns of
single molecules to estimate their dipole orientation. By illuminating and detecting from the
focal plane, not just the focal point, these techniques can estimate the orientation of many
dipoles in parallel without scanning. These techniques are easy to implement—changing the
illumination or detection polarization is simple with a polarization splitter [4] or universal
compensator/polarizer [14]—and the reconstruction methods are straightforward [3, 4, 15]. Also,
these techniques keep the signal from a single molecule localized on the detector, so they
have a signal-to-noise ratio advantage over defocusing and phase masking techniques. The
main drawback is that these techniques require several intensity measurements under different
polarization orientations to estimate the orientation of a single dipole. Despite the requirement
for multiple measurements, polarized illumination or detection methods are good choices for
live-cell imaging because of their combination of speed and ease of implementation.
To develop a polarized illumination or detection technique we need to choose a method for

varying the polarization and place it in the illumination or detection path. The simplest and
most inexpensive way to vary the polarization is with a division-of-time (DoT) polarizer using a
rotating polarizer or a universal compensator/polarizer. Other polarization methods (division-
of-amplitude, division-of-focal-plane) are more expensive and require additional alignment
or interpolation [16]. The simplicity of DoT polarization comes at the expense of temporal
resolution—intensity measurements are made one after the other which increases the acquisition
time. If we place the DoT polarizer in the detection path, we will block valuable photons from
reaching the detector which leads to unnecessary exposure to the sample [5]. By placing the
DoT polarizer in the illumination arm we minimize exposure to the sample. We focus on DoT
polarized illumination in this paper because of its combination of simplicity and low sample
exposure.
All single-dipole orientation determination methods suffer from some degree of anisotropic

orientation uncertainty, i.e., some dipole orientations cannot be determined as precisely as
others. In some cases the orientation cannot be determined at all—the forward model can be
degenerate for specific dipole orientations [15, 17]. We feel that the importance of isotropic
orientation uncertainty has been underappreciated. To our knowledge, the only authors who
have considered anisotropic orientation uncertainty in 3D have only analyzed a subset of dipole
orientations [11]. Our view is that an ideal technique for determining the orientation of single
dipoles can reconstruct the orientation with a small and nearly uniform uncertainty for all dipole
orientations.

Recently, there has been increasing interest in multiview microscopy techniques for biological
imaging [18–21]. Multiview microscopes offer two major advantages over single-view micro-
scopes. First, multiview microscopes can achieve nearly isotropic resolution compared to the
anisotropic resolution of single-view microscopes whose axial resolution is reduced by at least a
factor of two compared to lateral resolution. Second, multiview microscopes can use light-sheet
illumination to reduce phototoxicity while reusing parts of the optical path for both illumination
and detection. For example, if two orthogonal objectives are focused on the same point, then
the objectives can alternate roles as the light-sheet illumination path and as the detection path.
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Light-sheet illumination offers a major reduction of phototoxicity because a light sheet only
illuminates in-focus regions while other widefield and confocal approaches inevitably illuminate
out-of-focus regions. Together, these advantages make multiview microscopes good candidates
for imaging live biological specimens for long periods.
In this work we explore the use of polarized illumination in multiview microscopes for

determining the orientation of single dipoles. Existing multiview microscopes can easily be
outfitted with fast-switching polarizers that do not degrade image quality, so polarized illumination
is a natural way to augment multiview microscopes for measuring the orientation of single
dipoles. Furthermore, multiview microscopes can achieve nearly isotropic resolution while
delivering selective illumination. We find that multiview microscopes also provide a small and
uniform orientation uncertainty for single dipoles in all orientations. We also find that single-view
microscopes have symmetries that can be broken by adding a second view. This reduction of
degeneracy allows multiview microscopes to uniquely determine the orientation of single dipoles.

In section 2 we develop the theory required to model polarized illumination microscopes, and
we develop metrics to compare microscope designs. In section 3 we compare the results for a
wide range of multiview microscope designs. Finally, in section 4 we discuss the results and their
impact on polarized multiview microscope design.

2. Methods

In this section we develop a method to compare multiview polarized illumination microscopes
for the task of reconstructing dipole orientations. In sections 2.1–2.4 we develop a model for the
intensity collected with a fixed illumination and detection configuration as a function of the dipole
orientation. In section 2.5 we list a variety of ways to combine these intensity measurements into
experimentally realizable polarized illumination microscopes. Finally, in section 2.6 we develop
metrics that we will use to compare these microscopes.
We use roman type for scalars, e.g., φ, θ; bold lowercase type for vectors, e.g., r, µ; hats for

unit vectors, e.g., r̂, µ̂; and bold capital type for matrices, e.g., R,F.

2.1. Absorption efficiency

In this section we will calculate the absorption efficiency of a single dipole—the fraction of the
incident power that is absorbed by the dipole. Our approach is inspired by Fourkas [15], but here
we calculate the absorption efficiency instead of the detection efficiency.

a) b) c) d)

Fig. 1. Coordinate systems for a) the absorption dipole moment µ̂abs, b) the polarizer
transmission axis p̂exc, and c) the dummy integration vector r̂. d) The scene consists of a
single molecule at the focal point of an objective lens with a polarizer in the aperture plane.

We consider a single molecule with a fixed absorption dipole moment µ̂abs that we express in
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spherical coordinates Θ and Φ [see Fig. 1(a)] as

µ̂abs(Θ,Φ) = sinΘ cosΦx̂ + sinΘ sinΦŷ + cosΘẑ. (1)

We place the molecule in the focal plane of an ideal, aplanatic, polarization-preserving objective
lens with its optical axis aligned with the ẑ axis. Next, we place a polarizer in the aperture plane
with a variable transmission axis p̂exc that we express as

p̂exc(φexc) = cos φexcx̂ + sin φexcŷ, (2)

where φexc is the angle between the transmission axis of the polarizer and the positive x̂ axis
[see Fig. 1(b)]. Finally, we place a spatially incoherent and spatially uniform light source (or its
image) in the aperture plane to illuminate the focal plane. In this geometry each point in the
sample is illuminated by a range of angles that can be changed by adjusting the radius of the
diaphragm in the aperture plane. We denote the set of illuminated angles by Ω [see Fig. 1(d)]. If
we use unit vectors r̂ expressed in spherical coordinates θ and φ [see Fig. 1(c)] as

r̂(θ, φ) = sin θ cos φx̂ + sin θ sin φŷ + cos θẑ, (3)

then the set of angles Ω can be expressed as

Ω = {φ, θ | 0 < φ ≤ 2π, 0 < θ ≤ α}, (4)

where α is the angle between the optical axis and the most oblique illuminating ray. Equivalently,
α can be expressed in terms of NA using

NA = n sinα, (5)

where n is the index of refraction of the sample medium. Note that the NA of the objective is
always greater than or equal to the illumination NA because we can underfill the aperture plane.
The objective focuses the light by applying a position-dependent rotation to the electric field

which we model by multiplying the incident electric field p̂exc by a position-dependent rotation
matrix

R(r̂) =


cos θ cos2 φ + sin2 φ (cos θ − 1) sin φ cos φ sin θ cos φ
(cos θ − 1) sin φ cos φ cos θ sin2 φ + cos2 φ sin θ sin φ
− sin θ cos φ − sin θ sin φ cos θ

 . (6)

Note the difference of signs between Eq. (6) and the rotation matrix given by Fourkas—our matrix
rotates rays propagating towards the sample while Fourkas’ matrix rotates rays propagating away
from the sample.

To find the absorption efficiency ηabs of a single dipole if it were illuminated by a single ray, we
take the unit incident electric field p̂exc, take the dot product with the absorption dipole moment,
then take the modulus squared

η
ray
abs = | µ̂abs · p̂exc |2. (7)

To find the absorption efficiency of a single dipole, we integrate over all illumination rays and
divide by the total incident power which gives the vector expression

ηabs =

∫
Ω

dr̂| µ̂abs · R(r̂)p̂exc |2∫
Ω

dr̂
. (8)
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We substitute Eqs. (1)–(6) into Eq. (8), evaluate the integrals, and simplify to express the
absorption efficiency in scalar notation as

ηabs = D{A + B sin2
Θ + C sin2

Θ cos [2(Φ − φexc)]} (9)

where

A =
1
4
− 3

8
cosα +

1
8

cos3 α (10a)

B =
3
16

cosα − 3
16

cos3 α (10b)

C =
7
32
− 3

32
cosα − 3

32
cos2 α − 1

32
cos3 α (10c)

D =
4

3(1 − cosα) . (10d)

Note that the factor D keeps the specimen irradiance constant for any value of α. We have kept D
as a multiplicative factor in Eq. (9) to facilitate comparison with Fourkas’ results, but Eq. (9) can
be simplified further by distributing D.
We can extend these results to light-sheet illumination created by scanning a laser. If we

shine a narrow, collimated, laser beam onto a galvanometer in the aperture plane and scan the
galvanometer, we create a weakly focused light sheet in the sample. If we scan the beam in the
sample with a velocity much less than the beam waist radius divided by the coherence time, then
the coherence of the laser is rendered ineffectual by the scanning—the light sheet is effectively
composed of many incoherent beams. If we also ensure that the laser beam is weakly focused,
we can ignore the excitation caused by the small fields aligned with the optical axis. Under
slowly-scanned and weakly-focused light-sheet illumination, dipoles in the sample will be excited
as if a single plane wave was incident. Therefore, we can find the absorption efficiency of a dipole
in this case by taking the limit of Eq. (9) as α→ 0 [or by plugging Eqs. (1) and (2) into Eq. (7)]
giving

η
ray
abs = sin2

Θ cos2(Φ − φexc), (11)

which is recognizable as Malus’ law generalized to three dimensions. This means that light-sheet
illumination is approximately equivalent to low-NA illumination with respect to the dipole
orientations they excite. Notice that the absorption efficiency can take its maximum range of
values (ηabs ∈ [0, 1]) when α = 0.

2.2. Detection efficiency

In this section we will calculate the detection efficiency—the fraction of the power emitted by a
single dipole that we detect. Fourkas calculated the detection efficiency when an ideal objective
with its optical axis aligned with the ẑ axis is focused on a single dipole and a polarizer is placed
in the aperture plane [15]. He found that

η
pol
det = A + B sin2

Θ + C sin2
Θ cos [2(Φ − φdet)], (12)

where φdet is the angle between the transmission axis of the detection polarizer and the positive x̂
axis.
To calculate the detection efficiency without a polarizer, we use Eq. (12) and take the sum of

polarized detection efficiencies with orthogonal polarizer orientations to find

ηdet = 2(A + B sin2
Θ). (13)
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In this case the detection efficiency only depends on Θ, not Φ, because there is no detection
polarizer. We have assumed that the absorption dipole moment is equal to the emission dipole
moment.

Note that A, B, and C in Eq. (10) are a factor of 3
2 larger than the expressions given by Fourkas.

We found that Fourkas’ expressions were incorrectly normalized (the limit of ηdet as α → π
2

should be 1
2 ), and the extra factor of 3

2 corrects the error. The extra factor of 3
2 is a constant

multiplicative factor, so the correction is not angle-dependent which means that it does not affect
Fourkas’ orientation reconstruction. However, the correction does mean that Fourkas’ algorithm
underpredicts the total emitted intensity by a factor of 3

2 .
Also note that the detection efficiency can take its maximum range of values when B takes its

maximum value, i.e. when α = arccos
(

1√
3

)
≈ 54.7◦. This means that the maximum modulation

of detected intensities will occur when we choose a detection objective with α ≈ 54.7◦.

2.3. Oblique illumination and detection

In sections 2.1 and 2.2 we assumed that both the illumination and detection objectives had ẑ
aligned optical axes, i.e., we assumed traditional epi- or transmitted light illumination. To extend
the forward model to oblique optical axes which allows for non-coincident illumination and
detection objectives, we express the dipole orientation in a rotated coordinate frame using the
following expressions

Θ
′ = arccos (sinψ cosΦ sinΘ + cosψ cosΘ) (14)

Φ
′ =


arccos

(
cosψ cosΦ sinΘ − sinψ cosΘ√

1 − (sinψ cosΦ sinΘ + cosψ cosΘ)2

)
0 ≤ Φ < π

− arccos

(
cosψ cosΦ sinΘ − sinψ cosΘ√

1 − (sinψ cosΦ sinΘ + cosψ cosΘ)2

)
−π ≤ Φ < 0

(15)

where ψ is the angle of a right handed rotation about the ŷ axis that maps the ẑ axis onto the new
optical axis.

2.4. Intensity measurements

The detected intensity is proportional to the product of the sample irradiance Iin, the absorption
efficiency, and the detection efficiency

I ∝ Iinηabsηdet, (16)

where the proportionality depends on the exposure time, the molecular quantum efficiencies, and
other constant factors. Equation (16) is the forward model for a single intensity measurement.
Figure 2 shows the efficiencies in three representative geometries. Note that in all cases there are
multiple orientations that give the same intensity measurement. This means that a single intensity
measurement does not give us enough information to reconstruct the orientation of a single
dipole. Next, we will consider combining several intensity measurements to create polarized
illumination microscopes that can reconstruct the orientation of single dipoles.
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Fig. 2. Representative examples of single intensity measurements. Black dots indicate where
the Cartesian unit vectors intersect the unit sphere.

Columns left to right: 1) schematics where the solid line encloses the illumina-
tion solid angle, the dashed line encloses the detection solid angle, and the arrow indicates
the transmission axis of the illumination polarizer; 2) the absorption efficiency, see Eq. (9);
3) the detection efficiency, see Eq. (13); 4) the total efficiency, the product of the absorption
and detection efficiencies.

Rows top to bottom: 1) coincident illumination (NA = 1.1 with x-polarized light)
and detection (NA = 1.1); 2) non-coincident orthogonal illumination (NA = 0.8) and
detection (NA = 0.8); 3) non-coincident 135◦-separated illumination (NA = 0.8) and
detection (NA = 0.8). All simulations use n = 1.33.

2.5. Polarized illumination microscope configurations

One way to collect multiple intensity measurements is to add a universal compensator/polarizer
to the illumination arm and rapidly select the incident polarization by changing φexc [14]. All of
the microscopes we will consider in this paper use four polarizations per illumination path with
the polarization orientations separated by 45◦.
We also consider several dual-view designs. We evaluate dual-view designs that allow for

illumination and detection from both objectives (see [18] for a dual-view design). In all cases
we consider the effect of varying the illumination and detection numerical aperture. We also
consider asymmetric NA designs (see [21] for an asymmetric NA design) and the effect of
asymmetric sample exposures. Note that we use the word symmetry to refer to dual-view designs
with identical objectives and sample exposures and the word asymmetry to refer to dual-view
designs with objectives that have a different NA or sample exposure.
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All multiview microscopes are subject to steric constraints—the objectives must not collide
with the cover slip or each other. We only consider microscope designs that meet these criteria.

2.6. Evaluation metrics

Our goal is to evaluate the ability of a microscope design to estimate the orientation of a single
dipole (via parameters Θ and Φ) from intensity data. A common way to evaluate the ability
to estimate the parameters Θ and Φ from the data is to calculate the Cramér-Rao lower bound
(CRLB) for each parameter [22]. The CRLBs are given by the diagonal elements of the inverse
of the Fisher information matrix, and they give the minimum variance of an unbiased estimator
for each parameter. For each microscope design and dipole orientation we calculate the Fisher
information matrix. We assume that the detected intensities are Poisson distributed, so the Fisher
information matrix is given by

F =
N∑
k=1

1
Ik


∂Ik
∂Θ

∂Ik
∂Θ

∂Ik
∂Θ

∂Ik
∂Φ

∂Ik
∂Θ

∂Ik
∂Φ

∂Ik
∂Φ

∂Ik
∂Φ


(17)

where Ik is the kth intensity measurement in a microscope that uses N intensity measurements.
Agrawal et. al. used the square root of the product of the CRLBs multiplied by the Jacobian
determinant, sinΘ

√
F−1

0,0F−1
1,1, to find the area of uncertainty in parameter space [11].

CRLBs and the associated area of uncertainty are parameterization dependent, i.e., if we choose
a different coordinate system these metrics will change. We would like to compare microscope
designs without choosing a parameterization, so instead we use

σΩ ≡ sinΘ
√
det{F−1} (18)

as our evaluation metric. We calculate the determinant of the inverse Fisher information matrix—a
parameterization-independent value called the generalized variance [23]—take the square root,
then multiply by the Jacobian determinant, sinΘ. We call σΩ the solid-angle uncertainty because
it has units of steradians and is a parameterization independent measure of the orientation
uncertainty.
For each microscope we calculate σΩ at 10,000 approximately equally spaced points on the

unit sphere. A desirable microscope design will have a small solid-angle uncertainty that is
uniform for all dipole orientations. The most straightforward way to find the location and scale of
the solid-angle uncertainty is to use the mean and variance, respectively. However, the solid-angle
uncertainty can take extremely large values, e.g., when a fluorescent dipole is aligned with the
optical axis of a single excitation objective. Such large values can change the mean and variance
dramatically depending on the sample points, so we use the median and median absolute deviation
(MAD)—the median of the data’s absolute difference from the median—as robust alternatives to
the mean and variance.

To compare microscopes with different numbers of intensity measurements fairly, we kept the
irradiance incident on the sample constant by choosing Iin = 4000

N . Note that Iin is a measure of
irradiance to the sample, not the detected intensity or the total intensity emitted by the molecule.

We also use the Fisher information matrix to calculate uncertainty ellipses for each microscope
and dipole orientation. The general equation of an ellipse with axis radii a and b and rotation
angle γ is

(x cos γ + y sin γ)2
a2 +

(x sin γ − y cos γ)2
b2 = 1. (19)
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We calculate the ellipse parameters in terms of the Fisher information matrix using the following
set of equations

σx =

√
F−1

0,0 (20)

σy = sinΘ
√

F−1
1,1 (21)

σxy = sinΘ
√

F−1
1,0 (22)

a2 =
σ2
x + σ

2
y

2
+

√
(σ2

x − σ2
y )2

4
+ σ2

xy (23)

b2 =
σ2
x + σ

2
y

2
−

√
(σ2

x − σ2
y )2

4
+ σ2

xy (24)

γ =
1
2
arctan

(
2σxy

σ2
x − σ2

y

)
. (25)

Equations (20)–(25) are identical to those found in [24] with an additional factor of sinΘ on
Eqs. (21) and (22) to account for the non-Euclidean geometry of the sphere. Instead of plotting
ellipses with widely varying radii on the same figure, we chose a constant major axis radius. This
means that the uncertainty ellipses indicate the relative size of uncertainty in different directions,
not the absolute size of the uncertainty.

The solid-angle uncertainty and the uncertainty ellipse are good local measures of orientation
uncertainty, but they are insensitive to degeneracies with distant dipole orientations. For example,
all of the intensity measurements in this paper are identical under inversion of the dipole
orientation [I(Θ,Φ) = I(Θ + π,Φ) in Eqs. (9), (13), and (16)], but the solid-angle uncertainty
and the uncertainty ellipse give no indication of this degeneracy. For this reason we also use
the number of degeneracies as a measure of a microscope’s ability to estimate the orientation
of a dipole from intensity measurements. A small number of degeneracies is important for a
microscope to find the orientation of a dipole—a twofold degenerate microscope can find the
orientation of a dipole down to the hemisphere while a fourfold degenerate microscope can only
find the orientation down to the quadrant.

To calculate and display these evaluationmetrics we useNumPy [25] for numerical computation,
SymPy [26] for symbolic computation, Matplotlib [27] for high-level plotting, VisPy [28] for 3D
rendered plots, and Asymptote [29] for 3D line plots.

3. Results

Figure 3 shows our results for single-view designs where a single objective is used for illumination
and detection. We swept through the illumination and detection NA while keeping the sample
irradiance constant, and we found that the lowest median and MAD of the solid-angle uncertainty
occurs with a small illumination NA and a large detection NA where α ≈ 65◦ [see Fig. 3(e) at
NAdet ≈ 1.2]. A small illumination NA maximizes the range of absorption efficiencies, while
a large detection NA optimizes the number of detected photons and the range of the detection
efficiencies. The optimal detection NA is slightly larger than α = 57.4◦ because increasing the
detection NA reduces the effect of shot noise. Note the relative importance of illumination and
detection NAs—reducing the illumination NA (an inexpensive modification requiring underfilling
the aperture plane) improves the solid-angle uncertainty much less than increasing the detection
NA (an expensive modification requiring a higher-NA objective). Also note in Fig. 3(c) that
single-view designs suffer from high orientation uncertainty when the dipoles are oriented along
the optical axis (the dipoles are not efficiently excited or detected), near the transverse plane (it
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is ambiguous whether the dipole is oriented above or below the transverse plane, see Fig. 3(b),
and near the polarizer orientations [it is ambiguous whether the dipole is on either side of the
polarizer orientation, see Fig. 3(b)].
The single-view microscope in Fig. 3 is fourfold degenerate [I(Θ,Φ) = I(Θ + π,Φ) =

I(Θ,Φ + π) = I(Θ + π,Φ + π) in Eqs. (9), (13), and (16)]. The first twofold degeneracy is due to
the usual inversion degeneracy—the dipole is an axis rather than a direction. A second twofold
degeneracy is present in single-view designs—the microscope cannot distinguish between dipoles
reflected through the transverse plane. Evidence of the second degeneracy is found in Figs. 3(b)
and 3(c) which show the ambiguity of whether the dipole is oriented above or below the transverse
plane. Near the transverse plane this ambiguity is evident in the high solid-angle uncertainty,
but far from the transverse plane evidence of the ambiguity is lost. Adding a second view and
taking eight intensity measurements instead of four removes this degeneracy [see Eqs. (14) and
(15)], so the dual-view microscopes we consider in this paper are only twofold degenerate. This
means that while dual-view microscopes can find the orientation of a dipole up to the hemisphere,
single-view microscopes can only find the orientation of a dipole up to the quadrant.
Figures 4 and 5 show our results for dual-view symmetric designs. We illuminate from

one objective and detect from the other for four polarization orientations, then we repeat the
polarization orientations with the same objectives in reversed roles. In Fig. 4 we sweep through the
NA of both objectives and the angle between the objectives while considering steric constraints.
Note how adding a second view removes the high uncertainty region in the transverse plane. The
dual-view microscope still has high uncertainty regions near the optical axes, but the uncertainty
is reduced by almost two orders of magnitude compared to the single-view microscope. We
find that the lowest median of the solid-angle uncertainty occurs with the largest possible NA
objectives. We also find that increasing NA always lowers the MAD, but orthogonal arms are
not always optimal. At large NA, it is advantageous to move the objectives together or against
the cover slip. Given the high uncertainty in the transverse plane for a single-view shown in
Fig. 3(c), we can see why oblique views perform better than orthogonal views—oblique views
are complementary because the regions of high orientation uncertainty from each view do not
overlap.
Figure 5 shows our results when we used a dual-view symmetric orthogonal design and

varied the illumination and detection NA. Our results are similar to the single-view case in
Fig. 3. We find that optimal designs use a small illumination NA and a large detection NA. As
we discussed in Section 2.1, low-NA illumination is approximately equivalent to light-sheet
illumination for the task of estimating the orientation of dipoles. Therefore, the preference for
low-NA illumination also implies that dual-view light-sheet illumination geometries are an
excellent choice for uniformly reconstructing the orientation of single dipoles.

Figure 6 shows our results for dual-view asymmetric light-sheet illumination designs. We used
light-sheet illumination on both sides and kept the objectives orthogonal so that the light sheet
from one objective illuminates the focal plane of the other objective. Then, we swept through
the NA of one objective while maximizing the NA of the other objective so that both objectives
would touch the cover slip and each other [α1 + α2 = 90◦ in Fig. 6(a)]. We swept through
the NA asymmetry and the sample-exposure asymmetry while keeping the sample irradiance
constant, and found that symmetric designs are at a local minimum of the median and MAD of the
solid-angle uncertainty. We also found that at extreme asymmetries where the exposure from the
low-NA arm is much larger than the exposure from the high-NA arm [top-left and bottom-right
corners of Figs. 6(d) and 6(e)] the median and MAD are comparable to the symmetric light-sheet
microscope. This means that if a very high-NA objective is available and a low-NA objective
can provide light sheet illumination, this microscope will perform comparably with a dual-view
microscope with two medium-NA objectives. Note that this asymmetric exposure configuration
maximizes the use of the high-NA detection objective—if a high-NA objective is available
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Fig. 3. Single-view microscope with varying illumination and detection NA. a) Schematic of
a single-view four-polarization epi-illumination microscope. The red arrows indicate the four
illumination polarization orientations—one for each intensity measurement. b) Uncertainty
ellipses for the microscope in a). The ellipses indicate the relative size of the uncertainty
in different directions, not the absolute size of the uncertainty. c) Solid-angle uncertainty
for the microscope in a). The solid-angle uncertainty is a measure of the absolute size of
the uncertainty in all directions. d) Median of the solid-angle uncertainty as a function of
illumination and detection NA. e) MAD of the solid-angle uncertainty as a function of
illumination and detection NA. The microscope configuration in a), b), and c) is indicated
by a cross in d) and e).
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Fig. 4. Dual-view symmetric designs with varying NA and angle between objectives. a)
Schematic of the microscope.We illuminate with the first objective (red solid) and detect from
the second objective (red dashed). Then we illuminate from the second objective (blue solid)
and detect from the first objective (blue dashed). b) Uncertainty ellipses for the microscope
in a). The ellipses indicate the relative size of the uncertainty in different directions, not the
absolute size of the uncertainty. c) Solid-angle uncertainty for the microscope in a). The
solid-angle uncertainty is a measure of the absolute size of the uncertainty in all directions.
d) Median of the solid-angle uncertainty as a function of NA and the angle between the
objectives. e) MAD of the solid-angle uncertainty as a function of NA and the angle between
the objectives. The microscope configuration in a), b), and c) is indicated by a cross in d) and
e). f) Median of the solid-angle uncertainty as a function of the angle between the objectives
when NA=0.6. g) MAD of the solid-angle uncertainty as a function of the angle between the
objectives when NA=0.6. The profile in f) and g) is taken along the purple line in d) and e).
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Fig. 5. Dual-view symmetric orthogonal designs with varying illumination and detection
NA. a) Schematic of the microscope. b) Uncertainty ellipses for the microscope in a). The
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size of the uncertainty. c) Solid-angle uncertainty for the microscope in a). The solid-angle
uncertainty is a measure of the absolute size of the uncertainty in all directions. d) Median
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the solid-angle uncertainty as a function of illumination and detection NA. The microscope
configuration in a), b), and c) is indicated by a cross in d) and e).
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it should be used for detection as much as possible. Figure 6 also shows that designs with
slightly asymmetric NA can trade off a low solid-angle uncertainty median for a low solid-angle
uncertainty MAD by changing the sample exposure ratio.
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Fig. 6. Dual-view asymmetric light-sheet illumination designs with varying NA and sample
exposure asymmetry. a) Schematic of the microscope. b) Uncertainty ellipses for the
microscope in a). The ellipses indicate the relative size of the uncertainty in different
directions, not the absolute size of the uncertainty. c) Solid-angle uncertainty for the
microscope in a). The solid-angle uncertainty is a measure of the absolute size of the
uncertainty in all directions. d) Median of the solid-angle uncertainty as a function of NA
and sample exposure asymmetry. e) MAD of the solid-angle uncertainty as a function of NA
and sample exposure asymmetry. The microscope configuration in a), b), and c) is indicated
by a cross in d) and e).

Table 1 shows a summary of our evaluation metrics for microscopes in each class. The
single-view microscope with a small illumination NA and high detection NA has the lowest
solid-angle uncertainty median but the largest max and fourfold degeneracy. The dual-view
oblique symmetric microscope with an intermediate NA performs reasonably well on all three
metrics, while the dual-view orthogonal symmetric light-sheet microscopes with large NA
perform very well on all three metrics.

4. Discussion and conclusions

In this work we have developed a model to predict the intensities measured by polarized
illumination microscopes in a wide range of geometries, developed metrics to measure the ability
of a microscope design to estimate the orientation of single dipoles, and used these metrics to
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Table 1. Comparison of designs in each class of microscope. All solid-angle uncertainty
statistics are in steradians.

Microscope Type Single-view Dual-view Dual-view Dual-view
NAill=0 oblique orthogonal orthogonal
NAdet=1.1 symmetric symmetric symmetric

NA=0.6 light-sheet light-sheet
β=53◦ NA=0.8 NA=0.94

n-fold Degeneracy 4 2 2 2
Max{σΩ} 3.04×100 1.35×10−1 6.23 × 10−3 3.13×10−3

Median{σΩ} 8.20×10−4 4.49×10−3 1.79 × 10−3 1.28×10−3

MAD{σΩ} 1.48×10−4 9.17×10−4 1.65 × 10−4 1.14×10−4

compare a wide range of microscope designs. Our main result is a short list of design heuristics
that can be used to design polarized-illumination single-dipole orientation microscopes:

• Single-view microscopes benefit from a small illumination NA and a large detection NA
with α ≈ 65◦.

• Dual-view microscopes outperform single-view microscopes along several metrics. Dual-
viewmicroscopes have fewer degeneracies, lower median andMAD solid-angle uncertainty,
and no high solid-angle uncertainty region in the transverse plane.

• High-NA dual-view microscopes are optimal when the two views are oblique. Oblique
views are complementary because their high uncertainty transverse planes do not overlap.

• Symmetric NA dual-view orthogonal light-sheet microscopes provide a good compromise
between cost, solid-angle uncertainty median, and solid-angle uncertainty MAD. Asym-
metric NA dual-view orthogonal light-sheet microscopes can improve the solid-angle
uncertainty median or MAD by changing the sample exposure ratio between the two views.

Our results are limited in several ways. First, we only consider single molecules in homogeneous
environments whose absorption and emission dipoles are parallel. We ignore light reflected from
the cover slip and any other inhomogeneities in the sample. If we considered light reflected from
the cover slip we expect that the results would put a lower weighting on large detection NAs
because we would collect more light. Second, we only considered ideal, aplanatic, polarization-
preserving objectives. In practice, these conditions are not always satisfied. For example, the
power from high-NA rays is usually apodized by a factor of n

cosΘ [30]. Therefore, our results are
most accurate for paraxial rays and get progressively worse for non-paraxial rays, although our
major conclusions would not change if we included this apodization factor. The main advantage
of ignoring apodization is the tractability of the problem—we have provided approximate closed-
form solutions for the illumination and detection efficiencies that have allowed us to draw useful
design conclusions. Third, we have used a Poisson noise model which ignores noise introduced
by the detector. Detector noise can be a large fraction of the total noise at low intensities, so
including detector noise would increase the informational value of high intensity measurements.
Therefore, we expect that including the effects of detector noise would favor microscopes with a
large detection NA. Finally, we have focused on the task of estimating the orientation of dipoles
and ignored the equally important task of estimating their location. The task of jointly estimating
the orientation and location of single dipoles from multiple views is a topic for future work.
To compare the microscopes in this paper we used a fixed irradiance incident on the sample.

We think that this is the fairest way to compare microscopes with different numbers of intensity
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measurements. However, in cases where sample irradiance and time are not an issue it may be
more useful to compare microscopes with the same total detection irradiance per measurement.
This comparison would favor microscopes with many intensity measurements even more that the
results in this paper because equal detection irradiance would improve photon counting statistics.

We have considered single- and dual-viewmicroscopes in a variety of cases, but other multiview
microscopes can be analyzed with the framework we have developed. Wu et. al. have developed a
three-view design with a third objective below the cover slip [20]. Light-field detection schemes
are also a type of multiview microscope [31], and we plan to extend our analysis to this case in
future work.
The models in this paper only consider estimating the orientation of fixed dipoles, but real

dipoles change their orientation during measurement. Therefore, it is necessary to comment on
the applicability of our results to dynamic dipoles. In general, using the models in this paper to
estimate the orientation of rotating dipoles will lead to incorrect results. However, if a dipole
rotates through a small solid angle during the measurement, the models in this paper will give a
slightly biased estimate of the average orientation of the dipole. The direction and size of the bias
has not been characterized in detail. In future work we will model dynamic dipoles and attempt
to estimate the average dipole orientation and the dipole’s orientation distribution. Single-view
polarized illumination techniques have already been used to study the orientation distribution of
ensembles of dynamic dipoles [3, 4], but multiview polarized illumination microscopes have not
been investigated for this purpose.
We have only considered polarized illumination. In the introduction we discussed why we

prefer polarized illumination to polarized detection, but there is information to be gained by
adding polarized detection to the techniques discussed in this paper. Adding a polarization splitter
to the detection arm can increase the information available for reconstructing the orientation of a
single dipole without increasing the acquisition time.
We conclude that multiview microscopes are useful tools for determining the orientation of

single dipoles. Using simple design heuristics, we can design polarized illumination multiview
microscopes that can determine the orientation of single dipoles with a small and uniform
orientation uncertainty.
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