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Observations of Wave-Mean Flow Interaction 
in the Pacific Equatorial Undercurrent 

ABSTRACf 

The contribution of tropical instability waves to the momentum and 
energy balances of the Pacific Equatorial Undercurrent is investigated using 
velocity and temperature time series from the three-dimensional Equatorial 
Pacific Ocean Climate Study mooring array at l10°W. Tropical instability 
waves are an energetic band of variability typically with periods between 14 
and 36 days which are thought to be generated by instability of the equatorial 
currents. They are frequently observed as meanders of the equatorial front in 
satellite sea surface temperature maps. Here, they are observed as large 
oscillations in the meridional velocity records at l10°W with an energy peak 
at 21 days. Westward phase propagation is observed in this band with a phase 
speed of -0.9 (±0.3) m s-1 and a wavelength of 1660 km. Upward phase 
propagation is observed which is consistent with downward energy 
propagation. The observed propagation characteristics are compared with 
those of the mixed Rossby-gravity wave. 

The variability in this band produces large nor thward fluxes of 
eastward momentum and southward fluxes of temperature which affect the 
dynamics of the mean Undercurrent through the Reynolds stress divergence, 
and the Eliassen-Palm flux divergence. The waves produce a northward flux 
of eastward momentum, uv, which is largest at the northern mooring in the 
upper part of the array. The meridional divergence of eastward momentum, 
-o(uv)/oy, decelerates the Undercurrent core down to 150 m. This implies a 
coupling between the Undercurrent and the South Equatorial Current with 
the eastward momentum of the Undercurrent transferred to the westward 
flowing South Equatorial Current. To estimate the vertical momentum flux 
divergence, the vertical eddy flux of eastward momentum, uw, is inferred 
using the eddy temperature equation. The vertical eddy momentum flux is 
positive and largest at the core of the Undercurrent, implying an acceleration 
of the eastward flow above the core and a deceleration below. The Eliassen
Palm flux divergence is small above the core of the Undercurrent at 75 m, but 
below the core, is sufficient to balance the deeply penetrating eastward 
pressure gradient force. 
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The instability waves are important to the energetics of the mean 
Undercurrent. An exchange of kinetic energy from the mean Undercurrent 
to the waves through shear production is estimated. A local exchange is 
suggested since the rate at which the mean Undercurrent loses kinetic energy 
through instability is comparable to the rate at which the waves gain energy 
through shear production. The conversion from mean to eddy potential 
energy is an order of magnitude smaller with the waves gaining potential 
energy through conversion of mean available potential energy. The 
observations of upward phase propagation and downward Eliassen-Palm flux 
suggest that the waves propagate energy downward into the deep ocean. 

The energetics and momentum balance of the mean Undercurrent is 
investigated further by analyzing the downstream change in the Bernoulli 
function on the equator along isentropes or potential density surfaces using 
mean hydrographic sections at 150°W and 110°W. A downstream decrease in 
the Bernoulli function is observed which is due to a decrease in the 
Acceleration Pe>tential since the mean kinetic energy of the Undercurrent 
changes little from 150°W to 110°W. The lateral divergence of eddy 
momentum fluxes calculated on isotherms is sufficient to balance the 
observed decrease in the Acceleration Potential. The downstream decrease in 
the Acceleration potential has further implications for the mean energetics 
since this "downhill" flow releases mean available potential energy stored in 
the east-west sloping thermocline. The rate at which the Undercurrent 
releases available potential energy, is shown to be comparable to the rate at 
which the mean flow loses kinetic energy by interaction with the waves, with 
the waves gaining kinetic energy in the process. Thus, it is hypothesized that 
in the eastern Pacific this downstream release of available potential energy is 
ultimately converted into a downstream increase in the kinetic energy of the 
waves rather than the kinetic energy of the mean flow as occurs in the 
western Pacific. To maintain an equilibrium, the waves radiate energy into 
the deep ocean as is suggested by the upward phase propagation and the 
downward Eliassen-Palm flux. 

Thesis Supervisor: Dr. Harry L. Bryden 

Title: Senior Scientist, Woods Hole Oceanographic Institution 
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PREFACE 

The purpose of this thesis is to investigate the role of the tropical 

instability waves in the dynamics of the Pacific Equatorial Undercurrent. A 

number of approaches have been made in order to understand this wave

mean flow interaction problem. They are developed in the following way: 

Chapter 1 is a review of relevant wave observations in the atmosphere and 

all three equatorial oceans. There is a wave in the atmosphere, the Yanai

Maruyama wave, which is explored as a useful analogy to the waves observed 

in the ocean, which have been described as tropical instability waves. Because 

the atmosphere is more accessible to observational studies, and because the 

Yanai-Maruyama waves have been observed for far longer than the tropical 

instability waves, it is useful to compare the oceanic and atmospheric 

observations in the context of wave-mean flow interaction. Observations of 

tropical instability waves in all three oceans are reviewed. Special attention is 

focused on the instability waves as observed in numerical ocean models and 

how the dynamical interpretation is enhanced by these studies. 

Chapter 2 presents an analysis of the propagation characteristics of the wave 

disturbance associated with the variability in the tropical instability wave 

band as observed in one portion of the EPOCS velocity and temperature array 

at 110°W. Spectral analysis reveals westward and downward propagation. A 

comparison with the linear mixed Rossby-gravity wave is suggested from the 

dispersion properties. 

Chapter 3 explores the EPOCS current meter array observations further by 

investigating the effect of the tropical instability wave band on the zonal 

momentum balance of the Undercurrent. Spectral analysis reveals large and 

coherent eddy fluxes of temperature and momentum. These are used to 

estimate the effect of the Reynolds stress divergence. Eliassen-Palm (EP) flux 

divergence is estimated as well and found to be a useful diagnostic for 

understanding the direct and indirect effects of the waves on the mean 

Undercurrent. 

11 



Chapter 4 discusses another aspect of wave-mean flow interaction- the 

energy conversion from the mean flow to the eddies. The EPOCS array 

provides estimates of the exchange terms in the energy conversion process. 

Connection is made to the previous two chapters which independently 

estimate the propagation of energy: in Chapter 2, through the observed phase 

propagation, and in Chapter 3 by way of the EP flux which indicates the 

direction of energy propagation. 

Chapter 5 investigates the zonal momentum balance of the Undercurrent 

with a traditional approach derived from core layer or isentropic analysis. 

Time averaged CTD data and spectral analysis of the EPOCS data interpolated 

to temperature surfaces are used to define a downstream coordinate system. 

The isentropic reference frame used in this analysis is useful because the 

diapycnal transports determined, are directly related to mechanisms of forcing 

and dissipation. 

Chapter 6 summarizes the results of Chapters 2, 3, 4, and 5 and presents the 

conclusions of the thesis. 
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CHAPTER 1: 

The Mixed Rossby-gravity Wave in 
the Atmosphere and Oceans: 

A Synopsis 

1.1 INTRODUCTION 

One of the most prominent and persistent modes of variability 

observed in all equatorial regions of our planet is the mixed Rossby-gravity 

wave of linear equatorial wave theory. All tropical oceans, the troposphere 

and stratosphere, and most eddy-resolving tropical numerical models, reveal 

narrow, energetic peaks in the mesoscale meridional velocity spectra which 

are identified as mixed Rossby gravity waves. 

Equatorial wave motions have been observed in a number of ways, as 

large spectral peaks above the background spectrum (Wunsch and Gill, 1976), 

as distinct travelling pulses or packets of velocity or temperature as in the case 

of Kelvin waves (Lukas and Firing, 1982), or, when no such anomaly is 

present, by the evidence that the observed shape of the continuous energy 

spectrum can be explained by the theoretical spectrum of free linear waves 

(Eriksen, 1978). Usually these observations are classified by drawing 

qualitative comparisons to simple linear equatorial wave theory based on the 

observed zonal and vertical phase speeds, variance distributions and 

polarization relationships. However, the study of waves is interesting not 

because they can be observed and classified isolated from the surrounding 

large scale background flow, but because these waves may play a unique role 

in the large scale circulation. Their existence may be a clue to some larger 

phenomena, like the quasi-biennial oscillation in the atmosphere or shear 

flow instability in the ocean. Determining the important function these 

waves serve in their respective media should be the focus of study. The 

purpose of this review is to explore the literature on mixed Rossby-gravity 
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waves with the universality of the existence of ~ese waves as the crux. The 

comparisons may illuminate the important physics. If due to an instability, 

why is this wave observed above all others excited? Are they the fastest 

growing mode? A resonance? A standing mode? Are they remotely forced 

from some other region? Does their presence suggest an interesting feedback 

mechanism, locally with the mean flow or with other waves (such as occurs 

during the QBO), or remotely with other regions? The following subjects will 

be explored in this review as they relate to the mixed Rossby-gravity wave: 

remote forcing, in-situ instability, and effect on the mean flow. First, the 

linear theory of mixed Rossby-gravity waves is reviewed. 
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1.2 SIMPLE LINEAR THEORY 

Preceding the first observations of mixed Rossby-gravity waves in the 

stratosphere, there were some early key developments in the theory of 

trapped motions on the equator, most notably by Ichiye (1960), Stern (1963) 

and Bretherton (1964) as discussed by Matsuno (1966). However, the works of 

Matsuno (1966) and Blandford (1966), focused on the special problem of the 

mixed Rossby-gravity wave solution. The treatment of free equatorial waves 

presented here follows the presentation of Philander (1978) and Eriksen 

(1978). 

The mixed Rossby-gravity wave mode is a solution to the following 

linearized, hydrostatic, Boussinesq, equatorial beta-plane equations with no 

mean flow in standard oceanographic notation: 

au 1 an 
at - ~Y v = - Po ~ 

av 1 an 
- + ~yu = -- ~ 
at Po vy 

p'g = -~ 

ap dp* 
Jt+Wdz =0 

where, p(x, y, z, t) = p0 + p'(x, y, z, t), + p*(z). 
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Solving for waves which have separable structures in the meridional, y, and 

vertical, z, dimensions, and a purely propagating structure in the zonal, x 

dimension, with a wavenumber k and frequency ro, the horizontal velocity, 

(u,v), and pressure p, can be written in the form, 

= { ~~~} d~z) ei(kx-cot>. 

PoP(y) 

Substituting this form into the equations above, and separating with the 

separation parameter c-2, yields an equation for the vertical structure of G(z), 

d2G(z) 
dz2 

N2(z) 
+ ~ G(z) = 0, 

__&_ dp* 
with N2(z) = - . dz. The separation parameter, c2 = g he, where he is the 

Po 
equivalent depth, is used to non-dimensionalize all parameters with 

characteristic scales for length, (c/~)1 /2 , and time, (~c)-1/2. 

After further manipulation, the meridional structure equation for V(y) 

is obtained, 

In general, with a condition that the solutions remain bounded over 

the whole domain, 

V ~ 0 as y ~ ± oo, 

free solutions to the meridional structure equation are expressed as an 

infinite set of Hermite functions: 
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1 
V(y) = Vn exp{- 2 ~y2/c} Hn((~/c)1/2y), 

where Hn(y) are the complete set of Hermite polynomials. These solutions 

with the meridional mode number n, are associated with a dispersion 

relation for the frequency and wavenumber given by, 

where, n is a positive integer equal to 0, 1, 2, . . . If the vertical structure 

equation is solved for vertical modes with a given N(z) profile, then the 

parameter c is the eigenvalue of the vertical structure equation. An infinite 

set of baroclinic moded results each associated with a different equivalent 

depth he. Then, w and k are found from the above dispersion relation for a 

given c. Alternately, the meridional structure equation can be solved for a 

given ro or k, with cis determined by the above dispersion relation. 

When n = 0, and ro and k are non-dimensionalized by c, where o = 
ro(~c)1/2 and s = k (c/~)1 /2, the dispersion relation factors into, 

(o + s)(o2- so- 1) = 0, 

for two roots. The first root, o = - s, the anti-Kelvin root, is not valid on an 

infinite beta plane because the corresponding solutions to u and p are 

unbounded as 11 grows toward± oo, (Matsuno, 1966). The second root, which 

is valid, is the mixed Rossby-gravity wave dispersion relation, 

s = o -1/ cr. 

For n > 0 the waves are grouped into two classes, for o >> 1, the waves are 

inertio-gravity waves and for o << 1 the waves are Rossby waves. For large s 

and westward phase speeds, the mixed Rossby-gravity wave behaves like a 

Rossby wave; and for large s but eastward phase speed, the behavior is like an 

inertio-gravity wave. The resulting dispersion curves are shown in figure 1.1. 
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- 3 -2 -I 0 

Figure 1.1: Dispersion curves for free waves on the equatorial beta plane. The 
vertical axis is the nondimensional frequency and the horizontal axis is the is 
the nondimensional zonal wavenumber. The curve labeled with 0 is the 
mixed Rossby-gravity wave. The upper curves labeled 1 and 2 are the inertio
gravity waves and the lower curves labeled 1 and 2 are the Rossby waves. 
(figure 11.1 from Gill, 1982) 
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The dispersion relationships for these two branches when n>O, have a point 
acr 1 

where the zonal group velocity, as' is zero at scr =- 2· However, the mix~d 

Rossby-gravity wave has eastward group velocity for all k. 

The equatorial beta-plane wave-guide solutions are more rigorously an 

approximation to the solutions of the Laplace Tidal Equations (LTE) on a 

sphere, for a particular range of eigenvalues where the Lamb parameter, 

(2.QR)2 I ghe, tends toward infinity. This happens for small equivalent depths 

he, and when the squared angular rotation speed of the Earth at radius R and 

rotation rate .Q, is much larger than the baroclinic mode Kelvin wave speed 

(--./ ghe), squared. This condition is met for all baroclinic modes in the ocean, 

because of the small equivalent depths, but in the atmosphere, for only those 

modes with small vertical wavelength. Furthermore, because the equatorial 

beta plane makes the unrealistic assumption that f tends to infinity, only the 

solutions with rapid decay scales are valid approximations to the LTE 

solutions. This includes the mixed Rossby-gravity mode, the Kelvin mode, 

and only the first few of the other meridional modes of Rossby and Inertio

gravity waves. Because the latitude beyond which the wave decays 

exponentially, the turning latitude, is proportional to the square root of 

(2n+ 1), the mixed Rossby-gravity wave, with n = 0, is the mode most strongly 

confined to the equator. 

For a finite ocean, with lateral boundaries placed somewhere in the 

tropics or mid-latitudes, the mixed Rossby-gravity solution breaks into two 

modes asymptotic to the two roots in the infinite case solution (Cane and 

Sarachik, 1979). The low frequency mode belongs with the Rossby wave 

group and the high frequency mode belongs to the inertio-gravity group. 

These two modes possess zero group velocity locations where s cr = -1/2, like 

all the other equatorial modes except the Kelvin wave. 

In the finite bounded equatorial beta- plane, with boundaries at ± L, 

such that the new boundary conditions are, 

V(f1) = 0 at Tl = ± L, 

the dispersion relation, 
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is nearly unchanged except that~ can take on a full range of values depending 

on L, not just an integer. For L much greater than the turning latitude of the 

mode, the eigenvalues ~ are exponentially close to integers, 

~ = n + 2 7t-1/2 L exp(-L2) 

In this case, the finite V solutions closely resemble the infinite solutions 

except within a Rossby radius of the boundaries where the solutions are 

brought to zero. Cane and Sarachik (1979) demonstrate that for n = 0, where 

the bounded mixed Rossby-gravity curve is near the anti-Kelvin mode curve, 

for small cr and s where cr = -s to order ~. the u and p fields are exponentially 

large at the boundaries, decaying equatorward over a deformation scale, and 

thus behave like a Kelvin wave. This particular mode propagates energy 

around the basin in the adjustment of the basin circulation to the applied 

forcing. 
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27 

~5~--~.,r--r--1-r-~-,~--,.--r-~,_~,---------~-r.-~~ 
24~----rL--~--,-~~-,~--~--~~~~~~------~~~~~ 

~5 

Figure 1.2a: Vertical time section of the lower stratospheric winds at Canton 
Island for 15-30 April 1958. Winds with southerly components are shaded. 
(Figure 3 from Yanai and Maruyama, 1966) 
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Figure 1.2b: Time series of 70,000 ft (or 21 km) winds at Kapingamarangi, 
Nauru, Tarawa and Canton Island for 15-30 April 1958. Winds with southerly 
components are shaded. (Figure 4 from Yanai and Maruyama, 1966) 
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1.3 THEYANAI-MARUYAMA WAVEINTHEATMOSPHERE 

The earliest accounts of observations identified as mixed Rossby

gravity waves were reported in the atmospheric literature in the late 1960's at 

about the same time as the equatorial wave theory was being developed. 

Initially these waves were noticed in central Pacific island upper air station 

wind records of the lower stratosphere from the spring of 1958, as a 4-5 day 

oscillation of the meridional wind with a wavelength equal to one fourth the 

Earth's circumference, (i.e. A= 10,000 km, s = 4), (Yanai and Maruyama, 1966). 

The characteristic signature of westward and upward phase propagation is 

noted in figure 1.2. Additional evidence for identification with the mixed 

Rossby-gravity wave was provided later as more sophisticated spectral 

analysis techniques were used to show that the 4- 5 day I?:leridional velocity 

variance was more pronounced equatorward of about 5 degrees of latitude, 

while the zonal velocity variance peaked off equator, (Maruyama, 1968), 

figure 1.3. Also reported at this time, was a prominent peak in the zonal 

wind variance, identified as a Kelvin wave with a 15 day period and 

wavelength equal to one circumference of the Earth, (i.e. A= 40,000 km, s = 1; 

Wallace and Kousky, 1968). The generation of these waves in the tropical 

atmosphere remains a subject of controversy to this day, although strong 

evidence suggests a complicated mechanism involving mid-latitude 

radiation in the stratosphere coupled with latent heat release in the 

troposphere. The interaction of these two most energetic wave modes with 

the mean zonal flow, eventually was hypothesized as the mechanism of the 

Quasi-Biennial Oscillation (QBO) by Lindzen and Holton, (1970). However, 

because the presence of the Yanai-Maruyama waves are usually associated 

with a gradually weakening westerly flow, the link to the QBO was 

hypothesized immediately even though the theory was formally developed 

later. 

These waves initially noticed in the lower stratosphere, were found to 

be associated with an upward flux of westerly momentum at the level of the 

Tropopause, (Maruyama, 1968). Maruyama obtained an estimate of the 

cospectrum of zonal velocity and upward velocity, which can not be directly 

measured, from the quadrature spectrum of zonal velocity and temperature. 

Yanai and Hayashi, (1969) estimated an upward energy flux (actually pressure 

23 



(V'l' (M·SEC"'l' APRIL -JULY 1962 
m , .. 

-.. 
,. 

-... 
""' 

.... -
(a) 

tl'(l.f'+'/") JOLLE·M·• APRlL -JULY 1962 

~- 10 ID 1 .. 

• 
T•3.85-5.56 DAYS 

(U'l' (M·SEC"'f APRIL- JULY 1962 

T • 3.85 -5.56 DAYS .. -~--+---4---~---+--~----~ u 

,-,,-.... 

' .. 
" 
,. 

-
"""""' 

(b) 

(T'l' ( DEG·C l' APRIL -JULY 1962 
00 .. 00 

./ l?-: ~\ i .. .! z 3.85 - 5.56 DAYS! 

>"'( \_ jJT rfr"' 1----_-...__ 
~'i ~-:; ;::: 

- ~---~ \. 
····- ------------!.. ·-r·····. r-::=-:-:::..~ 
-------- ----

I .. 
·. ··-.1' .. "' 

l-a· ., . , r·· .. ' · . 
~ J.. 

~ 
: : ' ' I I I 

-,. 
000 

... --""" 
100 ... 

Figure 1.3: La~itude-height cross section of variances contributed by 
oscillations in the period range of 3.85 to 5.56 days of (a) meridional 
component, (b) zonal component, (c) kinetic energy, (d) temperature. (Figure 
6 from Maruyama, 1968) 

24 



CHRISTMAS OOMB APRIL -JULY 1962 
(M-51f!OAY 

'300 
200 

I 
I 
I 

: U-POWER 
I 

M5""1• ·c·OAY 

( ~a 1 

3:LJSJ l·OAY ~ V-POWER 50 
200 1 : 
100 I 1 

0 I I + 40 
(M·S"'f.OAY : : 

1 QUADRATURE 1 
I (U,V) : 30 

....__._"' I 
I 

20 

to 

-4 _, 
I 0 MB·M·S ·DAY 

0.16 0.22 0.28 034 
FREQUENCY OAY-I 

0.16 

10.00 6.25 4 .55 3.57 2.94 6.2!5 
PERIOD DAY 

4.55 
PERIOD 

nx 
FORMULA lill ~ 

Figure 1.4: The left panel presents curves of various spectral estimates. The 
two vertical dashed lines indicated the frequency range in which v'T' and 
p'w' are calculated. Upper right are the spectral curves of v'T'. The full line 
denotes v'T' calculated from the thermal wind relation. The dashed line 
denotes v'T' obtained by the use of observed temperature. Lower right are 
the spectral curves of p 'w' obtained from the v'T' curves using theory. 
(Figure 11 from Maruyama, 1968) 

25 



work, p'w') at the level of the Tropopause by relating this flux to a poleward 

sensible heat flux, v'T'. Energy propagating upwards from the troposphere 

into the stratosphere, is consistent with the downward propagation of phase 

as initially noticed by Yanai and Maruyama (1966), reproduced in figure 1.4. 

The energy for the lower stratospheric waves is thought to be generated in the 

upper troposhere, from coupling to mid-latitude eddies of the subtropical jet, 

and in the lower troposphere, from either lateral shear instability of the mean 

flow or deep moist convection. From a scale analysis of tropical motions, 

Charney (1963) demonstrated that motions in the upper and lower 

troposphere are essentially uncoupled because the vertical wavenumber is 

proportional to N2 I f2,. Thus, the smallness of the Coriolis parameter fin the 

tropics, makes possible only small vertical wavelength waves, except during 

deep moist convection events when N2 is also small. 

Furthermore, an equatorward flux of pressure work, associated with 

poleward flux of eastward momentum, is estimated, using the Eliassen-Palm 

approximation,at the tropopause level (Zangvil and Yanai, 1980; Yanai and 

Lu, 1983). In Yanai and Lu's study it was noted that the waves were not 

present in 1972 when no convergence of meridional pressure work at mid

latitudes at this frequency and wave number was evident. However, they 

were present in 1967 when a strong convergence was noted from 30N to 205, 

figure 1.5. This equatorward flux of wave energy suggests a possible 

mechanism for exciting the waves in the lower troposphere. The poleward 

flux of eastward momentum (u'v' > 0) implies that eddy kinetic energy is 

converted to kinetic energy of the mean flow, since in the Northern 

(Southern) Hemisphere, the meridional shear of the mean zonal flow is 

positive (negative). 

From the earliest observations, the subject of remote forcing by mid 

latitude radiation was suggested as a possible excitation mechanism, but why 

the particular wave mode observed was selected was unknown. Excitation by 

mid-latitude radiation was suggested by many obserationalists (Yanai and Lu, 

1983) who demonstrated that fluxes of wave energy at the level of the 

tropopause in midlatitudes were directed equatorward. The interpretation 

was that the waves are forced by midlatitude disturbances in the lower levels 

and then propagate upwards through the tropopause to participate in the 
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QBO. Mak (1969) with a numerical study, followed by Lamb (1973) with an 

analytical study investigated this hypothesis with some corroborating success. 

To investigate the hypothesis of excitation by mid-latitude radiation, 

Mak (1969) forced a dry two-layer numerical model stochastically at the 

poleward boundaries. Each layer had a zonal flow with poleward meridional 

shear. The lower level realistically represented the weak easterlies at the 

equator and weak westerlies at mid latitude and the upper layer had the 

strong westerlies of the subtropical jet and weak easterlies at the equator. 

Friction was included and parameterized as a vertical stress proportional to 

the vertical shear between layers and a linear surface drag on the lower layer. 

The model was successful at exciting the s = 4, p = 5 days, peak in the 

meridional velocity spectrum (figure 1.6). These waves had energy peaks 

located at the zero group velocity points on the dispersion curves of the finite 

bounded theory. The forced waves with other frequencies did not show up as 

peaks on the spectrum because the energy propagated away. However not all 

zero group velocity waves were excited, just the mixed Rossby-gravity wave, 

and to a lesser extent, the first baroclinic mode Rossby wave. 

Lamb (1973) investigated the possibility that the waves are remotely 

forced specifically addressing the question of why the particular mode 

observed is selected above all others. A channel model was forced at the 

north and south walls with a wide spectrum in vertical and zonal 

wavenumber and period. Peak responses in the upward energy flux were 

found close to the free waves of the channel model. The forced modes with 

the maximum vertical energy flux, had a small complex component to the 

vertical wavenumber, with the real component of th~ wavenumber identical 

to the free mode. These peak wave modes were found to be the most efficient 

at allowing energy to propagate upwards. 

The mechanism of remote mid-latitude excitation highlights the two 

different interpretations of waves, that is meridional modes vs rays. Rays are 

packets of energy propagating outward from the region of forcing. Rays 

contain waves with a continuum of wavenumber and frequency distributed 

about a central wavenumber and frequency, with the frequency ro(k, 1, m), a 

function of the wavenumbers. When the phase speed is the same for all 

waves in the packet, the packet is nondispersive. This is true for packets of 

Kelvin waves whose dispersion relation is give by ro = kc, such that the group 

27 



~~~ 
z 8 
w 7 
~ 
~ 6 

12 

II 

a: 10 

lt:! 9 

~ 8 
w 7 
~ 
~ 6 

5 

4 

3 

2 

2 3 4 5 7 10 15 20 30 30 20 15 10 7 5 4 3 2 
PERIOD DAY 

WESTWARD EASTWARD 

15S - 30N 1972 

2 3 4 5 7 10 15 20 30 30 20 IS 10 7 5 4 3 2 
PERIOD DAY 

WESTWARD EASTWARD 

Figure 1.5: Wavenumber-frequency diagram of the meridional convergence 
of wave energy flux in the latitude belt 15°5 to 30°N for (a) 1967 and (b) 1972. 
(Figures 18 and 19 from Yanai and Lu, 1983). 

28 



velocity is equal to the phase velocity. All Kelvin waves with a given 

baroclinic structure, determined by the eigenvalue of the vertical structure 

equation, c = (g'h)l/2, have the same phase speed c. In ray theory midlatitude 

Rossby waves are prohibited from propagating equatorward beyond their 

critical latitude, where the zonal phase speed c, is equal to the mean zonal 

flow speed U. For waves propagating equatorward from mid-latitude, there is 

a more stringent requirement on the phase speed of the wave, such that 

additionally the phase speed of the wave must be larger than the local Rossby 

phase speed, U- P/(k2 + Ld-2) where Ld is the local Rossby deformation radius 

(Charney and Drazin, 1961). Otherwise the meridional and vertical 

wavenumbers are imaginary and the waves are trapped to the forcing region. 

However, in the case of the observed mixed Rossby-gravity wave, the phase 

speed is westward and large compared to the generally weak easterlies 

observed in the tropics. There is then no critical latitude since the wave 

propagates westward at the equator relative to the mean flow at a speed on 
the order of 16m s-1 (Yanai and Lu, 1983). 

On the other hand, the interpretation as meridional modes allows for a 

consideration of boundary forcing. Then modes are resonantly excited when 

the free wave dispersion relationship matches the forced frequencies and 

wavenumbers. Energy will build up in the spectrum where there is a zonal 

group velocity zero. Thus, the mixed Rossby-gravity wave, which possesses a 

zero eastward group velocity when the equatorial beta plane equations are 

solved on a plane with zonal boundaries at some latitude, is potentially a 

candidate for resonant excitation by midlatitude forcing. 
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1.4 THE INSTABILITY WAVES OF THE EQUATORIAL OCEANS 

The oceanic analogues to the Yanai-Maruyama waves of the tropical 

atmosphere, are prominently observed in all equatorial oceans, and in eddy

resolving numerical ocean models. The existence of the ocean waves was 

first reported nearly 10 years after identification of the Yanai-Maruyama 

waves. Meanders of the strong equatorial Alantic currents were observed by 

Duing et al (1975), shown in figure 1.7. Both the South Equatorial Current 

(SEC; figure 1.7a) and the Equatorial Undercurrent (EUC; figure 1.7b, c) were 

observed to meander about the equator at a period of 16 days and a 

wavelength of 2600 km. This meandering is most dramatically demonstrated 

by the meridional excursions of the salinity maximum associated with the 

core of the EUC (figure 1.7d,e). Because the equatorial currents are so strongly 

confined to the equator with meridional scales close to wave scales, the anti

symmetric mixed Rossby gravity waves are manifest as meanders of the 

equatorial currents and the corresponding equatorial fronts . The currents 

may be unstable during part of the year during which the shear is strongest, 

and numerical models (Cox, 1980) suggest these instabilities give rise to a 

downward radiating mixed Rossby-gravity waves mode. These tropical 

instability waves, may or may not be a separately observable feature from the 

mixed Rossby-gravity waves. However, there is some confusion because the 

present observations cannot be used to distinguish between the instability 

waves and the mixed Rossby-gravity waves, particularly in the Pacific where 

significant energy is observed in the zonal velocity component. In addition, a 

first baroclinic mode Rossby wave may be present in the observations as 

suggested by the numerical models (Cox, 1980; Semtner and Holland, 1980). 

In the eastern Pacific, satellite infrared images revealed westward 

travelling meridional excursions of the Pacific equatorial sea surface 

temperature front (Legeckis, 1977). The cusp to cusp zonal wavelengths were 

measured at about 800-1200 km, and travelled west with a speed of about 40 

em s-1 over ground, yielding a period of 20 to 30 days, shown in figure 1.8. It 

was thought that these SST meanders at the surface, excited trapped 

equatorial waves which radiated downward and eastward into the deep ocean 

as long waves. This became the hypothesis for the existence of the velocity 

fluctuations in records of bottom mounted current meters and electric field 
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recorders, observed during the 197S ENSO by Harvey and Patzert (1976). They 

found upward and westward phase propagation with a 2S day period and a 

1000 km wavelength. 

In the Atlantic Ocean in the Gulf of Guinea, Weisberg, Horigan and 

Colin (1979) made the first comparison of the spectral properties of current 

meter velocity oscillations to the mixed Rossby-gravity wave. The 

oscillations were observed to have a 31 day period and a 1220 km wave 

length. They show that the fluctuations observed at various longitudes along 

the equator display the following characteristics of the mixed Rossby-gravity 

wave: equatorial trapping, symmetry about the equator in the meridional 

velocity, nodes in zonal velocity and temperature on the equator, rectilinear 

polarized coherent motions on the equator and elliptical polarization off the 

equator, and westward and upward phase propagation. In addition some 

evidence for eastward propagation of the wave packet is shown (figure 1.9, 

from Weisberg, 1984). 

Based on tide gauge records at Fanning Island, 4°N, 1S9°W in the 

Pacific, Wyrtki (1978) related a 34 day oscillation in sea level, with an 

amplitude of 7 em to meridional excursions in the meanders of drifting buoy 

trajectories at 6°N which is in the North Equatorial Countercurrent (NECC). 

These meanders are observed in the boreal fall when the NECC is at its 

strongest. The sea level oscillations can be accounted for by the meridional 

displacements of the sloping dynamic topography associated with the NECC 

which is downward north of the ridge of dynamic topography on which 

Fanning Island is situated. More recently Geosat and Seasat altimeter 

observations lend support to the existence of these off-equatorial oscillations 

in sea level which accompany the instability waves, (Perigaud, 1989, 1990; 

Malarde et al., 1987). The Geosat analyses, (Perigaud, 1989, 1990), indicate 

zonal belts of sea level anomalies at S0 N and 12°N. The periods of high wave 

activity in the belt at S0 N in the eastern Pacific corresponds to periods of 

increased shear strength between the SEC and the NECC. However, the 

periods of high wave activity at 12°N are not as well correlated with periods 

of strong shear between the NECC and the North Equatorial Current (NEC), 

although some connection is suggested. The most energetic wavelength and 

period obtained by the Geosat analysis at S0 N, are 1200 km and 33 d, which 

compare well with the estimates found for Legeckis' SST meander analysis, 
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and Wyrtki's combined analysis of drifting buoy trajectories and island sea 

level records. 

In the Pacific, Brady (1987; and detailed in chapter 2 of this thesis) at 

110°W, and Halpern, Luther and Knox (1989) at 95, 110, 124, 140 and 152°W, 

found evidence for the mixed Rossby-gravity wave in moored current meter 

observations which revealed oscillations in the meridional velocity at 21 day 

period and 1600 km wavelength, figure 1.10. Westward and upward phase 

propagation was noted. Large significant fluxes of wave momentum and heat 

were observed at ll0°W, implicating the waves in the large scale low 

frequency momentum and heat balances. 

In the equatorial Indian ocean, Luyten and Roemmich (1984), observed 

a 26 day oscillation in meridional velocity with an array of moored current 

meters. The oscillations had westward and upward phase propagation, 

suggesting downward energy propagation with a zonal wavelength of 

1400 km. Analysis of drifting buoy tracks in the western equatorial Indian 

Ocean revealed meanders of the eastward flowing monsoon drift with the 

same period (Reverdin and Luyten, 1985). 

These waves are strikingly observed in in the SST patterns of both the 

Atlantic and Pacific versions of the Philander and Pacanowski multi-level 

primitive equation model (Philander et al., 1986). The models of both oceans 

recreate the seasonal variability of the large scale circulation, and show that 

the characteristics of the waves are affected strongly by the mean state. The 

preliminary report finds that the waves are variable in time and space but 

appear to be related to the seasonal intensification of the circulation, have 

westward phase propagation in both ocean models and eastward group 

velocity in the Atlantic, wavelengths of order 1000 km and periods of order 30 

days. An analysis of the energetics was not presented because, according to 

the authors, it was complicated by the inhomogeneity of the large scale flow 

and waves. However, the vertical velocity is estimated and found to be large 

and upward in the troughs of the SST meanders and downward in the peaks, 

suggesting that the waves accomplish an upward vertical heat flux. 

Although a simple description of the observations can be qualitatively 

compared to the linear mixed Rossby-gravity mode, further analysis yields a 

more complicated picture. The waves display behavior not expected in 
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simple linear wave theory. Within a given ocean, wave characteristics such 

as wavelength, period, amplitude are observed to vary zonally and 

meridionally. Halpern, et al. (1987), in describing the moored current meter 

timeseries in the equatorial Pacific, show that though the period changes only 

slightly by about 4% from the dominant period of about 20 days over the 

equatorial domain of l10°W to 140°W, the wavelength varies from 1320 km 

as obtained between 134°W and 140°W, to 1600 km at 110°W. 

Deviation from the linear theory is also noted when comparing the 

behavior of the SST fronts displayed in satellite images to the flow 

characteristics determined by the moored observations. Halpern et al. (1987) 

indicate that the relationship of the measured current structure to the motion 

of the SST front is not as simple as assuming the SST fronts are passively 

advected by the wave field. At some locations the position of the front 

corresponds qualitatively well to the measured flow, while at other locations 

this is not the case. It is also noted that the wavelength and period obtained 

from observing westward propagation of surface fronts and crest to crest zonal 

separation, differs from the estimates obtained from the moored time series 

data. In the examples reported by Legeckis (1987) and Pullen et al. (1987), the 

SST fronts display wavelengths of about 1000 km and period of about one 

month, while the moored observations yield a longer wavelength and 

shorter period over the same time period and location. Furthermore, the 

waves seem to effect substantial fluxes and flux divergences of heat and 

momentum which have potentially important consequences for driving the 

mean flow, for which mixed Rossby gravity linear wave theory is not 

particularly suited. 

Wave Genesis and Energetics 

The meridional SST front is formed from the juxtaposition of the 

eastward flowing warm water of the North Equatorial Countercurrent 

(NECC) located on the poleward flanks of the westward flowing cold water of 

the South Equatorial Current (SEC). The cold water near the equator is 

brought to the surface layer from the depths of the upper thermocline by the 

eastward and upward flowing Equatorial Undercurrent (EUC). The 

appearance of these waves along this front appears to be related to the annual 
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and inter-annual variability of the tropical currents, which is manifested in a 

strengthening of the lateral shear and consequently the front. During ENSO 

events when the trade winds are weak, when the velocity shear and the SST 

front are weak, the waves are not observed in satellite images (Legeckis, 1977) 

and are weak in current meter records (Halpern et al., 1989). During the phase 

of the annual cycle when trade winds are strong, when both the lateral 

velocity shear and the SST front are enhanced, the waves are very energetic. 

Existing theory suggests that the zonal current pattern in the equatorial 

region, characterized by regions of strong meridional shear especially between 

the NECC and SEC and possibly along the northern and southern flanks of 

the Equatorial Undercurrent (EUC), is barotropically unstable to fluctuations 

with the length and time scales of the observed waves (Philander, 1978; Ripa, 

1983). If this is the case, energy is converted from the mean flow to the waves 

primarily through the lateral shear production term. Because the observed 

modulation in amplitude of the waves is associated with annual cycles in the 

large scale circulation near the equator, it is thought that these waves are 

radiated from unstable regions within the currents. The reduced gravity 

linear stability analysis of Philander (1976; 1978) yielded a most unstable mode 

(maximum growth rate) which had scales comparable to the observations 

when realistic basic state shear was used. In addition, observational evidence 

for the growth of the kinetic energy of the waves by lateral shear production 

at the expense of the mean zonal flows has accumulated from both the 

Atlantic and Pacific Ocean current meter array analyses. In the Atlantic at 

28°W, Weisberg (1984) observed a northward pulse of eastward momentum, 

u'v', coinciding with negative meridional shear of zonal velocity which had 

the appropriate rate of production to account for the observed growth of the 

wave packet. A more detailed estimate of kinetic energy conversion 

including all three shear production terms for the narrow 21 day band at 

110°W likewise yields a rate adequate to maintain the growth of the waves is 

calculated in Chapter 4 of this thesis. Furthermore, a growth timescale 

ranging from two to three weeks is suggested for the eddy band, in agreement 

with Philander's (1978) theoretical prediction. The analysis presented in 

Chapter 4 strongly indicates that in the surface layer, at the 20 m level, the 

positive kinetic energy conversion through the local shear production term 

associated with barotropic instability of a zonal current, -<u'v'>i1U/C1y, is 
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.nearly compensated by a negative conversion, -<v'2>aV ;ay, due to the term 

associated with the mean meridional mass divergence driven by the mean 

poleward Ekman drift. Below the 20 m level, the estimates of this term 

rapidly decrease to zero, so that the local shear production term dominates 

and the kinetic energy conversion from the mean flow to the waves yields a 

net positive conversion to 150 m. 

These waves also effect large negative meridional eddy heat fluxes. 

These southward heat fluxes are associated with a downward sloping mean 

thermocline to the north, such that the eddy heat fluxes are downgradient. 

This represents a potential energy conversion from the mean available 

potential energy of the sloping thermocline into eddy potential energy. This 

potential energy conversion is much smaller than the conversion of kinetic 

energy, yet the equatorward eddy heat flux is enormously large compared 

with the net air sea exchange with the atmosphere, whereby heat is imported 

into the equatorial region (Bryden and Brady, 1989). Luther and Johnson 

(1990) have suggested that the meridional flux of heat at 1.5°S, 140°W, 

measured at a mooring, occurs in pulses when the flow is poleward and the 

water is anomalously cold, and when the meridional temperature gradient is 

poleward such that the flux is downgradient. 

Philander's original linear stability analysis (1976) suggested that the 

shear zone between the SEC and the NECC was unstable. However, more 

recent observations from mooring data at 152°W (Lukas, 1987) and numerical 

stability analyses (Cox, 1980) place the potentially unstable region within the 

subsurface shear between the EUC and the SEC, based on the change in sign of 

the potential vorticity of the mean flow . The stability analysis done by Cox 

involved numerically examining the waves generated by the instability of a 

zonal mean flow in a zonally cyclic channel, figure 1.11. Walls, not the usual 

sponges, were placed at the poleward boundaries at ±20°latitude. Initially the 

flow is perturbed with a meridional velocity which is a random function with 

all resolvable wavelengths. Experiments (I-VI) were conducted to test the 

dependence of the growth ra te, period, and wavelength of the most unstable 

mode to vertical (IV) and horizontal (III) diffusion, zonal resolution of the 

model (I + II), stratification (V) and non-linearity (VI). The resulting spectra 

are shown for comparison in figure 1.12. The most unstable mode had a 

wavelength of 1250 km and a period of 29.7 days with the higher resolution of 
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0.5°, and 1112 km and 30.4 days with the 1° resolution. In both cases the 

growth rate of the eddy energy was about 2 months. When the coefficients of 

horizontal mixing of heat and momentum were reduced to one-tenth of the 

original values, both the eddy energy and the growth rate were slightly 

enhanced but the period and wavelength remained unchanged. When the 

vertical momentum mixing coefficient was reduced by one half, reducing the 

vertical dissipative sink, the flow became nonlinear much more quickly 

putting energy into neighboring wavenumbers. Reducing the mean vertical 

stratification, enhanced the growth rate to about 1.5 months. As Philander 

(1976) predicted, reducing the stratification increases the divergence which 

tends to destabilize westward jets, such as the SEC, while stabilizing eastward 

jets such as the EUC. Still, the growth rate of about 1.5 to 2 months predicted 

here was much slower than Philander's prediction of 2 weeks and the growth 

rates estimated from the mooring observations at 110°W presented here in 

Chapter 4. In addition, the rrns meridional velocity amplitude after 9 months 

of integration, is only 3-5 ern s-1, which is an order of magnitude smaller that 

the amplitudes observed in the real ocean. When the horizontal Reynolds 

stresses were eliminated in the model formulation, disallowing eddy kinetic 

energy growth through shear production, the instability was cut off. Only the 

variability associated with a neighboring higher wavenumber grew very 

slowly as a result of baroclinic conversion. Thus, lateral shear production was 

determined to be the primary source of eddy energy growth in Cox's model. 

Computing the energy budget of the upper 233 rn of the basin (the 

upper 6 levels in the model), Cox found that an important sink for the 

growth of these waves is a downward flux of energy due to equatorially 

trapped vertically propagating wave modes. These waves are excited by the 

initial disturbance as projected onto the set of equatorially trapped waves. 

This energy sink was almost as important as vertical friction, which was 

somewhat larger than horizontal friction. The model showed a similar 

downward energy flux to that es timated by Weisberg et al. (1984) for the 

Atlantic. Cox hypothesized that this downward flux of energy is important; it 

prevents the instabilities from growing so large that non-linear effects would 

dominate leading to the production of closed rings from highly convoluted 

meanders, as happens in the Gulf Stream. 
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Evidence for a combination of a mixed Rossby-gravity wave and a first 

latitudinal mode (n = 1) Rossby wave is demonstrated in the meridional 

velocity field of the near surface layer of the Pacific Basin Cox model. Because 

of the different behavior in the propagation of energy downward, the waves 

disperse below the region of excitation and become more distinguishable as 

they separate since the mixed Rossby-gravity energy travels eastward faster 

and downward more slowly than the Rossby wave, which is almost at the 

point where the zonal group velocity is zero, (rok/ ~ = -1 /2). Observationally, 

these waves are hard to differentiate in the near surface arrays. It is possible 

that the energy in the zonal velocity component observed at the equator at 

110°W is due to the n=l Rossby wave, since the mixed Rossby-gravity wave 

has a zero in zonal velocity on the equator. In order for the n=l Rossby wave 

to share the same wavenumber and frequency as the mixed Rossby-gravity 

wave, it must have the vertical structure of a first baroclinic mode. 

Semtner and Holland (1980), in a multi-level primitive equation 

numerical model, found similar evidence of waves radiated by the instability 

of the large scale equatorial flows. This model differs from the Cox model in 

that in the off equatorial region the primary source of wave energy is due to 

baroclinic instability, whereas near the equator in the Undercurrent, the 

source is primarily due to barotropic instability. The model was forced with 

steady easterlies, unlike the more realistic monthly varying forcing of the Cox 

model. The primary wave excited was a first baroclinic mode gravest 

meridional (n=l) mode Rossby wave. This mode, excites a disturbance in the 

cold tongue which is a series of westward propagating divergences and 

convergences of the isotherms at the equator at the surface (figure 1.13c), 

which does not resemble the frontal meandering structure observed in the 

Legeckis images (figure 13a). In the deeper levels, the model Undercurrent 

meandered at periods greater than 100 days and the meandering motion 

could not definitively be related to any equatorial wave mode because the 

meanders propagated slowly eastward. 

This fact about the last model mentioned illustrates one of the 

drawbacks in comparing the real ocean observations to a variety of available 

models. It is sometimes obvious which models are useful in understanding 

the real ocean and thereby appropriate for further application and sometimes 

it is not. Of the model analyses discussed, all qualitatively resemble the 
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satellite data to some degree, some better than others as figure 1.13 indicates. 

But the models differ so much in the formulation, forcing, and physics, that it 

becomes difficult to isolate a particular model characteristic that is responsible 

for the differences observed in the solutions. In addition, there is not enough 

known from observational data analyses yet to obtain an overall picture with 

enough detail and basic understanding which can be compared definitively to 

the phenomena observed in the models. Part of the problem is due to the fact 

that the models are not analyzed like ocean data. Ocean time series data is 

obtained in specific locations, whereas model solutions tend to be shown as 

either instantaneous mappings or time histories of various model quantities 

which are often spatially integrated. Tangible progress will only be achieved 

when models can be used to bridge the gaps in our understanding produced 

by the difficulty and expense in obtaining the same amount of real ocean data. 

Effect on the Mean Momentum and Heat Balances 

In addition to providing an efficient mechanism for radiating energy 

away from the region of excitation, tropical instability waves are capable of 

transporting significant amounts of momentum and heat and thus have a 

strong effect on the mean momentum and heat balance. In the Semtner and 

Holland model the disturbances produced a large equatorward eddy heat flux 

which served to warm the cold upwelled water near the equator and cool the 

warm water off the equator. The equatorward heat flux is down gradient. 

The diffusivity was estimated to be about 108 cm2 s-1 . In the mean 

momentum balance, the eddies produced a negative divergence of the 

Reynolds stress, which was large at the core of the EUC, such that the eddies 

decelerated the eastward flow of the EUC core. Below the core, a smaller 

accelerative effect is observed. An eddy diffusivity for momentum was 

estimated at 2 x 107 cm2 s-1. 

These eddy-driven effects in numerical models are comparable to the 

direct measurements by current and temperature time series at 152°W and 

110°W by Bryden and Brady (1989) . They show that the largest effect on the 

mean momentum balance is through the Reynolds stress divergence term, 

-o<u'v'>/oy, which when integrated over the vertical extent of the current 

meter mooring, acts as an equivalent westward stress of -0.21 and 
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-0.12 dynes cm-2, at 110 and 150°W respectively. The average estimate from 

these arrays, -0.16 dynes cm-2, compares well to the residual in the mean zonal 

momentum balance involving only the mean terms, -0.11 dynes cm-2 

obtained on the equator from the mean diagnostic model of Bryden and 

Brady, (1985). Hansen and Paul (1984) presented a much larger equivalent 

stress estimate of -0.31 dynes cm-2, obtained from an analysis of the tracks of 

drifting buoys drogued at 50 m. For comparison, the wind stress in the region 

is about 0.5 dynes cm-2, so the wave stresses are appreciable. 

In the mean heat balance, the waves are found to transport 

equatorward enormous amounts of heat. Bryden and Brady found an 

equivalent net heating of 95 W m-2 at 152°W and 380W m-2 at 110°W, 

integrating the eddy flux divergences from the surface to the deepest 

measurement. This enormous heating is much larger than the observed 

surface heat gain from the atmosphere, which is in the range from 50 to 

85 W m-2. From the meridional eddy heat convergence in the numerical 

model of Philander et al. (1986), a heat gain on the order of 100 W m-2 is 

indicated. Hansen and Paul find 180 W m-2 in the drifter analysis. Imawaki 

et al. (1988) find that the daily mean convergence of heat in the surface layer, 

as indirectly estimated from a residual heat balance with mooring 

measurements, is large and fluctuated with a period ranging from 15 to 20 

days during the analysis period. It cannot be determined from these early 

observational efforts whether or not the enormous net heating implied by all 

these estimates is compensated at any specific depth by vertical divergence of 

the vertical eddy heat flux, or by some other process such as mean advection. 

It must be partially compensated because such a large local heat content 

change is not observed. 
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TABLE 1.1: A Comparison of Mixed Rossby-gravity Wave Observations 

A: OBSERVATIONS IN THE OCEAN 

OCEAN OBSERVER 2rt/ (J) 2rt/k rok/~ 
(comments) (days) (km) 

ATLANTIC 
Duing et al., 1975. 16 2660 -0.47 

(GATE) 

Weisberg, et al., 1979. {5} 31 1220 -0.52 
(SEQUAL, Gulf of Guinea) 

[c = 0.5 m s-1, ro/k = ~.46 ms-1] 

PACIFIC 
Harvey and Patzert, 1976. 25 1020 -0.8 

(near Galapagos lsi., 2 month series of bottom 
current and pressure) 

Legeckis, 1977. 20-30 1100 -0.6-0.7 
(satellite IR images of SST wave crests) 

Wyrtki, 1978. 34 1100 -0.53 
( 4°N, 159°W; in NECC; period from Island sea 

level and wavelength from Drifting Buoy paths) 

Brady, 1987. {4} 21 1660 -0.57 
(0°N, 110°W; 20-250m EPOCS current meter 

array, c = 1.3 m s-1, w/k = ~.9 m s-1) 

Halpern et al., 1988. 20 1600 -.62 
(EPOCS, and TROPIC HEAT current meter 

arrays at 95°W, 110°W, 124°W, 140°W, 152°W) 

INDIAN 
Luyten and Roemmich, 1984. 26 1400 -.54 

MODELS 
Cox 1980. {2) 30 1250 -.53 
(Pacific Simulations, seasonal wind forcing) 

Semtner and Holland, 1980. 
(Steady winds) 

Philander, Hurlin and Pacanowski, 1986. 30 1000 -.66 
(Pacific and Atlantic simulations, monthly mean 

winds) 
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TABLE l.lB: OBSERVATIONS IN THE AlMOSPHERE 
ATMOS-
PH ERE Yanai and Maruyama, 1966. 5 4 -.4 

(stratosphere) 

Zangvil and Yanai, 1980. (1) 4-5 4 -(.4-.5) 
(200 mbars) 

Yanai and Lu, 1983. 5 4 -.5 
(200 mbars) 

MODEL Mak, 1969. (3) 4 4 -.5 

Table 1.1: A list of observations of mixed Rossby-gravity waves in the ocean, 
the atmosphere, and numerical models. The numbers appearing in brackets 
denote the correponding points in figure 1.14. 
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1.5 SUMMARY AND FINAL REMARKS 

As has been discussed, the gravest symmetric meridional velocity 

mode, the mixed Rossby-gravity wave is widely observed in all equatorial 

regions. It appears to be intrinsically involved in the large scale circulation 

processes of both the atmosphere and the ocean. In the atmosphere, the 

waves contribute to driving the quasi-biennial oscillation. In the ocean, the 

waves appear to transport significant fluxes of heat and momentum, but the 

overall picture of the wave-mean flow interaction is much less certain. In the 

ocean it appears that the waves derive their energy from the mean flow 

through the process of instability whereas in the stratosphere and upper 

troposphere, the waves feed energy into the mean flow and possibly derive 

their energy from lower layers of the atmosphere or from mid-latitude 

radiation. 

Table 1.1 brings together the existing observations of mixed Rossby

gravity waves in the atmosphere, the oceans and numerical models, listing 

parameters by which all observations can be compared such as the 

wavelength 27t/k, the period w, and a comparative parameter, wk/p. The 

observations listed in Table 1.1 have been identified as the mixed Rossby

gravity wave due to similarities between the simple linear wave theory and 

the observed kinematical behavior. Though the characteristics of the 

medium of propagation--the large scale, slowly varying mean state--vary in 

detail, a similarity is noted in the value of the parameter, wk/ p, which for 

nearly all observations approaches a value of -1/2. Strictly, in linear theory 

with no mean flow, the mixed Rossby-gravity wave curve has no special 

point at rok/P = -1/2, where, for the Rossby and inertio-gravity waves, the 

group velocity is zero. In addition, the similarity between all observations in 

Table I is obvious only in non-dimensional wavenumber-frequency space, 

Figure 1.14. Figure 1.14 plots the observations in Table I for which statistically 

confident and independent estimates of both the zonal and vertical phase 

speeds allow the non-dimensionalization of the wavenumber and frequency. 

The observations cluster near the point on the non-dimensional mixed 

Rossby-gravity wave curve, (s, a) = (- ~· ~ ). It it easy to understand why the 

wave is preferentially observed in the numerical models, particularly those 

with walls placed in the midlatitudes. It is a zero zonal group velocity mode 
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for free waves in these models. It is harder to understand why the observed 

waves in the atmosphere and oceans cluster near this point and moreover, 

why there is such similarity between the waves observed in the different 

media. 

Unfortunately, most of the theoretical work on this problem, is based 

on a zonally-constant basic state, with either meridional or vertical shear, or 

is modeled by a reduced gravity, one and a half layer theory. In reality, this 

basic state is too simplistic for comparison with the observations. All of the 

equatorial oceans contain swift, slowly-evolving currents and thermal 

structures that are strongly sheared both meridionally and vertically. Thus, 

numerical models with large scale flows which are nearly as complicated as 

those of the real ocean are appealing. To be adequate for studying this 

problem, the numerical circulation must be in constant transition from one 

forced state to another as is the case of annual forcing in the Pacific; the model 

currents must be strongly sheared both vertically and laterally and as well as 

have zonal variations; and it must be possible for the mean flow to be three 

dimensionally non-divergent, as is the case for the Undercurrent which has 

an associated mean vertical and meridional velocity fields. There has been 

some theoretical success with the long wave approximation in understanding 

wave-mean flow interaction with Kelvin, Rossby, and lnertio-gravity waves 

(McPhaden et al., 1986; McPhaden and Knox, 1979; Philander, 1979; Boyd, 1978; 

Proehl, 1988). However, this theory is not appropriate for the observed mixed 

Rossby-gravity wave, which is not a long wave but a mesoscale wave where 

the wavelength scales as 27tLd, where Ld -250 km. 

Many questions regarding the genesis of these waves and their 

importance to the evolution of the circulation in the equatorial oceans 

remain unanswered. For instance, why is there a similarity in the dispersion 

characteristics of the waves observed in the atmosphere, the oceans and in 

models? It is curious that, within the observational errors expected, linear 

equatorial wave theory with no mean flow can describe the observations 

reasonably well, even though the mean flow is strong, variable and differs 

from ocean to ocean to atmosphere. The controversy surrounding the 

genesis of the Yanai-Maruyama waves observed in the atmosphere is not yet 

resolved either. 
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estimate associated with the observation of point #4. 

52 



To explain the ubiquitous region on the dispersion curve, it might be 

speculated that the presence of a sheared mean flow triggers this particular 

wave mode preferentially like a resonance. This can be seen for the case 

where the mean flow is only a function of latitude. Then, the meridional 

structure equation for V(y) with the inclusion of a laterally sheared mean 

flow can be derived from the wave equations of the Appendix and is written, 

where ro0 = ro- Uk, f* = f- Uy, ~* = ~- Uyy, and c is the separation parameter 

as before. Note that with lateral shear Uy included, the left hand side of the 

equation looks the same as the regular meridional structure equation except 

that ro is replaced by ro0 , f is replaced by f*, and ~ is replaced by W. Also, new 

terms appear on the right-hand side which are proportional to Uy and 

inversely proportional to w0 2- k2c2. Thus, when ro0 2- k2c2 "" 0, the term on 

the right hand side is very large. However, for a constant non-zero shear Uy, 

a solution can be found that both satisfies the right and left sides separately 

when ro0 = -kc. Thus, the solution must make the numerator of the right

hand side identically zero and also be a solution of the left hand side, that is it 

must be an equatorial wave. This is possible for the mixed Rossby-gravity 

wave. With the numerator on the right hand side set to zero at w0 = -kc, V 

must satisfy, 

f* 
V + - V- 0 y c - . 

u 
For a constant Uy, such that a;ay = ()J()y* since y* = y-p' ~*=~'and f* = ~y*, 

which is a modified solution of the mixed Rossby-gravity wave with y 

replaced by y* and hence is a solution to the left hand side as well. Thus, for 

this oversimplified case, the mixed Rossby-gravity wave separately satisfies 

both sides of the equation, when w0 = -kc. Furthermore, the mixed Rossby

gravity wave is the only equatorial wave which can accomplish this, since it 
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has the only dispersion curve to intersect the line ro0 = -kc. The intersection 

occurs at the point ro0k/~ = -1/2. 

Another way of preferentially exciting the mixed Rossby-gravity wave 

mode at the site where rok/~ = -1/2, can be heuristically viewed by considering 

the free equatorial wave solutions for a region forced externally at walls 

placed at a northern and southern boundary. Then, the free mixed Rossby

gravity dispersion curve splits into two curves, each with an inflection at the 

point rok/~ = -1/2 as discussed by Cane and Sarachik (1979). This point is a 

zero zonal group velocity point. Thus, if the region were forced by incoming 

midlatitude radiation, energy would tend to build near this point as 

resonances occured. This scenario was modeled numerically by Mak (1969) 

for a two-layer atmosphere, as discussed earlier, and peaks in the energy 

spectrum were observed at these points. 

A problem with this scenario is that it implies that energy must be 

supplied from extra-equatorial regions. This is in opposition to what is 

observed-that the energy for the maintenance of the waves is locally 

generated through lateral shear instability of the large scale flow as discussed 

here in Chapter 4 and shown by Weisberg (1984) for the Atlantic Ocean. It 

may be that the instability is triggered by this resonant wave, and then 

additional feedback results for continued growth. Cox (1980) in his numerical 

stability analysis, however, observed that the mixed Rossby-gravity wave was 

generated without lateral forcing but not without the non-linear advection 

terms which couple the mean flow and wave energetics through the 

conversion terms. He speculated instead that the mixed Rossby-gravity wave 

was possibly excited by the instability in the unstable surface layer, and then, 

along with the gravest latitudinal mode (n=1) Rossby wave, propagated 

energy downward into the deep ocean where it could be effectively dissipated. 

Chapters 4 and 6 of this thesis discuss the role of the waves observed at 

ll0°W in the energetics of the equatorial ocean. Essentially, when the winds 

are westward, the winds continually pump energy in the form of available 

potential energy stored in the east-west sloping thermocline. Some of this 

energy is removed by turbulent dissipation in the mixed layer. But in order 

to achieve a steady state in the upper ocean, the remaining energy input must 

be balanced by either a downstream increase of kinetic energy, turbulent 

dissipation, conversion to eddy kinetic energy or export out of the upper 
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ocean. In the western Pacific ocean, the available potential energy can be 

converted into a downstream increase in mean kinetic energy since the 

velocity of the Undercurrent increases as it flows eastward. However, the 

kinetic energy of the Undercurrent in the central Pacific remains fairly 

constant and starts to decrease approaching the eastern boundary. By the time 

it has reached the central and eastern Pacific, it has attained enough speed that 

the lateral shear with the westward flowing South Equatorial Current is large 

enough to become unstable. The instability process near the equator is not 

well understood theoretically. At this point mean kinetic energy can be 

converted to kinetic energy of the waves by the work of the waves against the 

mean shear. To limit the growth of the waves, energy is radiated vertically 

into the deep ocean and ultimately dissipated. 

Because of the comparisons to the atmospheric waves, it is interesting 

to speculate whether or not there is a net effect on the slowly varying large 

scale ocean mean flow, as there is in the atmosphere in driving the QBO. In 

other words, are these waves are somehow involved in ENSO? The waves 

disappear during the ENSO, and reappear soon after the normal structure of 

the thermocline and circulation returns. At present, it is not known what 

effect the waves have on the large scale currents on interannual timescales. 

To investigate this problem, it will be necessary to establish long records over 

a wide region of the equatorial Pacific. The necessary degree of observational 

sophistication will not occur for some time given that there are no plans for 

such an array in the immediate future. A problem more easily investigated is 

whether these vertically propagating waves drive the deep jets. It would 

seem that much smaller arrays with good vertical resolution or instrumented 

with profiling current meters may provide some answers in this direction, 

but again no such arrays are being planned. Currently, our investigations 

based on available data sets are just at the point where we can estimate some 

of the effects of these waves at a single location in the surface layers. An 

evaluation of the effects over the whole domain of an equatorial ocean basin 

and with better depth resolution is ultimately required to answer these 

questions. 
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CHAPTER 2: 

Interpretation as an Equatorial Wave 

2.1 INTRODUCTION 

Linear equatorial wave theory has been found to be a useful tool in 

identifying and understanding the observed equatorial variability. Wunsch 

and Gill (1972) were first to identify peaks in the sea level spectrum at island 

stations across the equatorial Pacific Ocean, as low baroclinic mod.e equatorial 

inertio-gravity waves with zero group velocity. Knox and Halpern (1982), 

recognized the near nondispersive behavior of a pulse in eastward transport, 

which travelled eastward at a speed of about 3 m s-1 past three equatorial 

moorings located at 152°W, l10°W, and 95°W, as a first baroclinic mode 

Kelvin wave, possibly forced to the west of the observed sites by a wind 

relaxation event. Lukas and Firing (1985) associated the gravest meridional 

mode annual Rossby wave with the annual temperature variability observed 

below the thermocline in the central Pacific Ocean in CTD casts taken over 16 

months during the NORPAX Hawaii-to-Tahiti Shuttle experiment. 

Literature contains many other examples where simple linear equatorial 

wave theory seems adequate to describe at least qualitatively the observed 

behavior of equatorial variability in both the oceans and atmosphere. Here 

the propagation characteristics of the 21 day wave oscillations are determined 

and compared with the propagation characteristics of linear mixed Rossby

gravity waves. 

The variability under discussion here appears in satellite images as a 

train of waves propagating westward along the upwelling front, figure 1.13(a). 

Variability with similar structure and propagation characteristics is observed 

in the other equatorial oceans as well as the tropical atmosphere, and 

tentatively has been identified as a mixed Rossby-gravity wave. Here the 

waves appear as large oscillations in moored time series of meridional 

velocity and temperature with a significant peak in the spectral domain at a 
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central period of 21 days. These observations will first be discussed in terms 

of the vertical and meridional structure of the wave variance. Next, the 

horizontal and vertical phase propagation is determined in order to estimate 

both zonal and vertical wavenumbers of the disturbance. Comparison of the 

propagation characteristics of the 21 day variability with the dispersion curves 

from linear equatorial wave theory shows that the phase propagation 

behavior is consistent with a vertically propagating mixed Rossby-gravity 

wave. Though the structure of the wave field does not strictly follow the 

behavior expected for a simple linear equatorial wave, the similarities are 

striking. 

2.2 DATA 

The velocity and temperature time series featured here are obtained 

from a triangular current meter mooring array deployed at 110°W as part of 

the Equatorial Pacific Ocean Climate Study (EPOCS; Freitag et al., 1987, 

Halpern, 1987). Two of the moorings are located about 0.5° latitude north and 

south and about 1° longitude west of the third mooring located on the 

equator. Table 2.1 provides the details of the spatial configuration and 

temporal information of the array. On each mooring, vector-averaging 

current meters were placed at the nominal depths of 20, 50, 75, 100, 150, 200, 

and 250m. 

Numerous EPOCS moorings were deployed continuously at this 

location from 1979 to 1983. The particular records used in this study were 

chosen because they are the group of longest records that gave the best spatial 

resolution. Many of the other settings of the triangular array have gaps in 

time and missing records at key depths. The records discussed here are from 

the original hourly records that were first low-passed with a 24 hour half

width gaussian filter. For all of the calculations reported here, the two shorter 

pieces were first joined by linearly interpolating over the 2 to 3 day gap, and 

then depending on the purpose of the calculation shorter lengths were used. 

Since all but the first 12 days of the T16 record are lost, for the calculation of 

the horizontal distribution of eddy fluxes and for the horizontal cross

correllation, a 184 day long piece beginning on August 13, 1980 is used at all 

58 



28.0 
28.0 

~24.0 
~22.0 

20.0 
18.0 

I. 
1--

gj 0. 
z 

1--

'-120. 
120. 

~ 0. 
w 
-120 ~ 

5110-20 20 M 

SEP 
1980 

SEP 
1980 

NOV 

NOV 

JAN 
1981 

JAN 
1981 

28.0 
26.0 
24.0 ~ 
22.0 ~ 
20.0 
18.0 

'<;-

120. 
I ...... 

0. cr 
0 z 

-120. 
120. 

._ 
0. (J) 

a: w 
-120. 

Figure 2.1: Timeseries of east and north velocity and temperature at l10°W, 
30'S. 

59 



locations. For vertical cross-correlations, the longer 312 day long piece is used 

at the equatorial mooring. 

The meridional distance between the northern and southern moorings 

is 59.3' latitude or 110 km, and the zonal distance between the average zonal 

location of the northern and southern mooring and the equatorial mooring is 

about 54.9' longitude or 102 km. 

For descriptive purposes, the 20m 184 day long record on the southern 

mooring is displayed in figure 2.1. The large amplitude (30 em s-1) oscillations 

in both the meridional and zonal velocity time-series of the 20m record in 

figure 2.1, are the central focus of this work. The energy preserving spectrum 

of the variance in the meridional and zonal velocity components (figure 2.2a) 

demonstrates a large peak observed at the central period of 20.4 days over a 

bandwidth corresponding to periods from 14.2 to 36.8 days. The meridional 

velocity spectrum from a longer record of 312 days shows that the peak is 

actually much narrower, with the central period closer to 21 days (at 20.8 days) 

over a bandwidth from 22.3 to 19.5 days (14/312 to 16/312 d-1). 
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TABLE 2.1 

SPATIAL AND TEMPORAL DESCRIPTION OF THE ARRAY AT 110°W 

Northern deployments, T12 and T14: 

T12 : August 11, 1980 to January 29, 1981 

Lat. oo 29.4' N 

Long. 110° 29. 1' W 

T14: February 2, 1981 to July 6, 1981 

Lat. 0° 32.5'N 

Long. 110° 30.3'W 

Equatorial deployments, T8 and T15: 

T8: August 10, 1980 to February 4, 1981 

Lat. 0° 

Long. 109° 33.5'W 

T15 : February 7, 1981 to July 8, 1981 

Lat. 0° 0.6'N 

Long. 109° 33.8'W 

Southern deployments, T11 and T16 : 

Tll: August 13, 1980 to February 2, 1981 

Lat. 0° 29.9'5 

Long. 110° 28.3'W 

T16: February 4, 1981 to February 16, 1981 

Lat. 0° 31.1'W 

Long. 110° 30.0'W 
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Figure 2.2: Energy preserving meridional velocity spectrum (a) and Zonal 
velocity spectrum (b) for the 184 day timeseries at l10°W at the equatorial 
location at 20 m depth. 
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2.3 HORIZONTAL PHASE PROPAGATION 

Cross-correlation of records of spatially separated instruments supply 

phase differences which indicate both the direction iii. which the phase of the 

disturbance propagates and, assuming one wave or narrow wave number 

band wave packet is associated with an individual frequency band, the central 

wavelength of the disturbance. In general, the three-dimensional wave

number vector of the disturbance k, equal to (k, 1, m), where k, 1, and m, are 

wavenumbers in the east, north and vertical (x, y, z), directions respectively, 

is related to the phase difference <J>, between two spatially separated records, at 

locations x 1 and x2 respectively, by 

Then the east-west wavenumber k and the north-south wavenumber 1, can 

be determined from coherent phase differences obtained in the triangular 

array from cross-spectra of records at the same depth level. At least three 

records at each depth level are needed. To obtain the best possible estimates 

of phase differences between records, averaging over a wide frequency band is 

necessary. The band chosen, encompassing periods in the range of 36.8 to 

14.2 days, centered at 20.4 days, allows for 18 degrees of freedom in the 

calculation using the 184 day long record which covered the period during 

which the oscillations are most energetic. For this number of degrees of 

freedom, the coherence must exceed 0.56 in order to be significantly different 

from zero at the 95% confidence level. 

Results 

Table 2.2 lists the velocity the coherence and phase of the cross-spectral 

estimates for the frequency band above, using the horizontally spaced records 

in the triangular array. In zonal velocity, except at the 20m, 50 m and 250m 

triad of records, the coherence of the cross-spectra of the zonal velocity records 

(figure 2.2b, u xu) was not significant at the 95% confidence level. Only the 

cross-spectra of the temperature records at 20m gave at least the two estimates 

significant at the 95% confidence level necessary for an estimate of the zonal 

wavenumber. However, for the cross-spectral estimates for zonal velocity 

and temperature, the phase difference errors tends to be the same order as the 

phase. For this reason, only the results obtained with the meridional velocity 
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records are used to determine the horizontal wavenumber estimate, since the 

coherences are all very high and thus the phase errors relatively low. 

The cross-spectral analysis of the meridional velocity records for all 

possible pairs at each depth, is shown in figure 2.2a. A positive phase 

difference signifies that the second record leads the first. Thus the 

convention adopted is that a positive zonal phase difference implies 

westward phase propagation. A complete triad is necessary to determine both 

the meridional and zonal phase speeds. Complete and highly coherent 

current meter triads are located at the 20, 50, 100, and 250 m levels. Negligible 

north-south phase propagation is observed at all depths within errors. The 

zonal phase differences obtained at these four levels of 23.5°, 26°, 18°, and 

23.5°, respectively show little variation, and indicate consistently westward 

phase propagation. For a single estimate for the array, a coherence weighted 

expectation value yields an average zonal phase difference of 22.6° (±7°) . 

With a zonal separation between moorings of 104 km, an average zonal 

wavelength of 1660 km is obtained. Converting the phase error into an error 
in wavenumber of± 1.16 x l0-3 km-1, gives a range of wave length from 2400 

to 1270 km. The resulting westward phase speed is -94 (±30) em s-1 for the 

central period of 20.4 days. 

It is noted that the 20m, 50m and 250m level cross-correlations in the 

east velocity component give 22.5, 14.5°, and 5° respectively, and the 20m 

temperature cross-correlation gives 13.5°. Though the errors in phase are 

much larger, these results are consistent with the results from the meridional 

velocity component within errors. 
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TABLE 2.2: HORIZONTAL CROSS-CORRELATIONS OF U, V, and T: 

(a) 

VxV NxE ExS NxS 

depth (m) Coh <j>(O) Coh <j>(O) Coh <j>(O) 

20 .98 26/6 .98 -21/5 .96 6/9 

50 .99 30/5 .98 -22/5 .98 9/5 

75 .90 5/15 

100 .91 25/14 .92 -11/13 .90 14/15 

150 .93 22/12 

200 .90 3/15 

250 .96 22/9 .95 -25/10 .95 -1/10 

(b) 

UxU N x E E x S NxS 

depth (m) Coh <j>(O) Coh <j>(O) Coh <j> (O) 

20 .96 22/9 .91 -23/14 .84 2/20 

50 .84 38/20 .66 9/37 .35 64 

75 .45 -116 

100 .91 -3/ 14 .39 -94 .40 -124 

150 .62 -6/ 42 

200 .49 -29 

250 .67 40/36 .50 8 .63 70/41 
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(c) 

TxT NxE E xS NxS 

depth (m) Coh <j>(O) Coh <j>(O) Coh <!>< 0) 

20 .91 27/14 .72 0/30 .5 40 

50 .90 34/15 

75 .55 47 

100 .30 65 

150 .47 30 

200 .1 70 

250 .21 -35 .22 -69 .23 40 

Table 2.2: Horizontal cross-spectral analysis for the 36.8 to 14.2 d band of 
variability, obtained from the 184 d records. The coherence, phase difference, 
and phase error are listed for (a) north velocity V, (b) east velocity U, and (c) 
temperature T. A positive phase difference means that that the second record 
leads the first. Record pairs that are significantly coherent at the 95% 
confidence level, with a coherence greater than 0.56, are underlined: 

66 



2.4 VERTICAL PHASE PROPAGATION 

Evidence for vertical propagation is observed as a coherent phase 

difference between 2 records separated vertically. The coherence and phase 

difference for this calculation are obtained from the 312 day records of 

meridional velocity on the equatorial mooring. Cross-spectral analysis is 

performed by piecewise averaging three 104 day long pieces giving an 

estimate at 20.8 days, with no subsequent frequency band averaging. With 6 

degrees of freedom, all meridional velocity cross-spectra are significantly 

different from zero at the 95% confidence level with coherence values 

exceeding 0.88 except the 20 x2 50 and 50 x 250 estimates, however those 

estimates are significantly different from zero at the 80% confidence level. 

Again, only the meridional velocity record is considered here because the 

cross-spectra of the zonal velocity records showed dramatic decreases in 

coherence with increasing depth separation, such that non-coherent estimates 

were obtained for many record pairs. The phase errors shown are calculated 

using the confidence limits at 80%. 

Results 

For all meridional velocity record pairs except those involving the 

record at 20m, the deeper record leads the shallower (Table 2.3), which lists 

the vertical phase difference and coherence. This is a signature of upward 

phase propagation and hence, for a disturbance composed of a single 

equatorial wave, downward propagation of energy. This phase difference 

increases uniformly with separation. 

These results can be interpreted within the context of simple equatorial 

wave theory. The behavior of the vertical propagation of linear, equatorial 

waves with no mean background flow is described by the vertical structure 

equation, 
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and appropriate boundary conditions, where G is the vertical structure 

function, c is the parameter used to separate the vertical structure equation 

from the meridional structure equation, and N2(z) is the mean buoyancy 

profile which is allowed to vary slowly as a function of depth in the WKB 

approximation. If this approximation is valid for the ocean regime measured 

here, vertically propagating plane wave solutions to the above equation will 

have a slowly depth-varying vertical wavenumber, m(z). The vertical phase 
difference, L\cj>, between two depths z1 and z2, is locally approximated as: 

Z2 
1 

L\cj> = c J N(z') dz', 
Zl 

with c determined by the meridional structure equation given the observed ro 

and k. If one vertically propagating wave is present and if the WKB 

approximation is valid, an alternate estimate for c can be obtained using all 

phase differences observed. To do this, the observed vertical phase 

differences can be fit to the corresponding integral of the mean N2 profile, 

calculated using the 3 year mean EPOCS CTD data at l10°W, which 

encompassed the duration of this record, and integrated using a simple 

trapezoidal scheme. Consistency with the value of c estimated from the 

dispersion relation of the meridional structure equation for the observed ro 

and k, is expected for a vertically propagating meridional mode. 
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Figure 2.3: Plot of the integrated buoyancy profile versus the north velocity 
phase differences between instrument levels on the equatorial mooring at 
110°W. 
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TABLE 2.3 VERTICAL CROSS-SPECfRAL ANALYSIS 

V(z1) x V(z2) coh IJI(o) 
Z2 

J N(z') dz' 
Zt 

20x50 .96 -15/13 0.53 

X 100 .95 28/15 1.38 

X 150 .94 47/17 1.78 

x 250 .80 71/35 2.18 

50 X 1QQ .92 39/19 0.86 

X 150 .94 59/15 1.25 

x 250 .78 78/38 1.65 

1QQ X 150 .98 23/9 0.40 

x250 .95 43/14 0.80 

150 X 250 .92 16/19 0.40 

Table 2.3: Cross-spectral analysis of the meridional velocity record between 
records separated in depth on the equatorial mooring. Coherence, phase 
difference and error, for the frequency band centered at 20.4 days, and the 
integral of the buoyancy period between two depths are tabulated. A positive 
phase difference indicates that the deeper record leads the shallower record. 

Figure 2.3 shows all phase differences plotted against the corresponding 

integral of the buoyancy profile. There appear to be two distinct groups of 

points. Those obtained from cross-correlations using the 20 m record as one 

of the two record pairs appear biased toward a smaller phase difference or 

larger buoyancy profile integral. They do however, exhibit the same slope as 

the other group containing all other record pairs. Fitting a line to the 

remaining group of points by least-squares regression assuming a zero 
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intercept, yields an estimate of c of 1.2 m s-1 with a standard error of 0.08 m s-1 

based on the least squares fit. Using the phase errors to estimate an error 

yields an error in c of 0.3 m s-1 . The set of points using the 20 m record 

determines a line with a similar slope, 1.1 m s-1, yet requires an intercept of -

38° at zero buoyancy integral. 

This estimate of c of 1.2 m s-1, compares well with the estimate of c 

obtained by the dispersion relation for mixed Rossby-gravity waves, 

c = ro2 I (~ + rok). 

Using the observed values of 2n/21 d-1 equal to 3.46 x 10-6 s-1 for ro and 

2n/ 1660 km-1 equal to 3.78 x 10-6 m-1 for k, substitution into the above 

dispersion relation yields an estimate of 1.2 m s-1. Thus, the observed vertical 

and horizontal phase propagation is consistent with a vertically propagating 

meridional mode mixed Rossby-gravity wave. A value of c of 1.2 m s-1 gives 

an equatorial length scale or internal equatorial Rossby radius of 230 km. 

This value of c is used to non-dimensionalize the wavenumber and 

frequency estimates, such that the non-dimensional wavenumber and 

frequency pair (s, cr) are obtained from the dimensional pair (k, ro) by scaling 

with the appropriate length scale , 

(c/ ~)1 /2, 

and zonal time scale, 

(c ~)-1 /2, 

where ~ is the meridional derivative of planetary vorticity at the equator. 

This non-dimensionalization yields for s, a value of -0.87, and for cr, a value 

of 0.66, which are plotted along with the corresponding error range on the 

equatorial dispersion curves, (figure 2.4). The estimated point lies on the 

curve for the mixed Rossby-gravity wave, within the range of expected error. 

This suggests that the propagation behavior observed for the 21 day 

oscillations may be described as a vertically propagating mixed Rossby-gravity 

wave. 

71 



2.0 -.----------""T""--------~ 

>. 
u 

1.5 c: 
Q) mixed ::I 
CT 

Rossby-gravity Q) .... -co 1.0 c: 
0 ·u; 
c: 
Q) 

E 
:0 

I 

c: 0.5 Kelvin 

0 
c: 

0.0 -+----.--.---...---r---...---ft---...---r---....--""'T""-.....--1 

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 
non-dimensional wavenumber 

Figure 2.4: Nondimensional wave-number frequency curves for equatorial 
mixed Rossby-gravity and Kelvin modes. Box depicts error limits of the 
observed zonal wavenumber for the 20.4 day frequency band. 

72 



2.5 DISCUSSION 

The results above depict a westward and upward phase propagating 

oscillation in meridional velocity. The zonal velocity and temperature 

records are more difficult to interpret, and do not seem to describe a mixed 

Rossby-gravity wave. They are spatially non-coherent, especially below 20m 

at the equatorial and southern moorings. Locally, there is coherence between 

the velocity and temperature records such that statistically significant 

covariances are observed. This is not expected for strictly linear equatorial 

waves, since in general for mixed Rossby-gravity waves, u and v and v and T 

are out of phase. This may be due to the presence of another wave such as a 

first baroclinic mode, first meridional mode (n=1) Rossby wave which would 

have its largest signal in u and Ton the equator because the Rossby wave is 

symmetric in these fields. This is backed up by the numerical model results 

of Cox (1982) and Semtner and Holland (1982) who showed the presence of 

both modes in their primitive equation models. It is also possible that the 

disturbance generated by the instability of the mean flow, excites the mixed 

Rossby gravity wave because it has a similar wavelength and period. 

Since linear theory with a resting background is successful qualitatively 

in describing low baroclinic mode waves in the presence of a strongly varying 

zonal flow U(y,z) in the region of the Undercurrent to the first order 

(McPhaden et al.,1986), it is used as a basis of comparison here. The vertical 

structure observed here, has the scaling appropriate to a second baroclinic 

mode wave, since c is observed to be 1.2 m s-1. It appears however that the 

vertical structure is more like a vertically propagating disturbance than a 

mode-like one. It is the observation of upward phase propagation with depth, 

that indicates that the wave disturbance energy is propagating downward. 

The non-dimensional vertical group velocity theoretically determined from 

the mixed Rossby-gravity wave mode dispersion curve which the wave 

appears to fit is given by, 

c z .:g_ 
c 
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where cgz is the dimensional vertical group velocity equal to aro;am, and J.1 is 

the non-dimensional local vertical wave number equal to N (c ~)-112. 

Applying the appropriate values of the observed parameters, yields as 

an estimate for the vertical group velocity, -0.012 em s-1. A vertical group 

velocity of this magnitude is surprisingly small- allowing energy to reach the 

bottom of the ocean from the surface over a distance of about 5000 m, in a 

length of time on the order of 450 days. Weisberg et al. (1982) also observed 

upward propagation of phase and estimated a vertical group velocity of 

similar magnitude (-0.014 em s-1) for the mixed Rossby-gravity disturbance 

observed in the Gulf of Guinea in the eastern equatorial Atlantic Ocean. At 

such a speed, the time taken to set up a vertical mode is much longer than the 

duration of the waves which is about half of the year as observed from 

satellite observations. It will be shown in Chapter 4, that there is a local 

conversion of mean to eddy kinetic energy through shear instability. 

The characteristics of vertically propagating phase and a small 

meridional phase difference compared to the zonal phase difference observed 

in the array at 110°W, suggest that the oscillations can be classified as a 

vertically and zonally propagating mixed Rossby-gravity wave meridional 

mode. But the existence of the large and highly-varying mean flow of the 

Undercurrent precludes the use of the resting ocean wave theory for 

classification. Especially if the energy source of the waves appears to be the 

shear of the mean flow, the mean flow should modify the wave solutions. In 

fact, the oscillations observed at l10°W do not compare well with many 

aspects of the resting ocean mixed Rossby-gravity wave. First, there are large 

meridional eddy fluxes of eastward momentum and heat as shown in figures 

2.5 and 2.6. The large meridional divergence of these fluxes dramatically 

affects the mean zonal momentum and heat balance in the upper ocean as 

shown in Chapter 3. But, for the simple resting ocean mixed Rossby-gravity 

wave, the zonal velocity and the meridional velocity are in quadrature as are 

the temperature and meridional velocity. Thus, there should be no lateral 

momentum or heat fluxes. In addition, the distribution of zonal and 

meridional variance does not compare well with the distribution expected for 

the mixed Rossby-gravity wave. As reviewed in Chapter 1, the meridional 

velocity variance for the mixed Rossby-gravity wave has a Gaussian 

distribution with the maximum located on the equator. The meridional 
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velocity variance observed at 110°W shows a higher variance .north of the 

equator in the upper part of the array as shown in Table 2.4. The ratio of 

zonal velocity variance to meridional velocity variance is observed at much 

higher levels than expected, since theoretically it can be written, 

u2 
v2 = cr2 112· 

Thus, a node in u2 is expected at the equator where 11 = 0, and at the northern 

and southern moorings the ratio of the variances is expected to be 0.025 using 

the observed values for a and Tl · Instead the ratio is 0(1) in the array and 

there is significant variance in zonal velocity observed on the equator. There 

may be another wave present in the observations with the same zonal phase 

speed but with a theoretically larger zonal velocity signal. A gravest 

meridional mode, first baroclinic mode Rossby wave approximately overlaps 

the frequency-wavenumber characteristics of the wave observed at ll0°W. 
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TABLE 2.4 AUTOSPECfRUM OF U AND V, u2 and v2 (cm2 s·2) 

N E s 
depth(rn) ~ v2 ~ v2 ~ v2 

20 1092 952 535 1470 271 1615 

50 670 994 213 1007 932 996 

75 682 293 192 387 

100 422 170 202 178 156 155 

150 245 167 54 184 

200 147 204 61 202 

250 108 235 60 261 19 185 

Table 2.4: Autospectrum of east and north velocity components in the 36.8 to 
14.2 day band. 

76 



COSPECTRUM 
11020 

EAST N- 20 
NORTH N-20 

28 - AUC- 90 09 Ja.OI 

COSPECTRUM 
11020 

EAST S- 20 
NORTh S-20 
:z.t.-AUC-90 oa JJ ~~ 

E 
"' " ~· E 
"' :1 
~ 

· SOC 10 

coo 

-

I 
·o· 

e~a 

l 

i 

COSPECTRUM 
11020 

EAST E-20 
NORTH E- 20 
28-.t.UC-90 09 Jl.26 

70 0 

L 

I .)QQ 
10 10 

coo 

Figure 2.5: Cospectra of uv for the 184 day long timeseries at the northern, 
equatorial, and southern locations of the ll0°W array at 20 m depth. 
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Figure 2.6: Cospectra of vT for the 184 day long timeseries at the northern, 
equatorial, and southern locations of the l10°W array at 20 m depth. 
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CHAPTER 3: 

The Zonal Momentum Balance 

3.1 INTRODUCI10N 

The main objective of this chapter is to understand the contribution to 

the zonal momentum balance of the slowly varying field of the Undercurrent 

of the tropical instability 21 day wave band (36.8 to 14.2 d). The zonal 

momentum equation for slowly varying zonal flow is examined by 

comparing the terms using the array measurements, introduced and 

described in Chapter 2, of mean and eddy quantities. The descriptor, eddy, is 

used for motions of the 21 day wave band. While the mean is taken to be the 

time-average over the 184-day record. 

3.2 THE MEAN FLOW 

The Zonal Velocity Field 

The meridional and vertical distribution of the mean velocity 

components, U and V, and temperature T, is shown in table 3.1. The "mean" 

of a quantity is defined here as an average in time over the length of the time

series which is 184 days in length from August 13, 1980 to February 13, 1981. 

Westward flow at the 20m depth is observed in the mean zonal velocity field, 

while eastward flow is found deeper. Although there is no record at the 75 m 

equatorial station, it would appear that the core of the Undercurrent is located 

somewhere south of the equator, as suggested from the generally negative 

meridional shear in the zonal velocity field at all depths. For the array, the 

maximum mean zonal velocity of 92 em s-1 is located at 75 mat the southern 

location. Compared with the 3 year mean geostrophic zonal velocity profile 

at l10°W obtained by Bryden and Brady (1985) which exhibited a maximum of 
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98 em s-1 at 60 dbars on the equator, this maximum is somewhat deeper and 

off the equator, but has a similar speed. For the same current meter array 

location, but for all deployments and hence longer record lengths than used 

here, Bryden and Brady (1988) obtained a velocity maximum on the equator at 

the 75 m level of 106.7 em s-1. 

TABLE 3.1 MEAN ZONAL VELOCITY (em s-1 ) 

depth (m) north equator south 

20 -32.2 -20.1 -8.3 

50 20.8 48.3 57.9 

75 50.1 92.2 

100 57.7 89.0 85.1 

150 37.7 49.9 

200 15.7 22.5 

250 -0.9 3.7 6.8 

Table 3.1: Mean of zonal velocity for the triangular mooring array over the 
184 day long record starting August 13, 1980. 

In most profiles, as seen in figure 3.1, the Undercurrent exhibits a 

remarkably linear velocity profile both above and below the core. Assuming 

that the shear of +0.023 s-1, measured here between 20 and 50 m, and -0.008 s-1 

between 100, 150 and 200 m, is representative of this shear, a crude estimate of 

the core depth and speed can be obtained by extrapolating both shear profiles 

toward the core and identifying the intersection as the core. The resulting 

extrapolated zonal velocity maximum at 76 m of 108 em s-1 compares 

extremely well to the maximum velocity obtained by Bryden and Brady (1989) 

even though a linear extrapolation tends to overestimate the core speed. 

Fitting a quadratic to the meridional profile of zonal velocity at 75 m using 
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Figure 3.1: Profiles of mean zonal velocity U for the array. 
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the estimate determined above at the equatorial location, yields a zonal 

velocity maximum of 111 em s-1 located 15.3 km south of the equator. 

TABLE 3.2 MEAN MERIDIONAL VELOCITY (em s-1): 

depth (m) north equator south 

20 7.6 -1.3 -7.3 

so -3.3 -9.1 -8.3 

75 -7.3 -8.7 

100 -7.4 -9.6 -4.3 

150 -85 -9.1 

200 . -2.1 -5.3 

250 -2.1 -3.0 -2.4 

Table 3.2: Mean meridional velocity for 184 day long records at the EPOCS 
triangular mooring array. 

The Meridional -Vertical Circulation 

A mass divergence in the upper waters is observed in the mean 

meridional velocity field at the 20m depth level, with poleward flow 

measured off the equator. This distribution, which is characteristic of the 

equatorial surface layer, is a direct effect of poleward Ekman drift driven by 

the westward wind stress exceeding the equatorward geostrophic flow which 

balances the eastward pressure gradient force. A meridional mass divergence 

is observed down to the 75 m level, below which a convergence is found 

down to 150m. This measured mean field is consistent with the existence of 

a meridional-vertical upwelling cell, superimposed on the eastward and 

upward flowing Undercurrent, such that geostrophic flow enters the 

Undercurrent laterally upstream to the west and deeper than when it leaves 
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the Undercurrent as upwelled water downstream to the east. If the mass 

divergence in the meridional velocity field were exactly balanced by a vertical 

convergence, a large vertical velocity of about 5 x l0-3 em s-1 would result at 

35m depth. If this assumption holds at all deeper levels, a maximum vertical 

velocity of about 6.4 x l0-3 em s-1 at 87.5 m, below the depth of the zonal 

velocity core. These values are twice the magnitude of the vertical velocity 

profile obtained by Bryden and Brady (1985). They found however, that a 

zonal mass convergence from the surface to the level of the core, due to the 

eastward and upward flowing Undercurrent, compensated for about half the 

meridional divergence due to the combined geostrophic and Ekman 

meridional velocity field at the edges of the upwelling zone. With this array, 

the zonal convergence cannot be reliably estimated. Thus, the vertical 

velocity estimated here may be a factor of two larger because of this. 

In addition to the expected vertical profile of meridional mass 

divergence, this mean meridional velocity field contains a southward depth

independent velocity averaged over the entire array of -5.7 em s-1 . This cross

equatorial flow may be a result of Undercurrent veering slightly toward the 

southern hemisphere at this location on average over the time period of this 

record. Joyce (1988) estimated that the mean wind-driven cross-equatorial 

component of the meridional flow near l10°W is also southward but much 

smaller at about -1 em s-1 in the upper 200 m. A southward veering 

Undercurrent is also suggested by the southward displacement of the 

Undercurrent core as discussed above and is not inconsistent with the 

temperature field as discussed below. 
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TABLE 3.3 MEAN TEMPERATURE (°C): 

depth (m) north equator south 

20 22.6 221 22.1 

50 19.9 19.5 

75 17.0 17.7 

100 15.2 15.4 

150 13.5 13.6 

200 12.7 12.7 

250 12.2 12.4 12.3 

Table 3.3: Mean temperature for 184 day long records at the triangular EPOCS 
array. 

The Temperature Field 

The 184 day averaged temperature field (Table 3.3) exhibits some 

features of the characteristic thermal structure, although the array data greatly 

underresolves the sharpness of the equatorial thermocline and the 

thermostad of the lower thermocline. In terms of meridional distribution, 

colder water is observed on the equator at 100 m and above, while warmer 

water is observed below at the equator. No minimum is observed at 20 m. 

There it appears that the axis of the Cold Tongue, which is the surface 

manifestation of equatorial upwelling, is located somewhere south of the 

equator perhaps between the equatorial and southern moorings. This is not 

particularly unusual at ll0°W, which is relatively near the coast of South 

American and therefore influenced by the coastal upwelling zone which 

extends northward along the coast of Peru and westward into the eastern 

equatorial basin nearly to this longitude (Lukas, 1984). The reversal in the 

meridional temperature gradient noted below lOOm is characteristic of the 
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l3°C thermostad, which appears as a thick layer of nearly uniform properties 
(T-l3°C, S -34.9° /oo) beneath the Undercurrent all along the equatorial zone, 

with equatorward temperature gradients at the poleward edges of the 

thermostad, which geostrophically balance the subsurface countercurrents 

(Stroup,1960; Tsuchiya 1975). 

Errors in Mean Values: 

There are two types of errors associated with the estimates of the record 

length average U, V, and T fields: the measurement errors associated with 

the current meter and thermistor biases, and the sampling error. 

The measurement error associated with the VACM is principally due 

to the compass error. Since, the 360° of compass direction is digitized into 128 

bins in the v ACM, the error in the direction for each sample in time, 88 I is 

equal to 2.8°, and is presumably random for each sample, but over time there 

may be a bias due to calibration offsets. Bryden (1976) showed that the bias in 

the the compass direction is .05 radians (= 2.8°), by comparing averages of 

closely spaced VACM records over 4 day intervals and the bias in the speed is 

very small at 0.35 em s-1. Assuming that this is representative of the 

magnitude of the bias over the length of the record here, then the error in U 

and V due to the bias in the compass direction, are : 

<8U> = ± <v(sin88)> and <8 V> = ± <u(sin 88)> 

where the operators <> denote an average over the length of the record. If 

the directional bias is correllated with the 20 day meridional velocity 

oscillations, then the error in U is of the order of ± (30 em s-1) (0.05), where 

sin 88 = 0.05, or 8U = ± 1.5 em s-1 . The error in V may be larger if the 

directional bias sin88, is correlated with the mean U. If so, then near the core 

of the Undercurrent, the error in V, is of the order of 5 em s-1; the error 

decreases to less than 1.5 em s-1 at the surface; and is typically 2 em s-1. Near 

the surface, the error is most likely due to the correlation with the 20 day 

oscillations of u which have a much higher amplitude there. Then the error 

in V is of the order of the error in U quoted above since the wave amplitude 

of u has a similar magnitude as for v, thus 8V= ± 1.5 em s-1. With such error 

in the near surface meridional velocity, the error in the meridional 

divergence is± ~2(1.5 em s-1)2 = ± 2.1 em s-1 over 110 km. This is much 
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smaller than the divergence observed, of 14.6 em s-1 over 110 km at 20m and 

of 5 em s-1 over 110 km at 50 m. The error in the divergence is larger at deeper 

levels since the error becomes larger near the Undercurrent as noted above. 

The errors in the gradients of U due to the measurement error of U as noted 

above are much smaller than the gradients observed. 

The measurement error for the mean temperature T due to bias in the 

thermistor measurement was estimated by Bryden (1976) to be 0.023°C which 

is much smaller than the observed differences in mean temperature across 

the array. 

The sampling error addresses the bias in the estimated mean due to the 

finite length of the time series assuming ergodicity. The errors about the 

mean assume that the true mean can be calculated for an infinitely long time 

series, and lies within certain limits about the estimated mean for the finite 

times series to within a certain degree of confidence (or with a certain 

probability if the experiment were repeated, i.e. 95%). For this very short 

time series of only 184 days duration, this type of sampling error about the 

mean, equal to the square root of the variance divided by the number of 

degrees of freedom equal to the number of integral time scales in the record, 

is large because the record is only 184 days long. Near the core of the 

Undercurrent, the mean zonal velocity error is approximately 5 em s-1. 

The estimate of the errors due to the sampling error is very large, and 

should be kept in mind throughout the calculations though it will be shown 

in the next section, that the actual error may be much smaller than this. The 

assumption that there is a stationary true mean to be estimated by the average 

over a finite length of record may not be meaningful, however, given that 

variability in the equatorial ocean has an enormous range of time scales from 

very high frequencies to interannual (ENSO) and climate scales. This is also 

suggested from recent ideas concerning the observations that the equatorial 

ocean-atmosphere system oscillates back and forth in irregular intervals 

between two different states, a normal state with warm water in the west and 

cold in the east with easterly winds, and the ENSO state with warm water in 

the east and westerly or weak easterly winds. Both states have postive 

feedback between the atmosphere and ocean which leads to the continuation 

of the state. It has also been suggested that there is chaos in the ocean

atmosphere feedback system that gives rise to the irregular periods and the 

86 



transitions between the two states (Vallis, 1986). Though it is more widely 

accepted that the transitions between the two states can be predicted from an 

understanding of the physics, the observations still suggest that the interval 

between states is irregular (Cane and Zebiak, 1985). Thus, an estimate of the 

true mean becomes ambiguous to the particular record chosen. In any event, 

given that one exists, it would require a very long time series to get 

meaningful confidence intervals about a true mean. 

The object here is to choose the optimal set of records which best 

characterizes the wave-mean flow interaction within the Undercurrent. The 

records were chosen on the basis that there were few missing records so that 

the best horizontal and vertical resolution was obtained, and the waves 

appeared strong but with steady amplitudes. A consistent pattern of the 

interaction between the waves and the Undercurrent, as shown by the 

distribution of eddy fluxes, is shown in the sections which follow. 

Unfortunately the set of records available at l10°W covers only a 

limited portion of the meridional extent of the Undercurrent. The 

meridional distance across the equator is only 1°latitude, approximately 110 

km, while the width of the mean Undercurrent is nearly three times that 

distance as shown by Bryden and Brady (1985). Because the measurements are 

spaced too narrowly for good resolution of the Undercurrent, the calculations 

determined here suffer. However, these results show remarkable consistency 

in the spatial patterns of momentum and energy transfer as the following 

sections discuss. As the first attempt to quantify the interaction of the waves 

with the mean Undercurrent using the mooring data at l10°W, these results 

await confirmation by future studies using arrays designed specifically for this 

problem. The TROPIC HEAT Tropical Instability Wave Experiment will 

hopefully fulfill this need with its large-scale high-resolution array at 140°W. 
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Errors in Eddy Quantities 

The types of errors involved in estimating the eddy fluxes used later in 

this chapter, are associated with the measurement error, mainly due to the 

bias in the VACM compass direction; the sampling error; and if the eddy 

quantity is inferrred as is the estimate of uw, there may be error associated 

with assumptions about terms that cannot be estimated but may be 

important. 

The measurement errors can be addressed assuming a directional bias 

of 0.05 radians, (Bryden, 1976). Writing the measured eddy fields as Urn, and 

Vrn, then assuming the directional bias 8 contributes the largest source of error 

and is small so that sino- 8, urn and Vrn are estimated as, 

Urn= u- 8v and Vrn = v + 8u, 

then the error in <uv> is written, 

where <> denotes an average in time. Thus, the error in <u'v'> is largest 

where the variance in the measured velocities is the largest. Assuming that a 

directional bias of 0.05 radians is correlated with the variances, the error is at 

most equal to the size of the magnitudes multiplied by .05; this error is 

typically order 20 cm2 s-2 but larger at the equatorial and southern moorings at 

about 50 and 70 cm2 s-2 respectively. Thus, the measurement errors are small 

for the fluxes. 

The sampling errors are addressed by the number of the estimates that 

are significantly different from zero at the 95% confidence level, shown in the 

tables. Because the estimate of the cospectra in the 21 day band (36.8 to 14.2 d) 

involves only 18 degrees of freedom, the confidence limits around the 

estimates are large. Still, most of the differences of the fluxes are significantly 

different from zero. Using as an estimate for error the confidence limits on 

the quadrature of uT, since it is the largest term in the estimate of uw, the 

errors in uw are much smaller than the estimated values of uw, and the 

vertical derivative of uw remains significantly differen~ from zero at 50 m, 

and 100m where the flux divergence is largest. 

The motivation behind this study was to take the best set of data that 

resolved the Undercurrent and covered a period of time when the waves 
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were steady and strong, in a non-ENSO year. The frequency bandwidth for 

the waves was chosen to obtain enough deqrees of freedom for reasonable 

tests of statistical confidence, while still being representative of the 21 day 

waves. A much longer record would be necessary to reduce the sampling 

errors to acceptable values but would then include time periods when the 

amplitude of the 21 day waves is much lower. An ideal set of data would 

have even better coverage of the Undercurrent; in depth there could be better 

coverage about the core where the gradients change so rapidly; and in 

latitude, the array could extend northwards into the South Equatorial Current 

and the theoretical region of instability and southwards a few more degrees 

latitude to the edge of the Undercurrent and the Upwelling zone. Such 

extensive measurements have not been made yet in the equatorial Pacific. 

Finally, the length should be long enough to sample the seasonal cycle many 

times and the interannual variability as well and to obtain more degrees of 

freedom in the band averages, and still there would be an argument over 

whether the ENSO years should be included in the ensemble. This study on 

the other hand, concentrates on the optimal three-dimensional array of 

existing meaurements in the equatorial Pacific, which is limited in such 

scope, but the results are supported not only by the statistical confidence 

presented (though the confidence limits are wide), but also by the consistent 

pattern that results. 

Geostrophic balance of the observed EUC 

Before discussing the interaction of the waves and the Undercurrent, it 

is useful to determine how well the zonal mean state is in geostrophic 

balance with the curvature of the mean pressure field. This is done as a test 

to show that indeed the spatial resolution of the array is adequate for 

evaluating derivatives of various eddy fluxes and mean gradients. 

Geostrophic balance is not being tested, since that has been shown to work at 

the equator for many different sets of observations (Hayes, 1982; Lukas and 

Firing,l984). The objective here is to assess how well meridional and vertical 

derivatives can be approximated as finite differences over the separation 
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distances in the array. To do this, the meridional derivative of the thermal 

wind balance will be evaluated: 

a2T 
= - g a. (Jy2' 

This would seem to be a tentative estimate given the sparse grid of U and T. 

Because of the sparseness of the estimates of mean temperature in the array, it 

is only possible to get an estimate of the geostrophic balance in the upper part 

of the array. To achieve the best results possible, since a vertical derivative of 

equatorial zonal velocity is needed, an estimate is obtained over a 

representative region above the core of the Undercurrent using the 20 and 
50 m estimates of U and T. A value of ga. of 0.235 em s-2 K-1, is determined 

from the mean EPOCS CTD data at l10°W as used in the diagnostic model of 

Bryden and Brady (1985). The derivatives are estimated using centered finite 

differences of the first order for a I az and of the second order for a2; ay2, such 
au 

that two vertically separated values are needed for az and all three 

a2T 
meridionally spaced values are needed for ay2. It is assumed that in using the 

values at all three moorings in taking the second derivatives that the gradient 

in the zonal direction is much smaller than in the meridional direction. This 

is equivalent to assuming the long wave limit . 

Above the core at an average depth of 35 m, an estmate of vertical 

shear of zonal velocity of -0.02 s-1 is obtained as the average of the vertical 

shear at each mooring site, while the average curvature in temperature is 

1.9 x lQ-14 oc cm-2, obtained as an average between 20 and 50m with the 

southern temperature at 50 m estimated as the average between 20 and 75 m. 
Thus at 35 m, an estimate of ~U z of -4.8 x lQ-15 cm-1s-2 is remarkably close to 

the estimate for -ga.Tyy of -4.4 x lQ-15 cm-ls-2. These estimates are closer than 

the sampling errors would suggest is possible, since this error in ~U z is 
±0.9x lQ-15 cm-1s-2 and the error in ga.Tyy is± 4 x lQ-15 cm-1s-2. Below the core, 

the vertical shear of zonal velocity reverses, and is estimated as .Ols-1 . There is 

some indication that the temperature curvature also reverses or at least 

becomes much smaller below the core; but because there are very few 
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temperature values below the core for taking the second derivatives, this 

calculation is not attempted. 

The other terms in this balance which may be large enough to upset 
the thermal wind balance, Vyzt and v2yyz, are heuristically estimated and 

appear to be negligible. At 35 m, an estimate of Vyz (Vy is taken first from 

differences at the north and south sites at both 20 and 50 m, then the vertical 

difference is taken) which is the largest estimate with depth, is 3x10-10 an-1s-1. 

If this varies slowly at this amplitude, then at most, d/dt can be estimated as 
21t/184 d, providing an upper bound estimate of Vyzt of 0.1 x 10-15. This is 

more than an order of magnitude smaller than the geostrophic terms. At 20 
and 50 m, estimates of (v2/2}yy of -1.3 x 10-11 and -1.2 x 10-lls-2 are obtained 

from the eddy 21-day band variance of the meridional velocity, giving for the 

vertical shear of this term, an estimate of -0.3 x 10-15, which is also an order of 

magnitude smaller than the terms involved in the geostrophic balance. 

Since there are large m eridional shear gradients in both the mean 

fields of zonal velocity and temperature, which are not consistent with a 

model symmetric mean Undercurrent, it is of interest to examine what 

possible terms in the meridional thermal wind relation maintain these 
observed gradients. Normally, on the equator in a symmetric model, both fUz 

and -gaTy are by definition zero, hence the motivation for taking the second 

meridional derivative as was done above. Here, since f is zero and Ty large, 

especially above the core, the only possible terms that remain to balance this 
thermal gradient are (V(Vy))z, (v2 /2)yz' and ('tY)zz, where 'tY is the meridional 

component of the wind stress. Below the velocity core the gradients are 

relatively small and therefore estimates are highly subject to error. Above the 

core, where estimates can be made at 35m and at 50m, it appears that a 
tentative balance between -gaT y and (v2/2)yz is suggested. At 35m the 

estimates are -0.8 x 10-8 s-2, and -0.6 x 10-8 s-2 respectively with meridional 

derivatives taken using the north and south sites, while at about 50m (47.5m 

for the eddy term estimate, using the values at 20 and 75 m for the vertical 

difference), the terms are estimated at -0.5 x 10-8 s-2 and -0.4 x 10-8 s-2 

respectively. The mean inertial acceleration term is found to be negligibly 

small at 35 m as -0.08 x 10-8 s-2 and at 50 m as 0.13x10-8 s-2. An equally 

suggestive term in this balance is the meridional wind stress divergence. As 

estimated here, a northward surface stress of 0.4 dynes cm-2 distributed 
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exponentially with depth over an e-folding scale of 50 m (nearly twice as deep 
as the mean mixed layer at 110°W), would balance the observed value of gaTy 

at 35m of 0.8x1Q-8 s-2. This estimate compares well with an estimated annual 

average value of 0.3 dynes cm-2 (W. Kessler, personal communication) at this 

longitude based on the FSU pseudo wind stress data. Thus it would appear 

that the eddy stress term may be at least as important in maintaining the 

meridional gradient of temperature as the northward wind stress. 

Summary and Discussion 

This section has pres en ted the record mean U, V, and T fields in 

preparation for the following sections of this chapter, which require that 

meaningful estimates of the meridional and vertical derivatives of these 

fields can be established with the available array measurements. Although 

the array does not resolve well all of the details of the equatorial 

Undercurrent-upwelling system, enough gross features can be diagnostically 

evaluated, that confidence in the results presented in the next sections is 

warranted. 

It is found that the observed vertical shear of the zonal velocity field is 

grossly in balance with the meridional curvature of the observed temperature 

field as expected from the thermal wind relation in the upper part of the 

array. The observed features of the equatorial Undercurrent and thermocline 

are not symmetric in this array. It is interesting to find that since fUz can not 

balance -gaTy (through the thermal wind relation since f is zero), the vertical 

shear of the eddy Reynold's stress divergence may be large enough to enter 

the balance at the same order as the effect of the northward wind stress 
divergence, which is the term suggested to balance -gaTY by Joyce (1988). 
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3.3 MEAN ZONAL MOMENTUM BALANCE 

Given the three-dimensional distribution of mean and eddy quantities 

measured by the array, many terms in the mean zonal momentum equation, 

written below, can be estimated. A residual acceleration tendency of the large 

scale slow zonal flow U, due to the combined effect of these terms, can be 

inferred through the mean zonal momentum equation: 

ZA = ZPG -TSD + CA IA RSD. 

This equation describes how the large scale slowly varying zonal flow is 

accelerated (ZA) by the imbalance in the zonal pressure gradient force (ZPG) 

and vertical stress divergence due to wind-generated turbulence (TSD), by the 

Coriolis (CA) and inertial acceleration (IA) terms, and by the horizontal and 

vertical Reynolds stress divergence (RSD) . Only the terms indicated with the 

asterisks can be estimated directly with the array measurements. Some of the 

remaining terms, those indicated with a cross, can be indirectly estimated 

from measured quantities. These terms require indirect estimation 

techniques which assume certain balances in both the eddy and mean heat 

equations. The terms that can not be estimated with this data set are the 

zonal pressure gradient (ZPG) and the turbulent vertical stress divergence 

(TSD) terms. Dillon et al. (1989) discuss the imbalance between the turbulent 

stress divergence and the zonal pressure gradient for the region above the 

Undercurrent core. 

The results of the zonal momentum balance analysis will be presented 

in the order of the eddy Reynolds stress divergence terms, followed by the 

mean advection of mean zonal momentum. 
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EDDY REYNOLDS STRESS DIVERGENCE 

Horizontal Stress Divergence 

The directly observable meridional divergence of the northward flux of 

eastward momentum accomplished by the eddy field, uv, is the term 

generally reported in the literature. As table 3.4 shows, throughout the upper 

part of the array, at each latitude at and above the zonal velocity maximum 

observed at 75 m, the cospectrum of uv is positive and highly coherent 

particulary at the equatorial and northern mooring sites, implying a 

northward flux of eddy eastward momentum. In the depth range of interest 

here, 20 to 100 m, the meridional divergence of uv is positive, indicating a net 

depletion of eastward momentum at the equator. Hence, the net depth

integrated effect of this term in the zonal momentum balance acts as an 

equivalent westward stress. Integrating vertically over this depth range, 

using a simple trapezoidal scheme of integration, where the depth intervals 

associated with the estimates at 20, 50, 75, and 100 m are 35, 27.5, 25, and 12.5 

m respectively, gives an effective westward stress of -0.31 dynes cm-2. This 

estimate is comparatively large with respect to the typical annual average 

wind stress of about -0.5 dynes cm-2 at this longitude, and is slightly larger 

than the amplitude of annual cycle of wind stress (Meyers, 1979). The 

effective stress is largest over the upper 35 m at 0.14 dynes cm-2, decreasing 

monotonically to near zero (-0.03 dynes cm-2) at 100 m. The calculation is not 

carried out deeper in the water column for the reason that at levels below 100 

m, either the estimate is non-significant as at 200 m at the southern location 

or missing entirely as is the case at 150 m. An exception occurs at 250 m 

where the Reynolds stress divergence yields an eastward and significant 

though negligible estimate for this equivalent stress of 0.01 dynes cm-2. In 

fact, at the deeper levels, there is a general indication that there is a reversal 

in sign of the Reynolds stress, uv at the northern mooring, suggesting a 

reversal in sign of the divergence of uv, as occurs at 250m. Though too small 

to compensate the depth-integrated effect of the large westward effective stress 

imparted by the eddies in the upper levels; there is a tendency for a reduction 

of the overall effect in the deeper levels. This reversal at depth is better 

observed using longer records and a wider frequency band (Bryden and Brady, 

1989). 
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TABLE 3.4 COSPECTRUM OF U AND V, uv (cm2 s·2) 

N E s 

depth(m) uv Coh uv coh uv coh 

20 846 .93 684 .91 422 .76 

50 601 .85 369 .85 160 .59 

75 186 .76 -29 .24 

100 -10 .83 -94 .84 -41 .60 

150 -49 .83 -14 .14 

200 -14 .71 16 .34 

250 -24 .79 43 .54 35 .72 -

Table 3.4: Cospectrum and coherence of east and north velocity components 
in the 36.8 to 14.2 day band. Values that are significantly different from zero 
at the 95% confidence level are underlined. 

Vertical Stress Divergence: 

The vertical Reynolds stress divergence term must be indirectly 

estimated by making use of a presumed eddy temperature balance: 

-i ( (I) - u k) T + u T X + v T y + w T z = - 'k. 

Multiplying by u, isolating the real part and solving for the cospectrum of uw 

gives: 

uw 
Q (uT) Tx '£y U'lz 

= -(w- U k) - u2 -- uv --
Tz Tz Tz Tz' 
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where Q (uT) is the quadrature componentof the zonal eddy heat flux. The 

first and third terms on the right hand side are directly estimated from the 

array. The second term can be estimated as well, if a reasonable estimation of 
the zonal isotherm slope T xiT z is used. The last term can not be estimated but 

is small provided that this phenomena is not driven by atmospheric heating. 

TABLE 3.5 QUADSPECfRUM OF U AND T, Q(uT) 

N E s 
depth(m) Q(uT) Coh Q(uT) coh Q(uT) coh 

20 2.0 .82 0.6 .71 

50 -17.6 .67 -7.8 .53 

75 -24.4 .72 1.4 .24 

100 -1.8 .93 -0.8 .23 

150 -1.7 .82 .06 .56 

200 -.55 .81 -.32 .73 

250 -.55 .79 .04 .52 .02 .41 

Table 3.5: Quadrature spectrum and coherence of u and T for the 36.8 to 14.2 
day band. Estimates of the quadrature spectrum that are significantly different 
from zero at the 95% confidence level are underlined. 

Table 3.6 lists the individual terms used to estimate uw. Estimates of 

the terms involving wave fluxes, in the 36.8 to 14.2 day band, that are 

significant at the 95% confidence level are shown with an asterisk. The 

estimate of Q(uT) at the equatorial location, is used in the calculation of the 

first term in the table, except at 75 m where no estimate exists. Instead at 75 

m, an average between the north and south estimates is used. The equatorial 
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estimate of Q(uT) at 50 m, with a coherence of 0.53, would be significantly 

different from zero at the 93% confidence level. Because the 50 m equatorial 

value of Q(uT) is about the mean of the north and south value, taking the 

mean north and south value at 75 m is reasonably justifiable for this estimate. 

The term Q(uT) is then multiplied by the intrinsic frequency, ro- Uk with k as 

determined in Chapter 2, and with U as estimated at the equator. The next 

term, u2T x/T z, is derived from the equatorial estimate of the autospectrum of 

u in the 36.8 to 14.2 day band multiplied by Tx/Tz, which is taken to be -1.8 x 

10-s from Bryden and Brady (1985) as determined from mean CTD sections for 

the same region. Overall this term appears to be negligible. The last term is 

derived from the cospectrum of uv multiplied by T y/T z as determined by 

finite differences within the array. Except at 20 rn, where both the cospectrum 

of uv and T y are large, this term is negligible also. Again at 75 m, averages of 

the north and south values were used in the estimation of these two terms. 

To obtain an estimate of the vertical divergence of uw, at the same 

nominal levels in order to compare with the meridional divergence terms, 

the uw estrnates are linearly interpolated to the mean depths between levels 

and then first order finite differences are taken. These are shown in figure 3.3 

along with the meridional Reynolds stress divergence estimates for 

corn parison. 

The estimate for uw may be highly sensitive because potentially it may 

be a small residual among the many _large terms possible in the balance

terms which themselves may be subject to large uncertainty. Fortunately 

however, except at 20 rn and 100 rn, the term involving Q(uT) is much larger 

than the other two terms suggesting a dominant balance between the Q(uT) 

term and uw. This balance implies that the zonal velocity is in phase with 

the vertical velocity due to the local displacement of the isotherms. This is 
expected for linear waves where the dT I dt and wTz terms are in balance. At 

20 rn, the term proportional to uv, is much larger than the other two terms 
suggesting that a balance is struck between it and uw. This is the case if wT z 

and vT yare balanced in the wave temperature equation and the zonal 

momentum flux is therefore along constant temperature surfaces. At 100 rn, 

all three terms are equal in relative importance but small and of the same 

sign, such that uw is not a residual in the balance. At the levels below 100 rn, 
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the estimates for all terms are very small. Estimates of terms that yielded 

values smaller than .002 are not entered in the table. 

TABLE 3.6 VERTICAL EDDY REYNOLDS STRESS, uw (dynes crn-2) 

depth (m) - C.00Q(uT)/T2 -u2-rx/Tz -uvTy/T2 
! 
I uw 

20 -.003* .01 -.03* I 
! 

-.02 

50 .044 .004 -.007* 
! 

.04 

75 .10* .004 .01* .11 

100 .024* .01 .01 * ! .04 
! 

150 -.002 .001 -.002 I -.003 ! 
! 

200 0 .002 0 ! 
! 
! 

.002 

250 -.001 .001 .004 ! .004 ! 
! 

Table 3.6: Estimates of vertical Reynolds stress using the quadrature of the 
zonal velocity and temperature in the 36.8 to 14.2 day band. Estimates using 
statistically significant wave fluxes at the 95% confidence level are denoted 
with asterisks. The frequency 000 , is the intrinsic frequency, equal to ro- U k, 
where k is the zonal wavenumber determined in Chapter 2 and U is the 
mean zonal velocity at the equator. 

The vertical eddy Reynolds stress uw (Table 3.6), is everywhere positve 

in the region of the core implying an upwards transport of eastward 

momentum. The vertical distribution of uw, with the maximum found at 

the depth of the core of the Undercurrent, suggests a possible relationship 

with the profile of zonal velocity, figure 3.1. Above the velocity maximum, 

where the shear is negative and constant, the vertical divergence of uw is also 

negative and nearly constant at -2.0 x 10-5 ern s-2 at 20 rn and -2.4 x 10-5 em s-2 at 

50 rn, indicating a net convergence of eastward momentum. Below the core, 

98 



A 

0 
)( • 

50 ~ )( • 
)( -,§. 100't- • )( 

..c: ..... 
0.. 
~ 

150 ~ • )( 

200 't- )( 

250 . . 
-5 -4 -3 -2 -1 0 2 3 4 5 

to-s em s-2 

B 

0 
1:1 + • 

50 r 1:1 + • 
r::J + • 

E' 100r r::J • -.....:.. 

-s 
0.. 

f5 150 ~ t:lH-

200 r 4 II 

r 

250 I I I I I I I I 

-5 -4 -3 -2 -1 0 1 2 3 4 5 

1Cf5 em s-2 

Figure 3.2: A: Vertical profiles of eddy stress divergence terms: -(uw)z (solid 
boxes) and -(uv)y (x's). B: Profiles with depth of the sum of the eddy 
Reynolds stress divergence (boxes) compared to the eastward pressure 
gradient force (diamonds) derived from dynamic height differences from 
110°W to 150°W, and their sum (+). 

99 



where the shear is positive, the stress divergence is also positive, at 1.5 x 10-s 

em s-2 at 100m indicating a net divergence of eastward momentum. Thus, 

over the depth range of the core at 75 m, no net divergence of vertical 

Reynolds stress is obtained by differencing the values at 50 and 100 m. This 

relationship to the zonal velocity profile suggests a means by which the effect 

of the vertical eddy Reynolds stress divergence may be parameterized through 

an entrainment velocity-like parameterization rather than the usual eddy 

viscosity coefficient. This will be discussed in more detail later. Nonetheless 

a structure that appears as an equivalent eastward stress divergence above the 

velocity core and an equally strong westward stress divergence below the core, 

acting alone over a length of time, would drive the velocity core to shoal 

without an acceleration of the eastward current in an integrated sense, 

because the net divergence from 50 to 100 m is negligible. An overall, depth

integral of stress divergence, equal to an eastward equivalent stress of 0.08 
dynes cm-2 is obtained for the vertical Reynolds stress divergence, (Table 3.7). 

This serves only to partially compensate for the large westward equivalent 

stress due to the meridional divergence of uv, reducing the net effect over the 

upper 100 m to -.22 dynes cm-2. 
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TABLE 3.7 REYNOLDS STRESS DIVERGENCE: 

depth (m) - (uv)y - (uw)2 Sum (dynes cm·2) 

20 -.14 .07 -.07 

50 -.11 .07 -.04 

75 -.05 0 -.05 

100 -.01 -.05 -.06 

Table 3.7: Estimates of eddy Reynolds stress divergence from the cospectrum 
in the 36.8 to 14.2 day eddy band containing the tropical instability waves as 
measured in the EPOCS array at 110°W. Values listed in the table are 
multiplied the depth difference over which an integral would be taken. 

Discussion 

Turbulence measurements on the equator have shown that turbulent 

dissipation and hence downward turbulent stress divergence is too small at 

the levels of the core to balance the eastward pressure gradient force (Dillon et 

al., 1989). Thus, it may be possible to balance the residual pressure gradient 

with the eddy stress divergences, -(uv)y - (uw)2 • In a bulk sense a zonal 

momentum budget can be attempted for the core region using for the 

pressure gradient, the estimated dynamic height difference between 110°W 

and 150°W from Bryden and Brady (1985). This assumes that the pressure 

gradient at 130°W is applicable to a comparison at 110°W. Figure 3.3 shows 

the profiles of pressure gradient force, -Px with the profile of the sum of the 

Reynolds stress divergence terms. The pressure gradient force is eastward 

over the range examined here and decreases from the surface to negligible 

values by 150 m. The sum of the Reynolds stress divergence terms at about 

-2.0 x 10-s em s-2 is nearly constant in the upper part of the array down to 

100m, and rapidly decreases to small values below. Remarkably, near the 

core, in the region from 75 m and below, the Reynolds stress divergence 

terms appear to balance the pressure gradient force. Above the core, the 

pressure gradient is much larger and is only partially balanced by the 

Reynolds stress divergence. Referring back to figure 3.2, it is observed that the 
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term mainly responsible for balancing the pressure gradient in the region 

below the core is -(uw)z. Whereas at the core and above, -(uv)y is primarily 

responsible for balancing the pressure gradient force which is eastward. The 

resulting profile of the sum of the pressure gradient force and the Reynolds 

stress divergence terms decreases linearly from 20m to 75 m and is negligible 

below. This profile must be balanced by the turbulent stress divergence which 

as mentioned before drops to negligible values at the core. Integrated to 

125 m as before, the pressure gradient force integrates to .38 cm2 s-2, and the 

Reynolds stress terms integrate to -.23 cm2 s-2, yielding a residual of 

0.15 cm2 s-2. The breakdown into regions above and below the core is shown 

below in table 3.8. 

TABLE 3.8 INTEGRATED ZONAL MOMENTUM BALANCE 

-Pxdz - (uw)zdz - (uv)y dz :::::: - d't 

Oto 75m .28 .17 -.27 .18 

75mto125m .10 -.09 -.03 -.02 

0 to 125m .38 .08 -.30 .16 

Table 3.8: A breakdown of the terms in the integrated zonal momentum 
balance for three regions of the Undercurrent core, 0 to 75 m, above the core, 
75 to 125 m, below the core and over the entire depth range, 0 to 125 m. 

Table 3.8 illustrates the bulk effect of the stress divergence terms in 

relationship to the core of the Undercurrent. It appears that above the core in 

the region 0 to 75 m, the vertical Reynolds stress divergence nearly cancels the 

decelerative effect of the meridional Reynolds stress divergence leaving a 

large eastward pressure gradient force that must be balanced by the wind

generated turbulent stress divergence. Below the core, the vertical Reynolds 

stress divergence is decelerative and provides a means by which to balance 
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the eastward pressure gradient force at those depths since there the 

meridional Reynolds stress divergence and turbulent stress divergence are 

small. 

104 



INERTIAL ACCELERATION 

An Estimate for WUz 

For the mean vertical advection of eastward momentum, WUz, an 

estimate of the mean vertical velocity is necessary. It has been shown by 

Brady and Bryden (1987) that at the depth of the velocity core at the lateral axis 

of the Undercurrent, shown in the previous section to be near 75 m, vertical 

velocity can be reasonably approximated using the following balance in the 

mean temperature equation: 

This balance asserts that fluid flows upward and eastward nearly along 

isotherms at the core of the Undercurrent (Bryden and Brady,1985). An 

upward "cross-isotherm flux" is necessary to balance the downward diffusion 

of heat from positive net air-sea heat exchange at the surface but is assumed 

to be small at the depth of the velocity core. Above the core, at the depth of 

the mixed layer the cross-isotherm flux is comparable to the vertical mass flux 

W. The Undercurrent system as observed here, is not symmetric at the 

equator. Not only is the cross-equatorial mass flux V not exactly zero, but the 

lateral velocity maximum appears to be located south of the equator, as is the 

axis of the Cold Tongue, suggested by the southward meridional temperature 

gradient evident at 20 m. Thus, the terms in the temperature equation that 

are otherwise neglected, 

may be large enough to disrupt the balance asserted above at the level of the 

core. Also these terms may be considerably important above the core, as may 

be the mean diabatic heat divergence which is not estimated here. Hence, 

from 20 to 100 m, W is estimated here as a residual ·of the following terms 

derived from the mean temperature balance: 
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W = - U (Tx/Tz) - V(Ty/Tz) - (vT)y/Tz. 

Estimates of each term as a function of depth are given in Table 3.9. 

The estimate of WVz depends on the estimates of the mean vertical 

velocity W, are shown in Table 3.9. The two largest terms in the equation for 
Ware -(vT)y/Tz and -U Tx/Tz, and are both postive, such that W is not a small 

residual of two large terms. At 50 m all three terms are nearly the same 

magnitude. The resulting profile of W, even without adjusting the estimate 

at 20 m by adding an upward velocity to balance the mean diabatic heating 
term ~/T Z' compares well to the mean profile obtained by Bryden and Brady 

(1985), listed in column 6 of Table 3.9 for comparison. 

TABLE 3.9 MEAN VERTICAL VELOCITY: (xl<J3 em s·1) 

depth 
T ~ - (vT)y ! w .... 

- U(E) Tx - Vave T 

I 
w W* c 

(m) z z Tz 

20 -0.4 0.031 1.3 ! 
I 1.0 1.0 ---

50 0.9 0.6 0.8 ! 2.3 2.5 1.0 I 
I 

75 1.2 (2.0) -0.6 1.2 I 1.8 (2.6) 2.6 0.7 I 
I 

100 1.6 -0.5 0.8 ! 1.9 2.0 0.1 
I 

Table 3.9: Mean vertical velocity as indirectly estimated by the sum of the 
terms listed in the table. The mean vertical velocity, denoted with an asterisk 
and mean cross-isotherm vertical velocity, denoted with a double asterisk, 
from the three-dimensional diagnostic model of Bryden and Brady (1985), are 
listed for comparsion. 

The cross-isotherm component is defined as the portion of W that is 
not due to the term -U T x i T z· At 75 m and 100m, this cross-isotherm 
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velocity is only about 20 percent of W. Thus, the approximate streamline 

slope, W /U, is only about 20 percent larger than the zonal isotherm slope 

(note that the presence of V skews the actual stream line with respect to the 

equator). 

Overall, this array yields a reasonable estimate for the vertical velocity 

field. At least, the estimates for W obtained for this data set agree with an 

established long-term average profile for the same location (Bryden and 

Brady, 1985). 

The inertial acceleration term -WUz is estimated by multiplying the 

estimate of W from table 3.9 by the vertical shear in the zonal velocity at the 

equator, estimated by centered finite differences and linearly interpolated the 

appropriate depth as listed in table 3.10. The resulting profile shows a 

tendency for eastward acceleration above the core and deceleration belo~ 

which is due to the change in sign of the vertical shear at the core of the 

Undercurrent. 

TABLE 3.10 ESTIMATION OF WUz 

depth (m) w Uz WUz -WUz dz 

oo-3 em s-1) (s-1) oo-5 em s-2) (an2 s-2) 

20 1.0 -.023 -2.3 .08 

50 2.3 -.023 -5.3 .14 

75 2.6 0 0 0 

100 I 1.9 .008 1.5 -.06 

Table 3.10: Estimates of the inertial acceleration term WUz. The values for W 
are taken from Table 3.9. Values of U z are derived from finite differences of 
the zonal velocities in Table 3.1. 
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An Estimate for U Ux 

The remaining mean advection term to be indirectly estimated, -UUx, 

can be inferred by requiring three-dimensional mass conservation, such that 

given that Wz is reliably determined. 

TABLE 3.11 MASS DIVERGENCE: 

depth w Wz Vy - Ux - U(E)Ux 

(m) (xlo-3 em s·1) (xlo-7 s·1) no-s em s•2) 

20 1.0 -4.7 13.8 9.1 -1.9 

50 2.3 -2.9 4.7 1.8 0.9 

75 2.6 0.8 1.3 2.1 1.4 (2.3) 

100 1.9 2.4 -2.9 -1.0 -0.8 

Table 3.11: Estimate of the inertial acceleration term U Ux. Estimates of the 
vertical velocity W, mean vertical, meridional and zonal divergences, Wz, Vy, 
and Ux, for the EPOCS array. For the estimate of UUx, the mean zonal 
velocity on the equator is used where available at 20, 50 and 100m. At 75 m, 
two estimates result from using either the vertical average, 89 em s-1, or the 
vertically extrapolated value, 108 em s-1, at 75 m. The estimate derived from 
the extrapolated velocity is shown in parentheses. 

Under the assumption that. a reasonable estimate 1s made for the 

profile of W, the UUx term is estimated in a straightforward way (Table 3.11). 

To obtain W z, first the values for W are first linearly interpolated to the 

intermediate levels, 35, 62.5, 87.5, and 125 m. Then, with a surface value of 

108 



zero, vertical differences are taken. To obtain Vy, differences between the 

Northern and Southern values are used. Thus Ux is estimated as the 

negative of the sum of these two terms by the divergence equation. For UUx, 

the equatorial zonal velocity U, measured in the array is multiplied by the 

estimate of Ux. At 75 m, two estimates for this term are presented using two 

different values of U at the equator since no value is measured there. The 

first estimate uses the vertical average between the 50 m and 100 m values at 

the equator, and the second estimate, in parentheses, uses the extrapolated 

value, 108 em s-1 as explained earlier in the chapter. It is hoped that these two 

estimates bound the estimate if the actual zonal velocity had been measured 

at 75 m depth, since these two estimates for U probably under- and over

estimate the zonal velocity at 75 m. The resulting profile shows eastward 

acceleration at the level of the core and deceleration both above and below. 

Comparison of the estimate made with this data set, of the term UUx 

with the estimate of Bryden and Brady (1985) at the same depths shows that 

these terms may be grossly overestimated due to the large error associated 

with the estimate of the vertical velocity and the measurement and sampling 

errors associated with the meridional velocity field. These errors will be 

discussed later. 

TABLE 3.12 COMPARSION OF INERTIAL ACCELERATION ESTIMATES 

depth (m) - U(E)Ux -UUx -WUz -WUz 

no-s em s-2) (Bryden, Brady, oo-S em s-2) (Bryden, Brady, 
1985) 1985) 

20 -1.9 -0.4 2.3 2.0 

50 0.9 -0.4 5.3 2.2 

75 1.4(2.3) 0.4 0 0.3 

100 -0.8 1.2 -1.5 -0.9 

Table 3.12: A comparison between the inertial acceleration terms estimated 
from the time-averaged velocity field measured from the array, and the 
estimates from the three-dimensional diagnostic geostrophic model of 
Bryden and Brady (1985). 
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An Estimate for VUy 

The term, -VUy, is the only directly estimated inertial acceleration 

term. This term is estimated by multiplying the mean northward velociy V 

by the meridional derivative of U as estimated by the difference of the 

measurements of U between the north and south mooring sites. The 

estimate for V is determined in two ways: first from the equatorial mean 

meridional velocity and from the average V from over the array, obtained by 

weighting V at the north and south moorings half the weight of V measured 

at the equatorial mooring. As shown in Table 3.13 both these estimates give 

similar results. The acceleration term -VUy is everywhere negative over the 

upper 100 m, due to both a southward meridional velocity field and negative 

meridional shear of U. This term is integrated over the upper 125 m, using 

the estimates at the 20, 50, 75, and lOOm location as representative of the 

regions between 0-35, 35-62.5, 62.5-87.5 and 87.5-125 m respectively, where 

125m is the average depth between the 100m instrument and the next 

instrument at 150m. This integral amounts to an equivalent westward stress 

acting on this region of -0.26 dynes cm-2, using V(E), or -0.23 using Vave· This 

effective stress is rather large considering that this term would be zero if the 

array were mesuring a mean symmetric Undercurrent. Note that if not for 

the presence of the depth averaged southward flow of -5.7 em s-1 discussed in 

an earlier section, this term would be much smaller. 
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TABLE 3.13 ESTIMATION OF VUy 

depth dz Uy V(E) Yave VUy VUydz 

(rn) (rn) (10-6s -1) (em s-1) (ern s-1) (lo-Scrn s-2) dynescrn-2 

20 35 -2.2 -1.3 -0.6 0.3 (0.2) .01 (.006) 

50 27.5 -3.4 -9.1 -7.4 3.1 (2.5) .08 (.07) 

75 25 -3.9 -8.0 3.1 .08 

100 37.5 -2.6 -9.6 -7.7 2.5 (2.0) .09 (.07) 

Table 3.13 Estimates of the term VUy. For comparison, both the estimates for 
V using the equatorial velocity, V(E), and the average across the array at a 
given depth, Yave, are presented. For the estimates of VUy and VUydz, the 
values within parentheses are estimated with Yave while the values without 
parentheses use V(E). 

The Combined Interpretation 

As observed in Table 3.14, the combined effect of the inertial 

acceleration is to accelerate the Undercurrent above the core and decelerate 

below the core. The term, -VUy, is a decelerative effect over the entire region 

of the core due to the large net southward flow observed. Integrated to 125m, 

a westward equivalent stress of -.23 dynes cm-2 is obtained. The term -WU21 

accelerates above the core and decelerates below the core such that the net 

effect over the region from 0 to 125 m, is a net eastward equivalent stress on 

the core of about 0.16 dynes cm-2. The term -UUx, is negative both above and 

below the core, at 20 and 100 m but is positive in the core region at 50 and 

75 m. Overall this terms contributes little to the net effect, since an integral 

from 0 to 125m yields only -.02 dynes cm-2. Thus it is suggested by these 

estimates that the two terms -VUy and -WUv nearly cancel to yield a very 

small combined effect. This implies that the net effect of the inertial 

acceleration terms on the Undercurrent is to redistribute momentum within 
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the core region without any net acceleration of the entire flow. The 

distribution of the combined terms with depth indicates that the effect is to 

accelerate above the core and decelerate below thereby causing the core to 

shoal with only a small net deceleration overall. These advective effects by 

the mean flow, which lead to a shoaling of the Undercurrent core, should not 

be surprising since the Underucrrent does rise to the east as it crosses the 

Pacific. 

TABLE 3.14 INERTIAL ACCELERATION 

Depth (rn) - V Uydz - W Uzdz - U Ux dz 
! 

TOTAL I 
(dynes crn-2) 

! 
! 
! 

20 -.006 .08 -.07 ! 
! 

.004 
! 

so -.07 .14 .02 ! .09 ! 

75 -.08 .00 .04 (.06) 
! 

! -.04 (-.02) 
! 

100 -.07 -.06 -.03 ! -.16 l 

Table 3.14: Estimates of the inertial acceleration terms, multiplied by the 
appropriate depth over which trapezoidal integration is performed. The 
units, dynes cm-2, are units of effective stress. 
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DISCUSSION 

The vertical profile of uw (figure 3.2), estimated indirectly using the 

wave temperature equation, corresponds in shape to the profile of U(z), 

(figure 3.1), with a maximum at the depth of the Undercurrent core and 

linear shear both above and below the velocity core. The horizontal Reynolds 

stress divergence term decreases in magnitude downward remaining 

consistently negative down to 100 m. In fact, all of the estimates which 

significantly contribute to the net overall decelleration determined here, 

seem reasonably determined with respect to the vertical distribution 

displayed. Thus, it is of interest to examine the balance of the combined 

terms as a function of depth, in order to focus specifically on the effects on the 

Undercurrent core itself. 

The combined effects are presented in Table 3.15 adjacent to the 

corresponding depth range for each term. The mean inertial acceleration 

terms are displayed separately from the eddy Reynolds stress divergence 

effects. Integrated in depth, the total effect of the inertial acceleration is small 

at -0.09 dynes cm-2. The depth-integrated effect of the Reynolds stress 

divergence is large at -0.21 dynes cm-2 acting as an overall equivalent 

westward stress. As mentioned before, together an overall westward stress of 

-0.3 dynes cm-2 is obtained. 

In examining the two effects as a function of depth, a noteworthy 

picture for the Undercurrent core is revealed. The profile of the sum of the 

inertial acceleration terms exhibits an eastward stress of about 0.1 dynes cm-2 

at a level of 50 m, due mainly to the effect of mean vertical advection, with a 

nearly compensating westward stress observed below this level. Since the 

depth-integrated effect of the inertial acceleration is small, this term serves 

merely to redistribute zonal momentum in the vertical, without acting to 

decelerate the depth averaged zonal mom en tum. 
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TABLE 3.15 OVERALL MOMENTUM BALANCE 

Depth IA RSD IA + RSD 

(m) (dynes cm·2) 

20 .004 -.07 -.07 

50 .09 -.04 .05 

75 -.04 (-.02) -.05 -.09 (-.07) 

100 -.16 -.05 -.21 

Table 3.15 Final estimates of the inertial acceleration and the Reynolds stress 
divergence terms are presented to examine the overall contribution to the 
zonal momentum balance. 

The profile of the total Reynolds stress divergence shows generally 

westward stress at all levels with a slight minimum found at 50 m. Such a 

stress profile, accelerates the flow at the surface, where the zonal velocity is 

westward, while decelerating the flow in the region around the core. 

Together with the inertial acceleration, the combined stress profile exhibits a 

large westward stress both above and below the 35 to 62.5 m depth interval, 

where an eastward stress is shown. If allowed to act continuously over time 

or in the downstream direction, such a vertical stress profile would cause the 

velocity maximum to ascend or shoal. Furthermore, the profile would 

sharpen, becoming more westward at the surface, more eastward above the 

depth of the core observed here, and less eastward at and below this depth. 
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3.4 THE ELIASSEN-PALM FLUX DIVERGENCE 

Traditionally in meterological studies of the interaction of zonal mean 

flows with wave disturbances, it has been useful to formulate the temporal 

evolution of the mean flow due to the presence of the waves in terms of the 

divergence of the Eliassen - Palm (EP) flux (Eliassen and Palm, 1961). Within 

such a context it can be shown that under certain ideal conditions, such as 

lack of wave transience, dissipation, and critical layers (Holton, 1974; Boyd, 

1976; Dunkerton, 1980), the EP flux is zero. Hence, the waves have no effect 

on the evolution of the mean temperature and zonal velocity fields. This is 

known as the non-interaction theorem. Instead, the wave fluxes drive a 

mean circulation which cancels terms in the momentum and heat equations 

that would give rise to local acceleration of the slowly varying state U, and T. 

Although there are no critical layers for the waves in the 21 day band 

discussed here, since the phase speed is much more westward than zonal 

velocity observed, the 21-day waves are not small amplitude since they have a 

velocity amplitude of about 30 em s-1 compared with the mean Undercurrent 

velocity maximum of about 100 em s-1, and dissipation is most certainly 

present in the real ocean. It is useful however, to examine the EP flux 

divergence as a diagnostic of wave-mean flow interaction because it 

represents the total eddy forcing of the mean zonal flow and thus can be used 

as an important observational tool (Edmon, et al., 1980) in studying the eddy

driven motions. Even if there is no cancellation of the mean and eddy

driven flows, and the EP flux is non-divergent, the calculation of the EP flux 

divergence can give insight into the role of the waves in the dynamics of the 

mean flow. The theory presented below follows more rigorous formulations 

elswhere (Holton, 1974; Andrews and Mcintyre, 1976; Boyd, 1976; and 

Pedlosky, 1987a). 
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Theory 

The slow evolution in time 't of a spatially varying flow zonal U and 

temperature field T can be written at order e2, where e is a small parameter 

equal to the ratio of the wave scale I u I to the mean zonal flow scale I U I, as 

derived in the Appendix: 

U't + UUx- V ( f- Uy) + W Uz + Px = - < (uv)y + (uw)z > + Mx 

T 't + UT x + VT y + WT z = - < ( vT)y + ( wT)z > + Q 

where the subscripts 't and X denote differentiation of the slowly varying 

fields in time and in the zonal direction, and Mx and Q are mechanical and 

thermodynamic forcing. 

Define an wave-induced circulation (Ve, We) such that, 

for continuity, with We given by 

which implies, 

Hence the wave flux term vT /T z defines a streamfunction for the eddy

driven mean circulation. With substitution, the mean temperature equation 

(derived in Appendix) becomes, 
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Assuming the following balance in the wave temperature equation (derived 

in Appendix): 

-i(w- Uk)T + v T y + w T z = q, 

where q is the diabatic heating, an expression for wT can be written in terms 
of V e by operating on the complex conjugate of the wave temperature 

I 

equation by T and then taking the real part to yield: 

Substituting into the mean temperature equation yields the following 

expression for the temporal evolution of the slowly-varying temperature 

field: 

Similarly, substitution in the mean momentum equation (derived in 

Appendix), yields: 

where E is the Eliassen-Palm flux vector (EY, Ez), with 
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In the above evolution equations, the advection of the mean flow is 

accomplished by a residual meridional-vertical circulation given by V-Ve and 

W-We. 

This formulation specifically relies upon the assumption that terms 

like VT y and WTz which are the meridional and vertical advection of 
temperature anomalies by the large-scale slow field, and (uT)x, are small 

compared with the terms u ·VT and V · uT in the wave temperature equation. 

These terms are formally of higher order in the disturbance amplitude for 

small amplitude waves as described in the Appendix. However, as noted 

above, these waves are not strictly small compared with the mean flow scale. 

Fortunately, the observations supply justification for neglecting these terms. 

For the observations under consideration, the term VT y is estimated to be in 

the range of 0.04 to 0.25 x 10-6 °C s-1 using a mean meridional velocity of 1 to 5 

em s-1 and a meridional difference of the wave amplitude ofT of about 0.5°C 

over the 110 km meridional separation of the array. Compared with an 

estimate of (vT)y of about 1.1 x l0-6 oc s-1 at a depth of 20 m, this term is 

negligible. Likewise, the term vT Y' with an estimate for the magnitude of v 

of about 30 em s-1 and an estimate ofT y of about 4.6 x l0-8 at 20m, is much 

larger at 1.4 x 10-6 oc s-1. Thus, the slow advection of the temperature 

anomaly appears to be much smaller than the advection of the slowly

varying large-scale temperature gradient by the wave velocity field and the 

assumptions are justified. 
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Results 

The cospectrum of v and T for the 21-day band, presented in Table 3.16, 

provides an estimate of the meridional heat flux convergence. The 

cospectrum of vT shows a southward flux of heat due to the 21-day waves, 

which is coherent and larger at the northern site leading to a net convergent 

transport of heat. This net heat convergence obtained from differences over 

the northern and southern values except at 50 m where the northern and 

equatorial values are used, when integrated to 87.5 m, using trapezoidal 

integration over the 20, 50, and 75 depth levels, yields a net heating of about 

360 W m-2. Since, no rise in heat content is observed over the time span of 

the array, this enormous amount of heating must be balanced by another 

component of the system. 

The streamfunction for the eddy-induced mean flow, given by vT /T z 

with vT calculated from the cospectrum of the 21-day band (table 3.16), is 

shown and contoured in figure 3.4. The vertical gradient of the mean 

temperature T varied by an order of magnitude throughout the water column 

ranging from 0.9 x 10-3 oc cm-1 in the upper portion of the array to 0.1 x 

10-3 oc cm-1, at 150m depth, and this gradient contributes substantially to the 

estimates of Ve. Values of vT significant at the 95% confidence level are 

indicated by asterisk in table 3.16. No estimates significant at the 95% level 

are observed at the southern location. At the equatorial and northern 

mooring sites however, significant fluxes to 100m and 200m respectively are 

found. For this reason, in the calculation of We, which requires meridional 

differences of vT, the results are shown for various differencing schemes in 

table 3.17. Values in parentheses denote that the estimate was obtained using 

a vertically interpolated value at the northern or southern site. 
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TABLE 3.16 COSPECTRUM OF V AND T, C(vT) 

N E s 

depth(m) C(vT) Coh C(vT) coh C(vT) coh 

20 -15.9 .75 -12.0 .60 -3.9 .31 

50 -12.4 .74 -7.4 .75 

75 -11.2 .76 0.3 .40 

100 -3.5 .73 -.44 .23 

150 -1.4 .66 .02 .17 

200 -0.9 .64 0.3 .22 

250 -0.9 .48 0.20 .14 .08 .30 

Table 3.16: Cospectrum and coherence of v and T for the 36.8 to 14.2 day band. 
Estimates of the cospectrum that are significantly different from zero at the 
95% confidence level are underlined. 

For the wave-driven meridional and vertical momentum fluxes of 

zonal momentum to cancel the meridional and vertical fluxes of zonal 

momentum such that there is a tendency for non-interaction, the wave

driven velocity field (Ve, W e) must be nearly equal to the mean meridional 

and vertical velocity field (V, W) and the EP flux divergence must also cancel. 
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TABLE 3.17 EDDY-INDUCED CIRCULATION, We AND Ve 

We Ve 

10-3cms-1 cms-1 

N E s N E s 
20 0.8 1.2 1.6 35.5 -1.3 -1.9 -0.7 

50 1.0 (1.1) 62.5 -0.5 -0.5 -0.7 

75 1.1 87.5 -0.8 -0.5 -0.4 

100 (0.9) 1.2 125 -0.7 -1.0 -0.2 

150 1.1 (0.8) 175 -0.8 -0.3 -0.2 

200 0.5 225 0 -0.3 -0.4 

250 0.9 0.4 -0.2 

Table 3.17: Estimates of the eddy-induced circulation (Ve, We) as calculated 
from the s treamfunction ( vT) IT z . Values in parentheses indicate that the 
estimate was obtained using an interpolated value at the northern or 
southern mooring. 

Table 3.17 presents estimates of the eddy-driven circulation We and Ve. 
The contours of vT /T z, that is the streamlines of the eddy-induced 

circulation, appear to slope upward from the northern location to the 

southern location as shown in figure 3.3. This pattern suggests a wave-driven 

flow that is both southward and upward which is similar in pattern to the 

observed mean meridional - vertical velocity field. However, as Table 3.17 

indicates, the actual magnitude of Ve is smaller than the observed mean field 

shown in Table 3.2. Thus, in this case, the advection by the eddy-induced 

meridional velocity field is very small and negligible compared to other 

terms in the momentum balance. In addition, the eddy-induced vertical 

velocity is about half as large as the mean vertical velocity field inferred as 

described earlier, and thus would only cancel half of the mean vertical 
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Figure 3.4: Profiles of (A) individual terms in the EP flux divergence, EYy 
(open boxes) and E2

2 (solid boxes), as listed in Table 3_17; and (B) the total EP 
flux divergence (boxes) and the zonal pressure gradient force (diamonds). 
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inertial acceleration term. The effect of VeUy compared with that of VUy is 

very small, considering that Ve is almost an order of magnitude smaller than 

v. 

TABLE 3.18 ELIASSEN- PALM FLUX DIVERGENCE 

UzvT/Tz UyvT/Tz EYy Ezz div E 

cm2s-1 

N E s E I0-5 ern s-1 

20 313 306 95 .029 -1.9 2.0 0.1 

50 207 189 38 .028 -2.7 2.3 -0.4 

75 91 0 1.6 .027 -1.2 -0.2 -1.4 

100 I -18 -46 6.5 .015 -0.5 -1.8 -2.3 

150 I -28 -6 11.6 .002 0.2 -0.6 -.4 

200 -12 2.5 15 -.003 0.0 0 0 

250 J -12 10 5 .001 0.4 0 .4 

Table 3.18: Estimates of the Eliassen-Palm fluxes EY and Ez, and the flux 
divergence. Linear interpolation is used to obtain values at depths where no 
estimate of vT is obtained. 

Since, the eddy-induced mean flow field is in the same direction as the 

mean meridional-vertical velocity vector, its sense of direction is such that it 

has a tendency to cancel out the acceleration of the mean zonal velocity by the 

mean inertial acceleration terms VUy + WUz, though because the eddy

induced velocities are small, the cancellation is not complete. However, with 

the mean zonal momentum equation as written here, this tendency for 

cancellation is balanced by part of the E-P flux divergence shown in Table 3.18. 
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Figure 3.3: Contoured section across the array of the eddy-driven stream
function, (vT) /T z due to the fluctuations in the 14.2 to 36.8 day band. 
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This new formulation offers an interpretation of the complete role of 

the eddies in the zonal momentum balance because now all .the eddy forcing 

of the mean zonal flow appears explicitly in the form of the EP flux 

divergence. The part of the mean flow acceleration by the mean flow (W, V), 

that is eddy-induced, WeUz + VeUy, is combined with the Reynolds stress 

divergence terms to form a divergence of a new flux called the EP flux. The 

eddy-induced terms appear only because of the baroclinicity of the flow. Table 

3.18 presents the final estimates of the role of the 21 day motions in the zonal 

momentum balance of the Undercurrent through an estimate of the EP flux 

divergence terms. 

Figure 3.4 (A) presents the profiles of the individual terms in the EP 

flux divergence and their sum with the zonal pressure gradient force, figure 

3.4 (B). The meridional divergence of the EP flux is negative in the upper part 

of the array, decreasing to zero below about 100 m. The vertical divergence of 

the EP flux, is positive down to 62.5 m, increasing to negative values which 

reach a maximum at 100m then drop to negligible values below 150m. In 

the upper part of the array above the core, the EP flux divergence is nearly 

zero. At the levels of the core and below the EP flux divergence is negative 

impling a decelerative effect. Together, these profiles are shown in figure 3.4 

(A). The interpretation is clear: The eddies work directly through the 
Reynolds stress divergence and indirectly through eddy-driven mean inertial 

accelerations to balance the pressure gradient force at the depth of the core 

where the turbulent stress divergence is small. Above the core where the 
turbulent stress divergence can act to balance the pressure gradient, there is 

very little net effect of the eddies. 

As discussed earlier these waves do not satisfy the requirements for the 

noninteraction or nonacceleration theorem. But it is observed in the upper 

part of the array that the EP flux divergence is negligible. This is consistent 

with the observation that the wave amplitudes do not grow appreciably 

during this time series. Cox (1980) attributes the lack of highly non-linear 

features, such as closed streamlines, after the growth of the instability waves 

to finite amplitude in his numerical model, as being due to the ability of .the 

equatorial waves to transport energy away from the unstable near surface 

regions into the deeper layers. This mechanism may be at work here since 

these in Chapter 2 it is suggested that the waves propagate energy downwards. 
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If the waves do satisfy WKB scaling, then it can be shown (Edmon et al., 1980), 

that the EP flux E is proportional to the group velocity of the wave packet Cg 

by the wave activity A, 

E= CgA. 

The wave activity A is conserved when there is no dissipation and is positive 

definite when there is no change of sign of the large-scale mean potential 

vorticity. Thus, the sign of E gives a direction for the propagation of wave 

energy. 

As estimated here, in Table 3.19, the vertical component of the EP flux 

is negative on the equator and largest at the core of the Undercurrent, 

implying downward group velocity. The meridional component is negative 

implying southward group velocity. Thus the energy from the mean flow 

instability which is fed into the waves for local growth, discussed in the next 

Chapter, is moved out of the region presumably at the rate necessary to keep 

the amplitude steady over time. 

TABLE 3.19: ELIASSEN -PALM FLUX VECTOR 

d epth (m) EY Ez 
-~-..--··· 

20 -380 -.01 

50 -180 -.07 

75 -30 -.14 

100 50 l -.06 

Table 3.19: The components of the EP flux vector (EY, Ez) which determine the 
direction of group velocity. The fluxes are estimated at the equator by 

vT vT 
{- ( uv - Uz T ), - (uw + Uy T )}, where the terms proportional to vT are 

z z 
found in Table 3.18. 
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3.5 PARAMETERIZING THE VERTICAL EDDY MOMEMTUM FLUX 

It is essential to understand the dynamical behavior of smaller scale 

motions in terms of their feedback on the large scale flows as well as to be able 

to predictively model their behavior. One typical approach in the "closure 

problem" has been to model numerically or analytically this wave-mean flow 

interaction wholely in terms of the larger resolved flow scale. Many different 

parameterization schemes have been suggested and implemented for this 

purpose. While it is perhaps better to develop and study models that resolve 

the smaller scales, it is useful to define under what conditions 

parameterization of the wave-mean flow interaction is sensible or even 

possible. 

The effects of the eddy Reynolds stresses on the momentum balance of 

the Equatorial Undercurrent observed here suggest a model for wave-mean 

flow interaction that can be utilized to reveal possible parameterizations. 

Bryden and Brady (1988) discuss the parameterization of the effects of the 

horizontal Reynolds stress divergence. It was found that the spatial 

distribution of the covariance of the northward and eastward eddy velocity 
u'v', for time-series ranging in duration of 208 to 701 days, from mooring 

groups located at 152°W and ll0°W (inclusive of the deployments discussed 

here), showed a meridional divergence above the location of the core of the 

Equatorial Undercurrent, and a convergence below the core as reported here 

for the 21 d spectral band. Dividing the divergence estimated at each depth by 

the observed meridional curvature of zonal velocity yielded positive 

horizontal eddy viscosities above the core with negative values below, all 

with magnitudes in the range of 0.5 to 5x107 cm2s-1. 

The profile of uw estimated here allows the vertical eddy Reynolds 

stress to be compared directly to the Undercurrent velocity profile in order to 

investigate whether there is a relationship and hence whether a simple 

parameterization scheme can be developed. 

The standard method of parameterizing the effect of the eddy Reynolds 

stress divergence on a mean flow is through the use of an eddy viscosity 

coefficient A, such that the divergence of the Reynolds stress is modelled as a 

divergence of a shear stress: 
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Usually, the first premise in the argument for such a scheme is that the 

Reynolds stress is modelled as a shear stress such that 

However here, it appears that the profile of uw goes through a maximum in 
the vertical at the same location where Uz is zero. Whereas the first 

expression is valid in this case, the second is not. This is seen as follows: It 

appears that the profile of uw is appproximately proportional to the profile of 

U. Starting with the first expression, and expanding the right hand side, gives 

assuming that A is a function of depth. The estimated vertical momentum 
flux is maximum at the Undercurrent velocity core, indicating that AUzz 

must be zero at the core, where Uz and (uw)z are separately zero. This implies 

that since Uzz is not zero at the core, A must be zero there. Above and below 

the core depth, the velocity shear is nearly constant with depth. Referring to 
section 3.2, Uz was actually in practice assumed to be constant in order to 

extrapolate for the velocity core. Thus in these regions, Uzz is small. Above 

and below the core then the stress divergence can be modeled as, 

- (uw)z "" Az Uz. 

Using the above expression, estimates for Az are obtained by dividing 

the estimated vertical momentum flux divergence shown in figure 3.3, by the 

observed zonal velocity shear of -.023 between 20 and 75 m and 0.008 between 

75 and 100 m as listed in Table 3.10. The results are shown in Table 3.20. 

Then assuming A is zero according to this model at 75 m, where the velocity 

maximum is located, A is estimated by integrating the Table 3.20 values of Az 

to the mean locations 47.5 and 87.5 m. 
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TABLE 3.20 VERTICAL EDDY VISCOSITY, A (cm2 s-1) 

depth(m) Az (em s-1) depth (m) A (cm2 s-1) 

20,75 -1.0 X 10-3 47.5 -3 

75, 100 -3.5 X 10-3 87.5 4 

Table 3.20: Estimates of the vertical eddy viscosity coefficient A, associated 
with the effects of the vertical Reynolds stress estmated for the 21 day wave 
band. 

Results 

Thus for A, Table 3.20, yields a negative value of -3 cm2 s-1 above the 

core and a positive value of 4 cm2 s-1 below. The size of these values is 

consistent with other esitmates. Wyrtki and Bennett (1969) obtained a value 

of 3 cm2 s-1 with another heuristic method. It is of interest, however, to note 

that the viscosity is negative above the core which has not been observed or 

estimated before. This negative viscosity coefficient implies an eastward 

acceleration by eddy mixing. or through a redisrtibution of momentum. 

Some of the earlier points need to be rediscussed. In the region above 

the core, the vertical Reynolds stress divergence acts as an accelerative force, 

while below the core, it acts as a decelerati ve force. This is reflected in the 

sign of the eddy viscosity coefficient which is negative above the core

opposite to what is expected from turbulence. A typical eddy viscosity 

coefficient for the dissipative turbulent scales is observed to range from 

around 10-15 cm2 s-1 near the surface to less than 1 cm2 s-1 near the core 

(Dillon et al., 1989). It would appear that the vertical stress divergence of the 

21-day waves is opposite to the effect of the dissipative scales in this depth 

range. However, when the effect of the horizontal Reynolds stress divergence 

is considered, the overall divergence of the Reynolds stress produces a 

decelerative effect both above and below the core. The vertical Reynolds 
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stress divergence above the core compensates partially the horizontal 

Reynolds stress divergence. 

In order to assess the usefulness of such a scheme in parameterizing 

the eddy effects in numerical models, it would appear that more investigation 

is needed because the effect is comparable to the wind forcing. The results 

presented here are meant to be applicable in a more heuristic sense since 

these estimates depend entirely on the validity of the assumptions that A = 
zero at the velocity maximum and that the maximum is at 75 m. The extent 

to which other bands of eddy activity, such as the 4-5 day inertial-gravity 

waves observed by Wunsch and Gill (1982), contribute to the momentum 

redistribution in the equatorial ocean might be explored using the technique 

used here for obtaining the vertical Reynolds stress from the quadrature of 

zonal velocity and temperature. 
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CHAPTER 4: 

Energy Conversion 

4.1 INTRODUCfiON AND OBJECTIVE 

The question of why a particular wave mode is observed is 

fundamentally connected to the concept of energy transfer between scales of 

motion. Evolving disturbances that are forced at a boundary for example, are 

supplied at least initially with the energy necessary for continued growth 

from the forcing itself. However, the survival in time of any of the various 

wave modes generated by an unstable flow, may depend not only upon a fast 

initial rate of growth, but also on how effectively the unstable flow can 

continue to transfer energy to the growing disturbance after reaching a finite 

amplitude where non-linear interactions will provide the stage for 

competition among the spectrum of different wave modes and harmonics 

generated. Also, at some stage in the development of the disturbance, 

dissipation will become important such that wave energy is fed to smaller 

scales of motion. Or the wave may find a critical level along its path of 

propagation, where wave energy is fed back to the mean flow. Or as seems to 

be the case here, the wave may radiate energy away from the region of forcing. 

This set of observations is well suited for exploring the nature of the 

energy transfer process that may exist between the basic state flow, here 

defined as the time-mean current over the length of the record used, and the 

fluctuations about that mean state, that have already been shown in a 

previous section to propagate along the equatorial wave guide much like a 

mixed Rossby-gravity mode. This is because, as is shown in the auto spectra 

of the 312 d long record of the zonal velocity record at the 20 m level on the 

equatorial mooring, figure 4.1 , two frequency bands of variance dominate: the 

low frequency seasonal band and the higher frequency narrow band centered 

around the 21 d period. Thus, the measurements themselves provide the 
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Figure 4.1 Auto spectrum of east velocity for the 20 m, 312 day long record on 
the equatorial mooring. 
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motivation for the use of the multiple time-scale formulation to the wave

mean flow interaction problem as developed in the Appendix. 

In Chapter 3 the mean state for the 184 d long record was shown to 

consist of a geostrophically balanced jet-like zonal flow and a meridional 

circulation which, in the upper level, exhibits a strong divergence. It will be 

seen that the presence of the divergence of the meridional surface flow at the 

equator is important in the energy transfer process in locally limiting the 

growth of the eddy kinetic energy. Thus, in deriving the evolution equations 

for eddy kinetic and potential energy (EKE and EPE) and mean kinetic energy, 

(MKE) the field variables are partitioned into a mean field, U(X,y,z,'t), 

V(X,y,z,'t), and T(X,y,z,'t), which varies slowly on a time scale 't and zonal scale 

X, and an eddy field, u(x,y,z,t), v(x,y,z,t), and T(x,y,z,t), which fluctuates on a 

fast time scale w-1 ~nd zonal scale k-1. Other discussions of the equations are 

found in Bryden (1982) and Hall (1986). The evolution equations for these 

fields are derived in the Appendix. 

Eddy Kinetic Energy 

The equation for the rate of change of eddy kinetic energy, obtained by 

multiplying the wave momentum equations for u and v (derived in the 

Appendix) by u and v respectively and adding together, is written: 

d 
where dt 

+ gawT- dissipation. 

a d 
= at + U ctx· The eddy kinetic energy grows as a result of a 

conversion from the mean kinetic energy through the shear production 

terms, 

- uvU - v2V - uwU y y z 

through a divergence of eddy pressure work, 

- (up)x - (vp)y - (wp) z 

and through conversion from eddy potential energy, 
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gawT. 

Only the shear production terms are estimated here with estimates of 

the fluxes of momentum from the 21 day band. The first of the shear 

production terms represents a conversion of MKE to EKE through barotropic 

instability. The last of the shear production terms, representing a conversion 

through a vertical shear instability process, sometimes called Kelvin

Helmholtz instability, can only be indirectly estimated, with uw inferred in 

Chapter 3 using an assumed eddy heat balance. The second shear production 

term, proportional to the mean meridional divergence, is higher order than 

the other shear production terms, according to the scaling presented in the 

Appendix, however, due to the large meridional divergence observed, it is 

kept here. It is impossible to estimate the divergence of the eddy pressure 

work, due to lack of information about eddy pressure. In general, the 

pressure work is extraordinarily difficult to estimate because it represents the 

divergence of pressure fluxes due to the ageostrophic component of flow 

However, integrated over a closed region, the eddy pressure work vanishes. 

The equation for the growth of eddy potential energy, obtained by 

multiplying the eddy temperature equation (in the Appendix) by T, is written, 

~gaT2 - !Y 
dt 2T - - ga vT T - gawT. 

z z 

This equation states that the eddy potential energy grows as a result of a 

conversion of mean available potential energy to eddy potential energy 

through work against the mean sloping temperature gradients, 

- ga vT (Ty/T2 ) , 

or as a result of an exchange between EKE and EPE, 

- gawT. 

An estimate for the 36.8 to 14.2 day band is obtained for the conversion 

of mean available potential energy to eddy potential energy through 

baroclinic instability. The exchange of EPE and EKE, gawT, cannot be reliably 

estimated, however, by assuming it does not upset the balance in the EPE 

evolution equation due to growth of the waves by conversion from MAPE, its 

relative size may be inferred. When compared to the ·other terms in the EKE 
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equation, it is inferred to be much smaller, suggesting that baroclinic 

instability is not important to the growth of the waves. 

The equation for the growth of kinetic energy of the mean state, 

obtained by multiplying the the horizontal mean flow momentum equations 

by U and V respectively, and adding, is written: 

d (U2 + V2) 
=-

dt 2 
U(uv)y - V(v2)y - U(uw)z -V · (UP) -dissipation, 

d d d 
where dt = dt + UdX. The conversion from the eddy kinetic energy to mean 

flow kinetic energy will be estimated in order to investigate whether the 

system, defined by the waves and the mean Undercurrent, locally conserves 

energy. 

The system will locally conserve energy through interaction of the 

mean and eddy components if the local conversion of eddy kinetic energy to 

mean kinetic energy and the mean kinetic energy to eddy kinetic energy sums 

to zero. Locally these conversion terms sum to the divergence, 

- (uvU + v2V)y - (uwU)z . 

This flux divergence is not necessarily zero in any particular region of the 

open ocean, but because the fluxes are zero at the ocean boundaries, when 

integrated over the entire ocean the flux divergence is zero. Thus, a non-zero 

divergence of this flux at a particular location requires that there must be a 

net export or import of energy balanced by the circulation elsewhere in the 

ocean basin outside of the region of interest. It is important to consider the 

possibility of such fluxes in open ocean regions such as the one of interest 

here. 

The objective of this chapter is to assess the importance of each of the 

conversion terms to ascertain whether or not the source of eddy energy is the 

local Undercurrent. If so, an instability mechanism is fundamental to the 

existence of the 21-day waves. 
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4.2 METHOD 

The sparse configuration of the mooring array creates some difficulty 

in the calculation of the energy conversion terms. The first assumption made 

to alleviate some of the difficulty, is that a finite difference between the 

northern and equatorial value of a particular variable (or between the 

equatorial and southern value) will be considered here as solely a meridional 

difference. This is probably a reasonable assumption given that the zonal 

scale of variation in a quantity along the equator is usually assumed to be 

much larger that the meridional scale of variation (the long-wave approx

imation) and the east-west separation of the moorings is only about 100 km. 

The other d ifficulty arises due to the jet-like structure of the 

Undercurrent, the divergent mean ·meridional circulation, and the 

meridional structure of the second order eddy properties. Since both the eddy 

and mean fields display at some depths, a minimum or a maximum at the 

equatorial location, it becomes tricky to make a representative estimate for the 

entire array of the energy conversion terms which are calculated from the 

product of one of the above fields (mean or eddy) and the meridional gradient 

of the other (eddy or mean) . The method used to estimate, for example, 

-uvUy and -(uv)yU is as follows: 

_ uvUy = ~y { [uv(N);uv(E)] [U(N)-U(E)] + [uv(E);uv(S)] [U(E)-U(S)]} 

) 1 { [U(N)+U(E)] [ ( ) ( )] [U(E)~U(S)] [uv(E)-uv(S)] } - (uv y U = -Uy 2 uv N -uv E + 

such that the sum, 

1 
- uvUy- (uv)y U =- Z~y{ U(N)uv(N) - U(S)uv(S) } = - (uvU)y. 

The other terms involving horizontal estimates are calculated in the same 

way, with 2~y being the meridional distance between the northern and 
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southern moorings. The resulting estimates (Tables 4.1, 4.2 and 4.4) are 

discussed in the following sections. 
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TABLE 4.1: MEAN TO EDDY KINETIC ENERGY CONVERSION 

depth (m) -uv au;ay -v2 av ;ay -uw au;az i 
! total 
! 

(lQ-3 cm2 s-1) 
~ 
< 
! 
i 

20 1.5 -1.8 -0.5 
! 

-0.8 ! 
! 

50 1.5 -0.4 0.9 
! 

2.0 ! 
! 
! 

75 0.8 0.0 0.0 ! 0.8 
I 
! 

100 -0.1 0.0 -0.3 I -0.4 
I 

ave. 1.1 -0.7 0.0 ! 0.4 ! 
! 

Table 4.1: Estimates of the conversion of mean to eddy kinetic energy in units 
of cm2 s-3 for the 21-day band estimates. The row labeled "ave." is the depth
integrated average from 0 to 100m. 

4.3 LOCAL KINETIC ENERGY CONVERSION 

There are a number of different approaches to discussing the kinetic 

energy conversion es timates (Table 4.1, Figure 4.2). Overall, by obtaining the 

contribution to the depth average to 100 m for each separate term and 

integrating, it is found that EKE is gained through local exchange of MKE at a 

rate of 0.4 x 1Q-3 cm2 s-3 Correspondingly, MKE is lost through local 

interaction with the eddies at a rate of -0.6 x 10-3 cm2 s-3 (Table 4.2, Figure 4.2). 

With a depth-integrated average to 100 m of EKE of 580 cm2 s-2, an e-folding 

time scale E for the growth of EKE can be estimated as follows: 

EKE/£= d(EKE)/dt, 

yielding about 17 days for the es timate of E. This e-folding scale compares 

reasonably well to the faster end of Philander's theoretically predicted time 

scale range of 2 to 3 weeks (Philander, 1976). The approximate balance of 

these two growth and decay rate estimates strongly suggests that the eddies 
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Figure 4.2: Profile of the conversion of Mean Kinetic Energy to Eddy Kinetic 
Energy through shear production (A). Profile of the conversion of Eddy 
Kinetic Energy to Mean Kinetic Energy through shear instability (B). Solid 
lines connect estimates of -uvUy in (A) and -U(uv)y in (B); Long dashed line 
connects estimates of -uwU2 in (A) and -U(uw)2 in (B); and short dashed line 
connects es timates of -v2V y in (A) and -V ( v2)y in (B). 
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obtain the necessary energy for maintenance locally through the conversion 

of MKE by shear production. But the depth-averaged estimate for the growth 

of EKE of 0.4 x 10-3 cm2 s-3 is small compared with estimates at individual 

depths. 

From closer inspection of the individual depth averaged estimates 

calculated over the upper 100 m, it appears that the overall growth rate 

obtained for EKE, (the sum of the three shear production terms) is smaller 

than the individual growth rate estimated for the term traditionally 

associated with the conversion of MKE to EKE through barotropic instability 

of a meridionally sheared eastward flow, -uvUy. The depth-weighted average 

for this process alone is estimated as 1.1 x 10-3 cm2 s-3, with larger values of l.S 

x I0-3 cm2 s-3 observed at the upper depths of 20 and SO m. 

TABLE 4.2: EDDY TO MEAN KINETIC ENERGY CONVERSION 

depth(m) 

20 

so 

7S 

100 

average 

-(v2)y V 

(l0-3 cm2 s-3) 

' ! total 
! 
! 
! 
' rc------·-----·---·-------·------------r--·-----------" I o.7 o.1 -o.4 ~ o.4 

l -1.8 0.2 1.1 I -o.s 
! 
! 

-1.9 -0.1 0.0 1 -2.0 
1 

-0.1 0.0 -1 .3 l -1.4 
! 
t 

-0.7 0.1 0 ! -0.6 
1 
: 

Table 4.2: Estimates of the conversion of eddy kinetic energy to mean kinetic 
energy using estimates for the 21 day band. The row labeled "average" is the 
depth-integrated average to 100 m. 

What partially compensates for this large local gain observed in the 

upper depths is a large loss observed at 20 m through the term, -v2V Y' 
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associated with the mean meridional mass divergence in the surface layer, 

presumably produced by poleward Ekman drift due to the westward wind 

stress. The entire depth averaged estimate for this process which acts as a 

poleward drain of EKE, is -0.7 x 10-3 cm2 s-3. These two processes combine to 

yield the small residual growth of 0.4 x 10-3 cm2 s-3. 

The shear production term, -uwUz, contributes nothing to the overall 

growth rate of eddy kinetic energy though it is shown to be relatively large in 

magnitude above the core of the Undercurrent. At 20 and 50 m it appears that 

there is a source of eddy kinetic energy through this term. In addition the 

complementary term in the equation for the growth of mean kinetic energy 

due to the eddies, -(uw)zU, is also small integrated to 100 m, but shows a 

relatively large growth of mean kinetic energy above the core and a relatively 

large decay below the core of about equal magnitude. 

TABLE 4.3: LOCAL KINETIC ENERGY EXCHANGE 

depth(m) d(EKE)Idt d(MKE)Idt ! total local sys tem 
l 

(l0-3 cm2 s-3) (l0-3 cm2 s-3) I (1 o-3 cm2 s-3) 

20 -0.8 0.4 I -0.4 
l 

50 2.0 -0.5 ! 1.5 
I 

0.8 
l 

75 -2.0 l -1.2 
l 

100 -0.4 -1.5 ' -1.9 ' ' l 
average ! 0.4 -0.6 ' l 

j 
-0.2 

Table 4.3: Estimates of the rate of change of kinetic energy of the local system 
from the sum of the local kinetic energy exchange between the mean flow 
(d(MKE) I d t) and eddies (d(EKE) I dt). The row labeled average is the depth
integrated average to 100 m. 
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4.4 LOCAL POTENTIAL ENERGY CONVERSION 

TABLE 4.4 EDDY POTENTIAL ENERGY CONVERSION 

depth -ga( vT /T z)T y 

(m) (lQ-3 cm2 s-3) 

20 0.18 

50 0.08 

75 -0.11 

100 0.004 

average 0.05 

Table 4.4: Eddy potential energy conversion for the array for the 21-day band. 
The row labeled "average" is the depth-integrated average from 0 to 100 m. 

The estimates at each depth for the growth of eddy potential energy 

(EPE) by conversion from the mean available potential energy (MAPE) 

associated with work against a sloping thermocline, -ga vT (T yiT z), are 

shown in figure 4.3 (Table 4.4). 

There is a positive conversion of MAPE to EPE near the surface due to 

the generally southward eddy heat flux directed against the downward 

sloping thermocline to the north, suggesting a possible source for eddy 

growth. With the depth-averaged growth rate of 0.05 x 1Q-3 cm2 s-3 and a 

depth-averaged EPE of 70 cm2 s-2, an e-folding time scale for growth of 20 days 

is inferred. This suggests a similar growth through the mean to eddy 

potential energy exchange compared to the time scale of 2 to 3 weeks obtained 

from the mean to eddy kinetic conversion process. The eddy potential energy 

growth rate of 0.05 x 1Q-3 cm2 s-3, however, is an order of magnitude smaller 

than the average EKE growth rate of 0.4 x 1Q-3 cm2 s-3. 
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Figure 4.3 Profile of the conversion of Mean Available Potential Energy to 
Eddy Potential Energy. 
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The relatively small size of the EPE growth rate compared with the EKE 

growth rate implies that the evolution equations for EKE and EPE are 

uncoupled. The time scale of EPE growth is comparable to that obtained for 

EKE growth. Thus it would seem that the buoyancy flux term, the term that 

couples the two equations, is probably no larger than the conversion from 

MAPE to EPE, or the resulting time scale would be vastly different. 
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4.5 SUMMARY 

In the depth range, 0 to 100 m, a local balance is observed to hold 

between the rate of conversion of MKE to EKE through lateral shear 

production (0.4 x 10-3 cm2 s-3) and decay of MKE through eddy interaction (0.6 

x 10-3 cm2 s-3). An e-folding time scale of about 17 days is suggested for the 

growth of EKE through the shear production conversion mechanism. The 

overall rate of conversion of MKE to EKE attributed to the term -uwUz, is 

negligible when depth averaged to 100 m but generally suggests a growth of 

EKE in the upper two depth levels. 

In the surface layer, the large positive rate of conversion due to shear 

production due to barotropic instability of 1.5 x 1Q-3 cm2 s-3 nearly compensates 

the leakage poleward of EKE of -1 .8 x 10-3 cm2 s-3, accomplished by the 

conversion term involving the mean meridional mass divergence due to 

poleward Ekman drift. 

The 21 day waves are mostly eddy kinetic energy since the depth

averaged EKE is an order of magnitude larger than the depth-averaged EPE. 

Compared with the substantial conversion of MKE to EKE, there is a small 

conversion in a depth average sense of MAPE to EPE of 0.05 x 10-3cm2 s-3 to 

100m, which, with the depth-averaged estimate of EPE of 70 cm2 s-2, yields a 

growth time scale on the order of 20 days, which is comparable to that 

obtained from KE conversion. The comparison of the two rates of conversion 

suggests that the growth of EKE accomplished through the buoyancy flux 

term is negligible in the EKE equation. 
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4.6 CONCLUSION 

These results suggest that energy from lateral shear instability is fed 

into the waves in the 21 day band (36.8 to 14.2 d). However, as was discussed 

in Chapter 3, the wave amplitudes are not growing appreciably over the 

duration of the record examined here. The wave-mean flow interact~on 

system does not satisfy the noninteraction theorem yet it appears that above 

the core of the Undercurrent, the divergence of the EP flux is negligible and 

here we find that the depth averaged energy conversion from mean to eddy, 

though positive, is smaller than the individual terms estimated at the depth 

levels. There seems to be considerable redistribution of energy in depth as 

there was for momentum discussed in Chapter 3. The waves lose energy at 

the surface level and possibly deeper, but gain energy in the region of the core. 

The mean flow loses energy at and below the core and gains energy above. It 

is difficult to determine how the energy is redistributed from the 

measurements here. The sum of the two terms represents the export out of 

the local region. Depth integrated, the system appears to be locally in balance 

with waves gaining energy and the mean flow losing a nearly equal amount, 

but the individual terms, appearing in table 4.3, indicate that at the various 

depth levels this is not the case. Energy must be redistributed-the profile 

suggests downwards energy flux below 50 m. But the system is by no means 

closed. Energy can be transported into the region from elsewhere, and 

exported out of the region through vertical propagation for example. A likely 

source region is to the north at about 5°N, where a band of eddy activity exists 

associated with the upwelling front, (Perigaud, 1989). In Chapter 2, evidence 

for a downward radiation of energy is presented from the vertical upward 

phase propagation of the disturbance; and again in Chapter 3, a downward 

and southward group velocity for the disturbance is suggested by the direction 

of the EP vector. The energy conversion results presented here seem to 

reinforce the downward energy flux observed in the previous chapters. 
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CHAPTER 5: 

An Isentropic Analysis of 
the Pacific Equatorial Undercurrent 

5.1 INTRODUCfiON 

The Equatorial Undercurrent (EUC), a strong eastward flowing sub

surface jet observed along the equator, is forced indirectly by the prevailing 

easterly component of the Trade winds, which sets up the eastward pressure 

gradient force. The westward surface flow, the South Equatorial c;:urrent 

(SEC), is forced directly by the drag of the westward wind stress on the surface 

of the ocean on the equator and by the wind stress curl off the equator. 

Because equatorial flows cannot adjust to steady equilibrium with the 

pressure field by flowing along isobars geostrophically, and because the mean 

pressure gradient force is eastward along the entire equatorial Pacific in the 

upper thermocline, except perhaps east of the Galapagos (Lukas, 1984; 

Wacongne, 1988), substantial turbulent dissipation is usually hypothesized in 

order to bring about a steady equilibrium and the downstream deceleration 

observed in the eastern Pacific. This hypothesis explained the early 

microstructure dissipation measurements which showed both a peak in the 

meridional distribution located at the equator and deep penetration of 

turbulent dissipation into the depths of the EUC (Crawford and Osborn, 1981), 

figure 5.1. 

Recent microstructure observations made during the Tropic Heat 

Experiment in 1984 and again in 1987, revealed the existence of a strong 

diurnal cycle in both the amount of dissipation and the depth of its 

penetration (Gregg et al., 1985; Mourn et al., 1986). The dissipation rate varies 

over 2 orders of magnitude on the diurnal cycle. The peak observed in the 

earlier measurements may be an artifact of aliasing the diurnal cycle 

according to Mourn, et al. (1986), who found no significant increase in the 

equatorial dissipation rates integrated to the core depth of the EUC, over 

dissipation integrals observed off the equator. Contrary to what was found by 
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Figure 5.1: This figure, originally from Crawford (1982), shows averaged 
dissipation measured during three separate years in the Pacific and Atlantic 
oceans. The 1982 Pacific data was added by Mourn et al., (1986). (Taken from 
Mourn et al., 1986). 
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Mourn et al. (1986), Peters et al. (1989) integrated independently observed 

dissipation rate profiles from the bottom of the mixed layer to the core depth 

of the Undercurrent, and found that the ensemble average dissipation 

integrals above the Undercurrent core were 2-3 times higher than average 

dissipation integrals away from the Undercurrent. The difference between 

the two studies was attributed to the fact that the Mourn et al. (1986) integrals 

included the mixed layer dissipation rates. Since the mixed layer is deeper off 

the equator, the inclusion of the mixed layer dissipation rates led to otherwise 

larger depth integrals of dissipation. These new observations attempt to settle 

the question of whether the EUC is a location of higher dissipation above the 

core of the EUC where the Richardson numbers are quite low. But the 

question of what process is responsible for maintaining the steady state 

eastward flow of the Undercurrent at and beneath the core in the eastern 

Pacific remains unanswered. 

The zonal pressure gradient has a much deeper decay scale of 150 -

200m, than the observed turbulent stress divergence with a decay scale of 30-

50 m as determined by the Tropic Heat dissipation studies (Dillon et al., 1989). 

The eastward pressure gradient force, when vertically integrated to depths 

below the Undercurrent where it is negligibly small, (figure 5.2), has been 

shown to nearly balance the westward wind stress (Arthur, 1960; Mangum 

and Hayes, 1982; Bryden and Brady, 1985). What balances the zonal pressure 

gradient as a function of depth within the thermocline at the core of the 

Undercurrent below the depth of penetration of the turbulent stress 

divergence? The other terms in the zonal momentum balance, the wave flux 

divergence and the mean inertial acceleration, may redistribute the westward 

wind stress applied to the upper boundary layer downward into the 

thermocline to balance the pressure gradient force. The purpose of this 

analysis is to determine whether the local imbalance between the zonal 

pressure gradient and the turbulent stress divergence at and below the core of 

the Undercurrent can be accounted for by the redistribution of momentum by 

the 20-30 day waves. 

The vertical shear of the Undercurrent may help set the scale for the 

decay of turbulent dissipation and hence the downward penetration of stress 

exerted by the surface winds. The dissipation profile appears to be related to 

the Richardson number profile which depends more critically on the velocity 
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shear than the density shear below the mixed layer, (figure 5:3, from Toole et 

al., 1987). Near the surface where the zonal velocity shear is high, Richardson 

numbers near and below 0.25 are observed where largest dissipation is 

observed. Conversely, within the velocity core where the shear is negligible, 

high Richardson numbers and lower dissipation rates are observed. The 

velocity maximum of the EUC may control the penetration of turbulent 

dissipation, at least the dissipation which results from turbulence generated 

by shear instability. A recent equatorial one-dimensional 'bulk' mixed layer 

model predicts this result (Schudlich and Price, 1990). The mixed layer model 

incorporates the effect of entrainment mixing at the base of the mixed layer 

using a threshold condition of the bulk Richardson number, and uses a 

threshold condition on the gradient Richardson number to include the effect 

of shear instability. Below the the base of the 'bulk' mixed layer, there is a 

transition region where downward mixing of momentum penetrates deeper 

at night due to low values of the gradient Richardson number. Thus this 

model predicts the observed diurnal cycle of shallow daytime dissipation and 

deep nighttime dissipation. The turbulent dissipation penetrates no deeper 

than the EUC core in the model. The advection of zonal momentum by the 

mean flow is much smaller and in the wrong sense to balance the pressure 

gradient force, as pointed out by Bryden and Brady in the region of 150°W to 

110°W (1985; hereafter referred to as BB1). The remaining terms to consider 

are the flux divergences of eddy zonal momentum. 

To determine from the observations what processes control the 

dynamical balance of the Undercurrent, an appropriate downstream reference 

frame is needed. At the depth of the core and below, the Undercurrent nearly 

conserves potential density and temperature (BBl). From geostrophic zonal 

velocity profiles determined using mean CTD data, BBl showed that the 

Undercurrent flows eastward and upward nearly along the potential 

temperature surfaces of the upward sloping thermocline from 150°W to 

110°W, figure 5.4. In addition, surveys by both Tropic Heat microstructure 

groups (Chereskin, et al., 1986; Toole, et al., 1987), revealed that the velocity 

maximum of the Undercurrent at 140°W measured by a ship-mounted ADCP 

closely tracks a constant potential density surface on time scales of hours to 

days, figure 5.5. These observations suggest that an appropriate downstream 
coordinate is potential density. Moreover, this reference frame is useful since 

150 



10-7m/s2 

0 2 4 6 8 10 12 14 
0,_~~~~~~~~~~~~~ 

30 

60 

s 
- 90 ..c: 

...,_) 

~ 
Q.) 120 

0 

150 

180 

-(&P/Ox.)/p 

~ 1979-1981 
G-e-&9£1 Apr. 1980 
~>-++++ Oct. 1979 
-oct. 1983 
XI • • •Ill Gaussian Test 

-(2fr/ 2n)/ p 

••••• MC 
•11111111 GPWOS 

Figure 5.2: This figure shows a comparison of various estimates of the zonal 
pressure gradient from hydrographic data with two estimates of turbulent 
dissipation, from Mourn and Caldwell, 1985 (MC) and Gregg et al., 1985 
(GPWOS) . (Figure taken from Dillon et al., 1989) 
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Figure 5.3: Vertical ensemble averaged profiles of total shear squared, Brunt
Vaisala frequency squared and the Richardson number. Measurements were 
taken aboard the Thomas G. Thompson in November 1984 over 4 and one
half days on the equator at 140°W during Tropic Heat. Shear was measured 
by ADCP and density data was obtained by AMP (Advanced Microstructure 
Profiler). (Taken from Toole et al., 1987). 
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diapycnal transports of heat and momentum can be directly related to 

mechanisms of forcing and dissipation. 

The vertical velocity field associated with the EUC and its relationship 

to the thermocline, is centrally important to this discussion. Vertical velocity 

on the equator is large, estimated at 1-3m day-1, and upward over the domain 

of the EUC, (figure 5.4 b). Unlike the situation at midlatitudes for basin-scale 

low-frequency flow, the profile of vertical velocity is well estimated both 

directly from current meter arrays (Halpern and Freitag, 1987; Bryden and 

Brady, 1989), and indirectly inferred from drifting buoy statistics (Hansen and 

Paul, 1987) and diagnostic models (Wyrtki, 1981; BB1). Cromwell (1953) first 

discussed how the wind-driven circulation in the meridional plane gives rise 

to an upward vertical velocity, which he inferred from the surface 

distributions of cold water and high productivity observed in a narrow band 

along the equator. A poleward Ekman transport near the equator in the 

upper surface layers arises from the prevailing westward winds and the 

change of sign of the Coriolis parameter. This poleward transport in the 

surface layers is replenished from below with an upward transport of water 

derived about equally from a zonal convergence in the upper layers of the 

EUC and an equatorward convergence due to geostrophic flow from the 

eastward pressure gradient force (BB1; Brady and Bryden, 1987). Cromwell did 

not yet know of the existence of the Equatorial Undercurrent. The circulation 

in the zonal plane due to the Undercurrent is important to this picture 

because otherwise it appears that the vertical transport is all diapycnal, 

requiring excessively large buoyancy fluxes to compensate for the upward 

transport of dense water. By examining the equatorial zonal transport in 

potential temperature classes and comparing the zonal slope of the potential 

temperature surfaces to the slope of the zonal-vertical streamlines on the 

equator, it was found in BB1 that the eastward and upward flow of the EUC 

was approximately isothermal. The cross-isothermal velocity was less than 

20% of the total vertical velocity in the core of the EUC. When integrated in 

potential temperature, the net transport across isotherms, though small, was 

shown to be of the appropriate sign and magnitude to balance the net surface 

heat flux due to exchange with the atmosphere (Brady and Bryden, 1987). 

Because the vertical velocity is so large, the dynamical interpretation is 

complicated. The EUC accomplishes the large upward transport of water 
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necessary for mass conservation as dictated by the divergent Ekman flow, but 

this upward transport is not associated with a large water mass conversion 

because most of the upward transport is isothermal. To subtract the 

kinematic effect of the shoaling EUC, the momentum balance will be 

examined on potential density surfaces which are approximately the natural 

downstream coordinates of the EUC. Since parcels exchange properties more 

readily along potential density surfaces, this is a more appropriate coordinate 

system to evaluate the relative contributions of lateral and diapycnal mixing 

processes. 

In the downstream isopycnal coordinate system chosen for this 

analysis, the downstream changes in the Bernoulli Function are examined. 

In theory, steady large scale mid-latitude flows conserve Bernoulli function 

along streamlines in the absence of heating or dissipation. These 
observations assess the extent to which the conservation of Bernoulli 
function is dynamically important for equatorial currents. 

The conservation of Bernoulli function, density, and potential 

vorticity, has been used to model the steady thermocline dynamics of the EUC 

using a reduced gravity layer model, (Pedlosky, 1987b, 1988; Pedlosky and 

Samelson, 1989). By connecting the inertial Undercurrent to the extra

equatorial thermocline model of Luyten, et al. (1983), an eastward flow on the 

equator results with width, depth and velocity scales consistent with 

observations of the Undercurrent (Pedlosky, 1987b). Furthermore, the 

original model produces some of the basic features of the equatorial 

circulation such as shoaling of the thermocline from west to east, and t~e 

vertical spreading of the density layers in the meridional plane at the equator. 

Additions to the original model incorporate the process of diapycnal 

entrainment into the mixed layer, with a specified entrainment flux 

(Pedlosky, 1988), and an entrainment flux related to the structure of an 

imposed wind stress (Pedlosky and Samelson, 1989). These additions address 

the subjects of the termination at the eastern boundary, and how the 

Undercurrent is coupled to the directly wind-driven surface layer. In each of 

the successive improvements to the original model, the Bernoulli function 

along the equator is no longer constant as it is in the original inviscid model, 

but instead decreases in proportion to the zonal integral of the entrainment 

flux. 
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Figure 5.5: Time series of depth of isopycnals, determined from AMP drops, 
and undercurrent velocity maximum, estimated from ADCP shear data (thick 
line). (Taken from Toole et al., 1987) 
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5.2 ISENTROPIC ANALYSIS 

Analyzing the patterns of properties along potential density surfaces, 

called isentropic analysis (Montgomery, 1937). Historically, isentropic analysis 

has been a very useful descriptive tool in studying the movement of water 

masses. The origins of water masses are easily interpreted on these surfaces, 

because water masses with differing properties can meet in juxtaposition 

adiabatically without mixing (Tsuchiya, 1968). The introduction of the 

identifying property of a particular water mass can be traced to the 

intersection of the isentropic surface with the sea surface in the hypothetical 

absence of cross-isentropic mixing. In 1937 and 1938, Montgomery pioneered 

a technique of computing the geostrophic potential along these surfaces, 

(Montgomery, 1937), and showed how this technique can be applied with an 

investigation of features of the large scale geostrophic flow in the Atlantic 

Ocean (Montgomery, 1938). In meteorology, the study of flow patterns along 

isentropic surfaces (in this case potential temperature surfaces) was widely 

practiced, being especially useful in the preparation and interpretation of 

synoptic weather charts (see Eliassen, 1986, for historical review). 

Isentropes are surfaces of constant entropy. For a parcel undergoing an 

adiabatic displacement, entropy is conserved. Formally, potential density 

surfaces are not exact isentropes because seawater is a multi-component 

system, and because the density of sea water is a nonlinear function of salinity 

as well as potential temperature and pressure. When two parcels with the 

same potential density mix, the final potential density is lower because of the 

nonlinearity of the equation of state. However, if the potential density is 

more strongly a function of potential temperature, and if no large along

stream gradients of salinity exist, as is the case here in the near surface waters 

of the equatorial ocean, and for relatively small changes in pressure (less than 

500 dbars associated with the Undercurrent) then these surfaces can be used as 

isentropes to a very good approximation (Montgomery, 1938). In the 

atmosphere, the moisture content (specific humidity) of the air is the 

analogue to salinity in the ocean, with potential temperature surfaces acting 

as isentropes only when the exchange of specific humidity between parcels of 

air is negligible and unimportant to the application. 
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Casting the dynamics into isentropic coordinates, greatly enhances 

interpretation. For instance, Ertel's potential vorticity in pressure co

ordinates, 

{ 
ae av ae au ae } 

Q = g ( f + ~p) (- ap ) + ap ( dX )p - ap ( dy )p I 

is more simply written in isentropic coordbates (x, y, 8), 

Q = g { (f + ~e) I (-~) } , 

where ~ is the relative vorticity, (dv /dx - au;ay), and the subscripts p or e 

denote that the horizontal gradients are taken either holding pressure or 

potential temperature constant (Eliassen, 1986). 

In this chapter, the balance of terms in the downstream momentum 

balance of the EUC is examined, where the downstream coordinate is 

potential density. The mean zonal momentum balance in isentropic 

coordinates at the equator is written, 

au 
wcaz + 

du'v' 
+ 

du 'wc' 
az 

MVF + HEF + VEF 

= 

= 

()B 

-ax + 
a-r 
dZ 

BG + TSD 

where MVF is the diapycnal vertical flux of mean zonal momentum, HEF 

and VEF are the horizontal and vertical eddy flux divergences of eastward 

momentum, BG is the downstream gradient in the Bernoulli function, and 

TSD is the turbulent stress divergence. The horizontal mean velocities, U, 

and V are in the x and y (east and north) direction with horizontal 

derivatives taken along a constant potential density surface, W c is the 

diapycnal mean vertical velocity in the direction z, the direction of maximum 

gradient of the potential density, the primed velocity components are eddy 

velocities, 't is the turbulent stress and B is the Bernoulli function. Neglected 

in this balance are both the mean meridional advection of zonal momentum 

because both the meridional velocity and the meridional gradient of zonal 

momentum are small in the core of the EUC on the equator, and the Coriolis 

torque, fV - hW, since f, the Coriolis parameter 20sin8, is zero on the equator, 
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and hW, equal to 2Qcosew, is two orders of magnitude smaller than the 

other terms in the balance even though W is large. 

The Bernoulli function is written as follows, 

1 
B ='PM+ 2U2 

where 'PM is the Montgomery Stream Function or Acceleration Potential for 

flow along isentropes, and U is the mean zonal velocity. The acceleration 

potential is the mean field which tells the direction and magnitude of the 

acceleration a parcel would feel along isentropic surfaces, as the dynamic 

height field does along isobars. It is calculated on isentropes, as follows, 

\f'M = D + 5 P, 

where, D is the dynamic height anomaly (dynamic height relative to the 

dynamic height at a reference level), 5 the specific volume anomaly (specific 

volume relative to a specific volume reference) and P the pressure of the 

isentropic surface, (Montgomery, 1937). 

Examining the momentum balance on isentropes, has proved useful as 

an application to other problems, such as in determining the depth from 

which the Mediterranean outflow originates, (Stommel et al., 1973) and is the 

foundation of hydraulic theory. Because of the jet-like structure of the 

Undercurrent, it is appropriate to use the foundations of hydraulic theory 

which is the theory most often applied to jet problems. In equatorial 

applications, the water mass properties of the equatorial waters have been 

studied qualitatively on isentropes (isanosteres or constant 8 surfaces), with 

the Acceleration Potential mapped for comparison to property distributions, 

(Tsuchiya, 1968). These maps (figure 5.6), using all available hydrographic data 

at that time, indicate the presence of the EUC as a narrow eastward jet in the 

Acceleration Potential, salinity and oxygen distributions near the equator. 

In theory, for large scale mid-latitude flows, far from regions of forcing 

or dissipation, the Bernoulli function is conserved following streamlines. 

The observations that the turbulent stress divergence is negligible at the core 

of the Undercurrent (Dillon et al. 1989), that the mean Undercurrent flows 

mainly along constant potential temperature surfaces of the equatorial 

thermocline (BB1), and that the mean zonal velocity is geostrophic (Lukas 

and Firing, 1984; Hayes, 1982), motivates the approach that the Undercurrent 

161 



,_. 
0'\ 
N 

a: b: c: 

-23 .....---lik::-------, -23 ---------, .....---~---~-23 

-24 1- I ~ ~ I -24 t- I ~ I I ..... ·~ -i -24 

~ 

-25f J ll] l ~ (]) 
(]) 0.75°$ -s ..c:: 
~25 

0.75"N -

25i E 
-~ 
(/) 

-26 -26 t- IF I I ~~f -1 -26 

I A./ I I "' 

-271 I It! I I I I I I -271 .1 . I • I • ~- I I.~- I .ll. I .L7 
-50 0 50 100 150 -1 0 1 2 3 4 -6 -4 -2 0 2 4 6 

em s-1 10-3 em s-1 em s-1 

Figure 5.7: Velocity profiles from mean diagnostic model of Bryden and Brady (1985) interpolated to potential 
density surfaces; (a) Zonal equatorial velocity at ll0°W and 150°W, (b) Vertical velocity over entire upwelling 
zone, (c) Meridional velocity at poleward edges of upwelling zone, ±0.75°latitude. 



might be modeled as a conservative large scale flow. Theoretical models 

starting with any or all of the assumptions of conservation of potential 

density, potential vorticity and Bernoulli Function, have been useful in 

.gaining insight into the dynamics of the Equatorial Undercurrent, (Pedlosky, 

1987b; Fofonoff and Montgomery, 1955) and seem to provide an encouraging 

picture at least qualitatively. Conservation theorems are fundamental 

precepts for large-scale circulation theory, but as with geostrophy, which is 

also a first order requirement for such flows, theories based too strictly on 

such concepts are self-limited. To get at the crux of the dynamics, the next 

order must be investigated. 

5.3 DATA AND METHOD: 

Two sets of data are used tq investigate the time-averaged downstream 

momentum balance of the Equatorial Undercurrent. Mean CTD data from 

the NORP AX Hawaii - to - Tahiti Shuttle Experiment sections at 150°W and 

the EPOCS sections at 110°W are used to estimate the Bernoulli Function; and 

velocity and temperature time series measurements from moored EPOCS 

arrays at 110°W are used to estimate the role of the eddy momentum flux 

divergences. 

The Mean CTD data: 

The time mean CTD profiles are derived from casts obtained during 

the years 1979- 1981 with the annual cycle removed as described in BBl. The 

profiles consist of temperature and salinity values every 5 dbars from the 

surface to 500 dbars, at the equator and every half degree latitude poleward to 

±5°latitude, at ll0°W and 150°W. The mean profiles of equatorial zonal 

velocity U, shown in figure 5.7a as a function of potential density, are 

determined from these CTD data using equatorial geostrophy, 

a2o 
~u =- (fl.y ' 

with the second derivative approximated using finite differences of dynamic 

height D, taken over ±1 °latitude and the equator. The velocity field was 
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initially referenced to 500 dbars, the deepest common pressure attained by the 

CTD. Small barotropic adjustments were made to balance mass over the 

entire domain, and an ageostrophic velocity component was added to the 

upper 50 dbars to include the direct effect of the zonal wind stress over the 

upper mixed layer. A vertical profile of vertical velocity W at the equator, 

shown in figure 5.7b as a function of potential density, was determined by 

constraining the flow field to be three-dimensionally conservative within an 

upwelling zone defined from 0 to 500 dbars, ±0.75° latitude, and 150°W to 

110°W. Details are found in BBl. 

The Montgomery streamfunction or acceleration potential, \f' M, is 

calculated on each isentrope, actually the potential density surface common to 

both l10°W and 150°W, at each longitude using the method described in 
Montgomery(1938), given the specific volume anomaly o, equal to a - a 0 , 

where a is the specific volume and a 0 is the reference specific volume equal 

to a(T= 0°C, S = 35 psu, P), and P, the pressure in dbars. The dynamic height 

D, is referenced initially to the dynamic height at 500 dbars, corrected as done 

in BB1, for the small barotropic adjustments (0.9 dyn em at 150°W and -0.02 

dyn em at 110°W). The unit chosen forD, B, and \I'M is dynamic em, which is 

equal to 0.1 J kg-1 which appears in some figures; the unit chosen for o is cl/t 

(or 10-s cm3 gm-1). All values of U, W, D, o and P are interpolated linearly in 

the vertical to the depth of the particular potential density surface. Because 

the change in o along a potential density surface from 110 to 150°W is 

negligible (Table 5.1), and since the calculation of qs M is done with o held 

constant along the isentrope, the average o between 110 and 150°W is used. 

The error introduced by considering constant potential density surfaces as 

isentropes is less than one percent, since o changes by less than 1 percent 

along all potential density surfaces considered. The Bernoulli function B, is 

then calculated by adding to 'PM, the zonal kinetic energy, ~ U2, calculated 

from the zonal velocity profile at each longitude. Results are presented in 

Table 5.1 and discussed in the next section. 

The Time Series of Velocity and Temperature at 1100W 

The velocity and temperature time series used in this analysis are from 

a triangular current meter mooring array deployed at 110°W as part of EPOCS 
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(Freitag et al., 1987; Halpern, 1982). Two moorings are situated 0.5°latitude 

north and south of the equator, and about 0.5° longitude west of the third, 

located on the equator. The moorings were instrumented with VACMs and 

thermistors set at the nominal depths of 20, 50, 75, 100, 150, 200, and 250 

meters. The particular records used in the analysis here were chosen because 

they were the group of longest records that gave the best spatial coverage, in 

addition to providing observations over the duration of time when Tropical 

Instability waves are fully developed and most energetic. The records, about 

171 days in duration, begin on August 15, 1980 and go to about February 1, 

1981. The original hourly sampled records were first low-passed with a one 

day half-width gaussian filter. Details of the method of analysis are described 

later. 
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Figure 5.8: Time averaged Salinity sections at l10°W and 150°W from BBl. 
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Table 5.1: Bernoulli Function Analysis 

<Je e s () p D 'I'M 1t2 U2 B -as;ax 
( oC) {psu) (cl/t) (dbars) (dyn em) (dyn em) {1 o3em2s2) (dyn em) 1 o·5em2s·2 

23.5 
11 ow 23 .80 34.74 437.8 9.2 92.8 96.9 0 .6 97.5 I 

25 .23 35.29 441.5 81.9 79 .1 11 5.1 6.8 121.9 5.49 
i 

150W 
24.0 

110W 22.37 34.85 391.4 32.3 83.2 95 .8 3.4 99 .3 
150W 23.48 35.27 394.5 102.6 70.4 11 0. 7 7.8 118.5 4 .33 

24.5 
110W 20 .87 34.96 344 .3 47 .5 77 .5 94 .0 4 .6 98 . 6 
150W 21.79 35.29 347.3 118.7 64.4 105.4 8 .1 113.5 3 .36 

25.0 
110W 19.09 35.00 297.1 61 .5 72.0 90.3 4.9 95.2 
150W 19.75 35.22 300 .0 134 .3 59.2 99.5 7.5 107.0 2 .65 

25.5 
11 ow 17.4 35.10 250 .3 85 .0 65 .6 86.9 3.5 90.4 
150W 17.6 35.19 246.8 152.8 53 .6 91.3 4.7 96 . 0 1.26 

26.0 
110W 14 .9 34.99 203.4 118.2 59.2 83.2 1 .2 84.4 
150W 15.1 35.06 204.8 179 . 9 48.0 84.9 2.5 87.4 0.68 

26.5 
110W 11 .86 34.85 160 .2 300.8 27.3 75 .5 0.1 75.6 
150W .......... 11 .85 34.85 160.0 291 . 8 28.4 75.1 0 75.1 -0 . 11 -----

27.0 
110W 8.06 34.64 116.3 500. 0.9 59.0 0 59.0 
150W ~_ 8.0§ 34 .63 116.5 500. -0.02 58.2 0 58.2 -0.20 

- ----------- -~ 

Table 5.1: Bernoulli Function and list of properties needed to calculate Bernoulli Function on potential 
density from mean CTD data at 150°W and ll0°W. 



5.4 RESULTS 

Water Mass Properties of the EUC core 

The particular potential density surfaces, sigma-theta equal to 25.0, 25.5, 

and 26.0, isolated for this core analysis best correspond to the region of the 

Undercurrent velocity core (figure 5.4), where it is shown in BB1 that 

potential temperature is most nearly conserved, in the 20°C to 15°C range. 

The sigma-theta 25.25 surface was shown by both Tropic Heat microstructure 

groups, (Chereskin et al., 1986; and Toole et al., 1987), to correspond with the 

EUC velocity maximum (or core) over the time scale of hours for several days 

at 140°W in November 1984. In November 1987 at 140°W, the EUC followed 

the shallower 23.9 sigma theta surface in Tropic Heat II (Hebert et al., 1990). 

The salinity maximum also appears to be a good tracer of the EUC core. 

During Tropic Heat I, the EUC core was observed to track the salinity 

maximum at the equator reasonably well (Chereskin et at., 1986). This is also 

characteristic of the EUC in the Atlantic, where the core as defined by the 

velocity and salinity maxima, was shown to meander about the equator with 

a period of about 16 days during GATE, (Duing et al., 1976). As Table 5.1 

shows for 110°W, the local vertical salinity maximum of 35.10 psu is observed 

on the 25.5 surface; at 150°W double salinity maxima of 35.30 psu are found at 

the shallower potential densities of 24.7 and 23.4. The zonally averaged 

salinity along the 25.5 surface between 110 and 150°W of 35.14 psu is larger 

than the averages obtained for either the 25.0 or 26.0 surface. The zonally 

averaged zonal velocity is also greatest on this surface. The salinity 

maximum is a result of the penetration equatorward of the South Pacific 

Subtropical Subsurface Water formed in the central waters of the subtropical 

gyre of the South Pacific, (Tsuchiya, 1968). The equatorward penetrating 

saline tongue is observed in both salinity sections at 150°W and 110°W, figure 

5.8. 

In the downstream direction from 150 to 110°W, the potential 

temperature on the 25.5 and 26.0 surfaces decreases by about 0.2 °C, and the 

salinity decreases by only 0.1 psu. A larger decrease of 0.7°C in potential 

temperature is observed along the 25.0 surface. 
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Table 5.2: The Undercurrent core properties 
(a) 

cre location Z(m) U(cm s-1) 

25.0 110W 61.5 98.5 

150W 134.3 121.0 

average 97.9 109.7 

25.5 110W 85.0 84.1 

150W 152.8 99.7 

average 118.9 91 .9 

26.0 110W 118.2 48.2 

150W 179.9 70.9 

average 149.0 59.5 

(b) 

cre slope(0'9) W/U 

{x~ o-5) 
(x~o-5) 

25.0 1.64 1.93 

25.5 1.52 1.66 

26.0 1.39 1.13 

9("C) W(cm s-1) 

19.1 

19.8 

19.4 2.12 x 1 o-3 

17.4 

17.6 

17.5 1.53 x 1 o-3 

14.9 

15.1 

15.0 o.67 x 1 o-3 

Wa We 

(1 o-3cm s-1) (~o-3cm s-1) 

1.80 0.32 

1.40 0.13 

0.83 -0.16 

Table 5.2: Properties of the Undercurrent core (a); and (b) a comparison of the 
slope of potential density surfaces to the slope of streamlines of flow on the 
equator, listed w ith the isopycnal and diapycnal vertical velocities of each 
potential density surface within the Undercurrent core. 
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Conservation of Potential Density within the Core 

The conservative nature of the Undercurrent core is investigated using 

two complementary approaches. First, the local balance in the conservation 

equation for potential density can be diagnosed by comparing the relative 

slopes of streamlines to the potential density surface slopes. Flow which 

conserves a quantity will flow parallel to constant surfaces of that quantity. 

Second, a volume transport budget can be examined over the layers defined 

by the surfaces of potential density. These two approaches are somewhat 

independent at the equator. Because the meridional velocity is zero at the 

equator and the local meridional slope of isopycnals is very small, the local 

balance at the equator only involves the balance in the vertical-zonal plane. 

However considering a volume spanning the equator and extending 

meridionally, the meridional convergence must be taken into account. 

The local balance in the equation of the conservation of potential 

density is considered in Tables 5.2a and b. Table 5.2a lists the depth, zonal 

geostrophic velocity, potential temperature, and salinity of each potential 

density surface, found by linear interpolation at each location, with the 

averages between locations along the same potential density surface. The 

vertical velocity listed is relative to the Cartesian frame, as calculated in BBl, 

and interpolated to the average depth of each surface. For each potential 

temperature, Table 5.2b compares the zonal slope of the surface, calculated 

from the difference in the depth over the upstream and downstream location, 

with the slope of the streamline in the zonal-vertical plane calculated from 

the ratio of the vertical to zonal velocity. The error estimated for the slope of 

the streamline is ± 0.2 x 10-s, arising from error primarily in the estimate of 

W, which is assumed to be 15%. Error in the slope of potential density 

surfaces is estimated to be ± 0.1 x 10-s. The slope error of a property is mainly 

associated with error in the vertical interpolation of the data. It is assumed 

that the error in the estimate of the vertical difference in the locations of the 

potential density surfaces between each longitude is at most 3.5m (--./2 x 2.5 m) 

considering that the fields so heavily averaged in time are very smooth in the 

vertical. As was shown in BB1 with potential temperature, it appears that 

within this core region of the Undercurrent potential density is nearly 

conserved since given the estimated errors, streamlines are parallel to 

potential density surfaces. 
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In the second approach, consider the transport budget within a volume 

bounded above and below by the particular potential density surfaces chosen 

above, and laterally at ±0.75°latitude and 110°W to 150°W. This approach best 

illustrates some features of the quasi-conservative nature of the upwelling 

Undercurrent flow. This budget uses velocities determined in BB1 from the 

constraint that the flow, integrated over every volume incremented in depth 

by 5 dbars with the same lateral boundaries, is three-dimensionally non

divergent. This constraint must hold regardless of what volume is chosen 

subsequently as long as the new volume lies within the original volume. 

Thus in what follows, the meridional transport is both inferred as a residual 

of the directly calculated downstream and cross-isopycnal divergences, and 

calculated directly from the meridional velocity field at the north and south 

edges integrated over the thickness of the density layers averaged between 

each longitude. 

The volume transport budget within the sigma-theta 25.0 to 25.5 and 

25.5 to 26.0 layers is shown schematically in figure 5.9. In both layers, the 

downstream along-isopycnal transport is nearly non-divergent along the 

equator; about as much water of this density enters zonally at 150°W as leaves 

at 110°W. A net zonal export of 0.3 X 106m3 s-1 is observed at l10°W in the 

25.0 to 25.5 range which is an order of magnitude smaller than the total 

average transport within this range of about 3.5 x 106m3 s-1. In the sigma

theta 25.5 to 26 range, there is a net import of only 0.2 x 106m3 s-1 which is also 

small compared to the average along-isopycnal transport of 3.7 x 106m3 s-1 in 

this layer. Thus, even though the zonal or along-isopycnal velocity in the 

core of the Undercurrent decreases downstream, the along-isopycnal 

transport is nearly constant because the thickness of the isopycnal layers 

increases in the downstream direction. In the 25.0 - 25.5 volume the 

thickness increases downstream from 18.5 m at 150°W to 23.5 at 110°W, and 

likewise in the 25.5 to 26.0 range from 27.1 m to 33.2 m. 

Although the vertical diapycnal velocities are 15 to 20% the size of the 

vertical velocity within this density range, the associated diapycnal transport 

divergence is nevertheless quite large compared to the along-isopycnal 

downstream divergence because the small velocities are integrated over such 

a large area. Errors in Cartesian vertical velocity of 10 to 15%, heavily 

influence the following results for diapycnal transport estimates because the 
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a: The Zonal-Vertical Plane 
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b: The Vertical-Meridional Plane 
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Figure 5.9 A schematic of the transport budget of the Undercurrent core 
layers. The transport budget in (a) the zonal-vertical plane, where the 
horizontal arrows denote the zonal transports along potential density layers, 
the vertical arrows denote the vertical transport across the potential density 
layers, and the numbers in parentheses are the residual needed from the 
meridional edges to balance the volume transport; and (b) the meridional
vertical plane, where the horizontal arrows denote the meridional transport 
at the poleward edges of the layers with the numbers in brackets from the 
integration of the meridional velocity profile over the mean layer depth, and 
the unbracketed numbers from the residual of the zonal and vertical 
transport divergence; the vertical arrow denote the vertical transport with the 
figures in parentheses denoting the zonal convergence in the layers. 
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diapycnal velocities are of the same order as the errors in W. This produces 

an error in diapycnal transport of nearly 1 x 106m3 s-1. Across the 25.0 sigma

theta surface, there is an upward diapycnal transport of 2.4(±1) x 106m3 s-1 and 

upward across the 25.5 surface, 1.0 (±1) x 106m3 s-1, making a net vertical 

divergence of 1.4 (±1.4) x 106m3 s-1. Similarly a net vertical divergence of 2.2 

(±1.4) x 106m3 s-1 is obtained for the 25.5 to 26 range, with a downward 

transport across the 26.0 surface of 1.2 (±1) x 106m3 s-1. For this entire core 

region, the total divergence is 3.6 (±1.4) x 106m3 s-1 . Closing the volume 

transport budget is easily accomplished with a net convergence by small (-0.01 

m s-1) equatorward flows at the northern and southern edges of the upwelling 

zone. The depth-averaged meridional velocities from the diagnostic model, 

presented in figure 5.7c, are small, and of the order of 0.01 m s-1 satisfying the 

volume transport closure. In the 25 to 25.5 layer, equatorward transports of 

about 1 x 106m3 s-1 result from integrating the meridional velocity field at 

±0.75°latitude. A net meridional convergence of 2 x 106m3 s-1 obtains. In the 

25.5 to 26.0 layer, equatorward transports of 1.3 and 0.9 x 106m3 s-1 are obtained 

for the north and south edges respectively yielding a net meridional 
convergence of 2.2 x 106m3 s-1. These directly estimated meridional transport 

convergences compare well to those required to close the budget and 

compensate for the net zonal-vertical divergence of 1.7 x 106m3 s-1 for the 25.0 

to 25.5 layer and 2.0 x 106m3 s-1 for the 25.5 to 26.0 layer. Since these two ways 

of closing the transport budget agree so well, within 0.3 x 1Q6 m3 s-1, it suggests 

that the errors associated with the diapycnal vertical velocity may be 

overestimated. The diapycnal transports may be known to better than 1 x 106 

m 3 s-1. The implications for the water mass conversions implied by these 

diapycnal velocities are discussed later. 

These two approaches seem to build a picture of the EUC as a jet which 

flows upward and eastward along potential density surfaces, that also 

possesses a secondary circulation, nevertheless important to its dynamics and 

thermodynamics. This secondary circulation is similar to the traditional 

meridional-vertical circulation cells at the equator with meridional 

convergence producing upwelling above the core of the EUC and 

downwelling below. 
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Figure 5.10: Breakdown of (a) the downstream change in the Bernoulli 
"head", denoted by the open squares, where the head needed to balance the 
kinetic energy decrease is denoted by the crosses, and the change in the 
Acceleration Potential is denoted by the solid diamonds; and (b) the 
Acceleration Potential, denoted by the x's, which is the sum of the 
downstream decrease in d ynamic height, the open diamonds, and the 
downstream increase in oP, the solid diamonds. Size of the errors is indicated 
by the bars on the points. 
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The Downstream Change in Bernoulli Function 

A similar approach is taken to investigate the momentum balance of 

the core of the Undercurrent. The last column of Table 5.1 lists the 

downstream gradient of the Bernoulli function along isopycnals. The vertical 

profile obtained (figure 5.11) has a similar shape and magnitude compared 

with the zonal pressure gradient force profile with depth (figure 5.2). It 

appears to decay linearly with potential density from a near surface value of 

5.5 x 10-5 cm2 s-2, to half that value or less in the core layers defined above. 

Within the core, these values provide a significant accelerative force due to 

the Bernoulli gradient. Broken into components, as shown in figures 5.10a 

and b, the change in Bernoulli function represents the enhancing effects of 

the accelerative downstream changes due to the increasing Acceleration 

Potential 'PM, and loss of Zonal Kinetic Energy, which by comparison is much 

smaller though larger than the estimated errors shown by the bars in the 

figures. Errors associated in Dynamic Height are taken to be 1 dyn em, which 

is the estimated rms error in surface dynamic height relative to 500 dbars 

corresponding to high-frequency internal waves Hayes (1982). Using an error 

in the estimate of the downstream change of the pressure of the potential 

density surface of 3.5 m, yields an error in Acceleration Potential of about 1.4 

dyn em. Together these estimates, listed in table 5.3, yield an error in the 

downstream change of the Bernoulli head of about 1.7 dyn em, which gives 

an error in the corresponding downstream gradient of B of 0.3 x 10-s cm2s-2. 

Thus even on the potential density surfaces defining the core, the 

downstream gradient of B is significantly eastward. 

The effect of the upward diapycnal advection of zonal momentum, 
au 

W c dz, appears to make a small contribution to the momentum balance, as 

figure 5.10 indicates, especially in the core layers where We is small and 

uncertainly known. Assuming that the error of uncertainty in W c is ±0.15 x 

10-3 ern s-1, yields an error in this term of about 0.15 x 1Q-5 crn2s-2. Thus, in the 

upper potential density layers, this term, though still small compared with 

the downstream Bernoulli gradient, is significant and contributes to accelerate 

an eastward flow. 

Table 5.4 compares the local slopes of the actual streamlines relative to 

the slopes of the potential density surfaces given by W c/U at the equator, and 
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Figure 5.11: A profile versus potential density of the terms estimated in the 
zonal momentum balance. The open squares denote the estimate of the 
down-stream gradient of Bernoulli Function, the open diamonds represent 
the estimated transport of momentum by the diapycnal vertical velocity, and 
the solid diamonds are the estimated divergence of the northward flux of 
eastward momentum accomplished by the 20 day wave band. The estimated 
errors are indicated by the error bars. 
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the local slope of the Bernoulli function and Acceleration Potential as 

aB/ax a'¥M/ ax 
calculated by- aB/az and- a'¥M/az locally relative to the potential density 

surfaces. After considering the errors in the estimate of each slope as listed in 

Table 5.3, it is clear that the slope of the streamline compares well with the 

local slope of the Bernoulli function and the Acceleration Potential in the 

defined core layers, better than with the slope of the potential density surfaces 

relative to which it is calculated. Surfaces of constant B rise more steeply 

across potential density surfaces than streamlines, within this region of the 

core. 

The Effect of the Eddy Reynolds Stress Divergences 

One purpose of examining the momentum balance on isentropic or 

potential density surfaces is to compare the effects of different terms estimated 

using a variety of data, at different locations. If an Undercurrent core -relative 

frame can be identified by using potential density surfaces, then comparison is 

made easier. For instance, closing the momentum budget ideally using the 

pressure gradient from 150 to 110°W, requires estimates· of eddy Reynolds 

stress divergence terms at the mean longitude, 130°W. But if it is assumed 

that the momentum balance of the EUC core does not change drastically from 

150°W to l10°W relative to potential density surfaces, the eddy Reynolds 

stress divergence terms estimated at 110°W, can be used if estimates can be 

determined relative to potential density surfaces. 

The current meter array at 110°W does not measure potential density, 

but as an approximation, the fluxes are computed on surfaces of constant 

temperature. In the upper waters of the equator for depths shallower than 

250 m, the difference between temperature and potential temperature is 

minor. It is shown in Table 5.1, that the potential temperature did not change 

by a large amount on the potential density surfaces defining the core layers. 

The largest downstream change observed was 0.7°C on the 25.0 sigma theta 

surface, at an average potential temperature of 19.4°C. This introduces an 

error in the analysis which can be estimated by comparing fluxes calculated 

on the 19 and 19.4°C surfaces. At the 25.5 and 26.0 sigma theta surfaces the 

downstream change in temperature was much smaller at about 0.2°C. The 

error in using the average potential temperature surface is probably well 
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Table 5.3: Errors 

u 10 em s-1 

We 0.2 x 1o-3 em s-1 

w 0.2 x 1o-3 em s-1 

0 1 dyn em 

dz, dP 3.5m, 3 .5 dbars 

as; ax 0.3 x 10-5 em s-2 

au'v'/ay 0.6 x 1o-5 em s-2 

zonal slopes: cra 0 .1 x 1 o- 5 

'I'M, B 0.2 x 10-5 

W/U 0.2 X 10-5 

Table 5.3: Estimates of the errors. Explanation of estimates are found in text. 

Table 5.4: Comparison of Sl~pes Relative to <Je Surfaces 

cre We/ U 
(a'PM/ax) (as; ax} az} - -

(astaz) - cre 
(a'PM/az) ax 

23.5 1 .2 3.3 5.1 1 .6 

24.0 1 . 1 1.9 4.1 1 .6 

24.5 0 .6 0.9 1 .3 1 .6 

25.0 0.3 0.7 0 .7 1 .6 

25.5 0 .1 0.4 0.4 1 .5 

26 .0 -0 .3 0.3 0.4 1.4 

26.5 -0.9 -0.2 -0.1 -0.2 

27.0 0 0 0 0 

(x 1 o-5) (x 1 o- 5) (X 1 o-5) (x 1 o- 5) 

Table 5.4: A comparison of the slopes of the streamline, surfaces of constant 
Acceleration Potential, and Bernoulli Function, relative to potential density 
surfaces. 
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within other larger errors in the estimate. To compare the downstream 

gradient in Bernoulli function to the eddy Reynolds stress estimates at l10°W, 

the fluxes of momentum are estimated on the constant isotherms, 19.4, 17.5, 

and 15.0°C. 

New time series are constructed of zonal and meridional velocity on 

isotherms, and depth of the isotherms, from the time series of velocity and 

temperature at fixed depths. The new time series generated from the series at 

the equatorial mooring of the array, is shown in figure 5.12. Most notable in 

the time series of meridional velocity and depth of isotherms, are the 

fluctuations at regular periods of about 20 to 30 days, which are most dramatic 

on the 19.4 and 17.5 °C isotherms. These are associated with the Tropical 

Instability Waves (Philander, et al., 1984). Fluctuations at shorter periods are 

more noticeable on the 15°C surface. These fluctuations are superimposed 

upon an intraseasonal variability noted by the slow general upward motion 

of the isotherms except for a single sharp drop in October. At the time of the 

drop, an anomalously large eastward pulse is noted on the 17.5°C surface. 

Perhaps this is a wind forced Kelvin wave passing the mooring location 

(Knox and Halpern, 1982). The 19.4 oc surface intersects the sea surface 

preceding the sharp drop, invalidating the assumption that this surface is 

quasi-conservative. A large pulse of westward flow is noted at this time at the 

surface most likely reflecting the presence of the South Equatorial Current. 

The new time series generated at the north and south moorings are similar in 

character to the equatorial series. 

Spectral analysis was performed on a 168 day piece of the record to 

obtain a frequency band at central period of 21 days. To get adequate statistical 

confidence, 7 frequency bands were averaged together ranging in period from 

33.6 to 15.3 days. This frequency band-averaging provided 14 degrees of 

freedom and a significant coherence at 95% confidence of 0.66. 

Table 5.5 presents the estimates of the northward flux of eastward 

momentum for the 21 day band for the array listed with the coherence and 

phase. It is noted that the phase is close to 90 degrees for the records which 

are significant at 95% confidence. All but one of the records, the eddy flux on 

the 17.5°C isotherm south of the equator, are significant at this level. The 

fluxes north of the equator on the 17.5 and 19.4°C isotherms are northward 

and south of the equator are southward indicating a poleward net divergence 

179 



100 
(/) 

.........._ 50 
E 
u 0 

50 

0 .---------~.------------------. 

50 

? 1oo 
....___.. 

5 150 
a.. 
Q) 

-o 200 

250 

AUG 
1980 

OCT DEC FEB 
1981 

Figure 5.12: New timeseries of velocity on isotherms and depth of isotherms 
calculated from the equatorial mooring T8, where (a) show the zonal velocity 
on the 19.4 and 17.5 oc isotherms, (b) shows the meridional velocity on the 
17.5°C isotherm, and (c) shows the depth of the 19.4, 17.5 and 15.0 oc 
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of eastward momentum at these isotherms. At 15°C, there is a small 

poleward divergence although the fluxes are all directed to the south. The 

flux divergence of this northward flux of eastward momentum is compared 

to the downstream change on the Bernoulli function, in figure 5.11. 

An error at the 19.5°C isotherm is estimated by comparing the flux 

divergence estimated by interpolating to the 19°C instead. Using 19.5°C, a flux 

divergence of 2.8 x l0-5 cm2s-1 is obtained whereas at 19°C, a flux divergence of 

2.2 x l0-5 cm2s-l is obtained. This is only one type of error encountered in this 

type of estimate, but the difference, 0.6 x l0-5 cm2s-1 is taken as an indication of 

the error throughout the calculation. While it is difficult to estimate the 

other errors, errors due to the assumption of conservation of temperature, 

especially for the warmer values, and errors in interpolating over such large 

instrument placements in the v_ertical (25 to 50 m) are probably the largest 

source. It is hoped that these errors are no larger than the estimate of the 

error above, thus, it is used as an estimate throughout the array. 

As revealed in figure 5.11, the profiles of eddy Reynolds stress 

divergence and the downstream gradient of Bernoulli function compare well 

in magnitude and shape. A local balance is suggested given the errors of the 

estimates for the core region of the Undercurrent. 

5.5 DISCUSSION 

That the transport budget for this volume defined by sigma theta 

surfaces requires a meridional flow at the poleward edges to balance the 

diapycnal transport, may seem to question the assumption that the 

Undercurrent conserves potential density along the equatorial route without 

the added information that the vertical velocity due to the upward motion 

along isopycnals is much larger than the diapycnal velocity within the core. 

Consideration of the advective timescales, however, suggests that the water 

which exits across the potential density layers vertically is replaced by these 

meridionally converging flows. A parcel at 150°W in the core of the 

Undercurrent with a potential density of 25.5, will reach 110°W after 60 days, 

before it can leave the volume through diapycnal exchange which will take 

approximately 100 days. However, a parcel travelling toward the equator 
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Table 5.5: Northward Flux of Eastward Momentum on Isotherms 

T N E s 
(oC) 

19.4 282 77 - 7 

(0.89, 67) (0.89 82) (0.59, 92) 

17.5 126 -2 2 -6 8 

(0.85, 70} (0.87, 94} (0.47, -166) 

15.0 - 1 6 -4 9 - 2 1 

(0.92 95) (0.84 122) (0 .78 -1 06) 

Table 5.5: Cospectrum of zonal and meridional velocity in the 21 day band 
(33.6 to 15 days) at each isotherm 19.4, 17.5 and 15.0°C, listed with the 
coherence and phase. The significant coherence at 95% confidence is 0.63. 
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in the layer above (or below) the 25.5 surface from the poleward edges of the 

volume also reaches the equator after 100 days. Actually, this parcel will 

undergo a water mass conversion along the equatorward route, in effect being 

slowly upwelled (or downwelled) relative to the Undercurrent core, such that 

by the time it reaches the equator the conversion is completed and it is in a 

new density layer. 

The resulting picture evokes the simple Undercurrent-upwelling 

model elucidated by Wyrtki (1981) except that the vertical boundaries of the 

upwelling volume are isopycnals, the vertical motion is relative to the 

upwelling of the Undercurrent core, which now explicitly reveals the water 

mass conversion required in each cell. 

The amount of water entering meridionally below the core that needs 

to be made more dense is nearly equal to the amount of water entering 

meridionally above the core that needs to be made less dense. The 2.4 Sv of 

25.0 to 25.5 water must be converted to water less dense than 25.0; and 

likewise the 1.2 Sv of 25.5 to 26.0 must be converted to water that is more 

dense. However, to accomplish the net conversion little buoyancy flux 

divergence over the two layers is actually needed compared with the amount 

of buoyancy flux needed to accomplish each conversion separately. Either a 

downward diffusive buoyancy flux across the sigma-theta 25.5 surface and no 

fluxes across the 25 and 26 surfaces is required, or at both sigma-theta 25 and 

26 surfaces, the fluxes can be upward and nearly equal, and zero at the 25.5 

surface, in order to be consistent with having relatively little net buoyancy 

flux divergence over the combined two layers. The first possibility suggests 

that the core is more strongly diffusive than the regions above and below, 

since the vertical eddy flux of buoyancy required is large. This situation is 

rather unlikely because it requires an up-gradient buoyancy flux, with less 

dense water releasing buoyancy to the denser water making it more dense to 

allow it to sink. The second case requires no buoyancy exchange between 

layers at the core but large exchanges above and below the core. This case is 

more physically likely even though it means that the 25.5 to 26 water must be 

made denser (colder). The upper layer can easily be made less dense (warmer) 

by a turbulent downward diffusion of buoyancy (heat) from the surface 

boundary layer. At the equator, it is observed that the surface waters are 

heated by net air-sea interaction. It is more difficult to see how the lower 
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layer can be made more dense (colder) at the equator. The evidence to support 

the possibility of this water mass conversion comes from the existence of the 

13°C thermostad. 

The 13°C thermostad is found along the entire Pacific in the deep 

thermocline layers below the Undercurrent, (Stroup,1960; Tsuchiya, 1975). It 

is a layer of well-mixed (minimum N2) water of about 13°C, and salinity of 

about 34.9 psu, associated often with a westward deep flow and laterally by 

large equatorward gradients in temperature and salinity which support 

geostrophically what are know as the Subsurface Equatorial Countercurrents. 

The observed downstream change in its properties of the thermostad are 

consistent with exchange with the lower layers of the Undercurrent. 

Downstream (eastward) the thermostad becomes more well-mixed, warmer, 

saltier, and larger in cross-sectional area. Thus it seems possible that the 

lower layers of the Undercurrent exchange buoyancy and salinity with the 

thermostad perhaps through diffusive or diapycnal fluxes, subtly changing 

the properties downstream. North and south of the thermostad, the water is 

colder and fresher . These lateral gradients make it seem unlikely that the 

thermostad chang~s eastward by lateral mixing. Lateral mixing would 

accomplish a change in properties to the west with the thermostad becoming 

colder and fresher to the west if the source waters were in the east. The 

observation that it becomes more well-mixed to the east, implies that the 

exchange must be with the lower layers of the Undercurrent. Exchange with 

the lower layers of the EUC is also suggested by the high oxygen tongue 

extending across the Pacific from the western boundary along the 200 and 

160 cl/t surfaces which approximately bound the thermostad (figure 5.6, as 

discussed by Tsuchiya, 1968). In any given meridional section the oxygen 

contours form troughs at the equator with higher values towards the EUC 

core. The troughs of oxygen contours are steeper than the troughs of 

isentropic surfaces reesulting in an oxygen maximum on the isentropic 

surfaces. High oxygen is noted along the western boundary in the southern 

hemisphere, suggesting that the source waters for the thermostad have 

southern hemisphere origin. Modification can then occur along the equator 

within the EUC as the high oxygen waters are carried eastward within the 

lower layers of the EUC. 
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On Closing the Momentum Balance at the Core of the Undercurrent 

Results presented here suggest that there exists a balance in the 

downstream momentum balance of the core of the Undercurrent between the 

downstream change in Bernoulli function and the lateral divergence of eddy 

Reynolds stress. The Reynolds stress acts as an equivalent westward stress 

divergence which counteracts the eastward force of the downstream 

Bernoulli gradient. On the other hand, it is shown that the actual streamlines 

within the eastward and upward flowing Undercurrent core are about as 

parallel to locally calculated Bernoulli surfaces as they are to local surfaces of 

potential density. It seems that an equivalent statement can be accepted about 

the core of the Undercurrent nearly conserving its Bernoulli Function as is 

accepted about it nearly conserving its potential density. 

An estimate of the dissipation required for the flow within the 

Undercurrent to cross surfaces of Bernoulli Function illustrates this idea that 

the Undercurrent nearly conserves Bernoulli function. The conservation of 

Bernoulli function is actually a statement of energy conservation, 

<1B <1B 
U dX + W c dZ = - £. 

The dissipation rate £ is calculated as a residual between the mean advection 

terms. At the 25.5 sigma theta surface, a dissipation rate of 0.8 (±0.7)x1Q-7m2s-3, 

positive and just barely larger than the error, obtains. Similar dissipation 

rates are estimated at all potential density surfaces of the core region. The two 

terms tend to cancel and each is of the same order by comparison. That the 

dissipation required is small suggests that the Bernoulli function is also a 

quasi-conserved property of the Undercurrent. However, as in the difference 

between geostrophy and quasi-geostrophy, it is noted that the important clues 

to the dynamics are uncovered by considering the second order effects. Here 

it is found that the wave fluxes have an important role in the dynamical 

balance of the mean Undercurrent. 
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5.6 CONCLUSIONS 

A classic approach to investigating the dynamics of the Equatorial 

Undercurrent has been re-examined. Wyrtki and Bennett (1963) analyzed the 

energy balance of the core of the Undercurrent on an isentropic surface (8=280 

ell ton) by balancing the observed downstream decrease in the Acceleration 

potential about equally in the eastern Pacific, with increases of mean kinetic 

energy and dissipation by vertical friction. Here, the momentum balance is 

better closed by new observations. It appears that vertical friction of the type 

that Wyrtki envisioned, that due to turbulence generated by the winds, has 

been shown both directly by microstructure observations and here indirectly, 

to be not very important at the depths of the core of the Undercurrent. 

Instead, significant momentum flux divergences of the large scale equatorial 

waves play a large role. Hence it appears that it is lateral rather than vertical 

friction that decelerates the EUC. The residual between the downstream 

decrease in the Bernoulli function and the wave flux divergence is small and 

of the same order as the error in the estimates. 

Analysis of the volume transport budget within the core layers has 

given a refined view of the circulation within the Undercurrent core. It 

appears that there exists a secondary circulation where the meridional 

convergence is balanced by a diapycnal divergence within isopycnal layers 

while the zonal transport along isopycnals is conserved. Meridional 

geostrophic flows, which converge on the core of the Undercurrent, are slow 

enough that as they flow equatorward they are slowly converted to warmer 

water above the core and thermostad water below the core. 

Recent observational studies by Tropic Heat investigators have 

provided new insights into the time dependent behavior of the 

Undercurrent. Hebert and colleagues have suggested from the analysis of 

along- and cross-equatorial transects of the velocity and density structure with 

the RSVP (Rapid Sampling Vertical Profiler) and ship-mounted Acoustic 

Doppler profiles that the Undercurrent velocity maximum closely follows a 

particular potential density surface as well as the local salinity maximum on 

timescales of hours to days at a particular location, but over longer times and 

with comparisons over longer distances, the maxima track different potential 

density surfaces (Hebert et al., 1990). The maximum velocity of the 

Undercurrent profile is expected at the location where the turbulent stress 

186 



divergence becomes negligible and the eddy stress div~rgence begins to 

balance the eastward pressure gradient. Thus, the depth of the EUC 

maximum appears- to be dependent on the local vertical penetration of 

turbulent stress divergence which probably depends on local factors such as 

the local vertical shear of the Undercurrent, and the strength of the local 

winds and buoyancy fluxes. These factors may vary over time and longitude 

so that comparing the zonal and long term variations of the density of the 

velocity maximum may not be appropriate. What is more appropriate is 

comparing the acceleration potential on potential density surfaces as is done 

here. 
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CHAPTER 6: 

Summary and Final Remarks 

6.1 SUMMARY 

The EPOCS array of velocity and temperature time-series at 110°W is 

analyzed to study the 14.2 to 36.8 day oscillations in the eastern Pacific Ocean 

and their effect on the dynamics of the mean Equatorial Undercurrent. These 

surface intensified waves propagate westward along the equatorial upwelling 

front as first observed in satellite images of SST. The variance of the 

meridional velocity is mainly contained in a narrow frequency band (24 to 

17.3 days), with a central period of 21 days, as exhibited in spectra obtained 

using a 312 day long record at 20 rn depth. Phase differences between 

horizontally separated meridional velocity time series, calculated for a wider 

band (periods from 36.8 to 14.2 days with a central period of 20.4 days) using a 

184 day piece of the record during which the oscillations are most energetic, 

show westward phase propagation at a speed of 0.9 ± 0.3 rn s-1, with a zonal 

wavelength of 1660 krn. Negligible meridional phase propagation is 

indicated. In the vertical, deeper records lead shallower records for all record 

pairs except the 20 rn record (which is located within the upper boundary 

layer) and the 50 rn record. This upward phase propagation can be interpreted 

as downward energy propagation for equatorial waves. Fitting the observed 

vertical phase differences to the WKB approximation of the vertical structure 

equation, yields an estimate for the separation constant c of 1.2 ± 0.3 rn s-1 (or 

an equivalent depth of 15 ern) . For such a value of c, the observed 

wavenumber-frequency point lies on the dispersion curve for the mixed 

Rossby-gravity wave mode within the estimated errors. While the observed 

propagation characteristics suggest that linear equatorial wave theory may be 

applicable at least qualitatively, other aspects such as the ability of the waves 

to transport significant amounts of momentum and heat suggest that a fully 
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nonlinear theory capable of encompassing interactions with both other wave 

modes as well as complicated mean flow structures is necessary. 

Large and coherent eddy fluxes of momentum and temperature are 

observed within the array at 110°W. The spatial distribution of the co- and 

quadrature-spectra of these fluxes in the 21 day band (36.8 to 14.2 days) is used 

to estimate the interaction terms in the mean zonal momentum and energy 

equations in Chapters 3, 4, and 5. 

The mean zonal velocity field, U, is in thermal wind balance with the 

mean temperature field, Tin the upper part of the array. It appears that the 

array adequately resolves the zonal velocity field of the Undercurrent, the 

maximum of which is observed at 75 m at the southern location. The mean 

meridional velocity field, V, is divergent over the depth range of 75 m and 

above, and convergent below. The mean vertical velocity at the equator is 

estimated using the mean heat balance yielding upward velocities at 100 m 

and above, and a maximum of 2.6 x 10-3 em s-1 at 75 m, the depth of the 

Undercurrent core. The mean velocity field associated with the mean 

Undercurrent compares well with established estimates at the same location 

and over the same time period. 

The distribution of the northward eddy flux of eastward momentum, 

u'v' in the 21 day band, is divergent over the upper half of the array (at 100 m 

depth and above) with a much smaller and less coherent convergence below 

to 250m. This is indicative of an eastward stress divergence above 100m and 

an eastward stress convergence below. Integrating to 125 m, a westward 

equivalent stress of -0.3 dynes cm-2 is obtained. Thus over the entire depth 

range of the array, as well as to only 125 m, the eddy motions in this band act 

as an effective westward stress on the mean eastward flowing Undercurrent 

through the vertically integrated meridional Reynolds stress divergence 

(MRSD). 

The other potentially important eddy momentum flux, uw, is 

estimated from an assumed eddy heat balance. The vertical flux of eastward 

momentum by the eddy wave band, is upward over the region of the core of 

the Undercurrent, reaching a maximum at the core. Through the vertical 
Reynolds stress divergence (VRSD) -(uw)z, the 21 day waves are found to 
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have an important effect in the zonal momentum balance of the 

Undercurrent core. The resulting vertical profile of uw exhibits convergence 

above the core of the mean Undercurrent, located at 75 m, and divergence 

below the core with a similar magnitude. Such a profile suggests no net 

acceleration of the Undercurrent core but over time this distribution of stress 

divergence acting alone would produce an apparent upward displacement of 

the Undercurrent core. To 250 m, the vertical integral of the VRSD acts as a 

negligible eastward stress of 0.04 dynes cm-2. Integrated to the core (75 m) 

however, the vertical integral of the VRSD yields an eastward stress of 0.15 

dynes cm-2. When compared to the westward stress of about -0.3 dynes cm-2 

obtained from integrating the MRSD to the core, a tendency for partial 

compensation of the two RSD terms is inferred above the core. 

Profiles of the combined effect of these two eddy stress divergences are 

compared with the eastward zonal pressure gradient force. Above the core, 

the RSD nearly cancel, leaving the eastward pressure gradient force largely 

unbalanced by this wave stress. It is hypothesized that the turbulent stress 

divergence must balance the pressure gradient above the core. Below the 

core, the RSD combine nearly to balance the eastward zonal pressure gradient 

mainly through the VRSD. 

With the inferred mean vertical velocity estimate, the mean inertial 

acceleration terms are estimated and appear, when added together, to be small 

effect overall at -.09 dynes cm-2, though individually the terms are as large as 

the RSD terms. The mean meridional advection of mean zonal momentum 

nearly cancels the mean vertical advection of the mean zonal momentum. 

The errors are large in these terms. 

The Eliassen-Palm formulation for the mean zonal momentum 

equation is utilized to obtain a clearer picture of the role of the 21 day eddies 

in the dynamics of the Undercurrent. The estimates of the streamline for the 
eddy-driven meridional-vertical circulation, vT /T z suggest a consistently 

southward and upward mean eddy-driven circulation pattern for the entire 

array. This eddy-driven circulation is in the direction to partially compensate 

for the mean meridional and vertical inertial acceleration terms. The overall 

size of the eddy-induced circulation, however, is much smaller than the 

observed v and w fields. 
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The EP flux divergence is a measure of the role of the eddies in 

redistributing momentum in the mean zonal momentum balance. Above 

the core, to the 50 m level, the EP divergence is very small. In the core region, 

at the 75 and 100m levels, there is a divergence of EP flux, suggesting a 

decelerating mechanism for balancing the eastward zonal pressure gradient at 

these depths. Integrated to 125m, the equivalent stress of the EP flux 

divergence is westward at -.10 dynes cm-2 which is reduced over the eddy 

Reynolds stress divergence estimated equivalent stress over the same region 

of -.22 dynes cm-2. The virtue of using the EP flux divergence rather than the 

Reynolds stress flux divergence is that all of the direct effects of the eddies in 

the momentum balance are expressed as the EP flux divergence. In this 

manner, it is shown that the 21 day eddy band of variability is important to 

the momentum balance of the Undercurrent, directly through the EP flux 

divergences and indirectly through the advection of eastward momentum by 

the eddy-driven mean circulation. 

In Chapter 4, the rate of conversion from mean to eddy energy is 

estimated from the wave fluxes of momentum and temperature in the 21 day 

band. A local balance is observed between the positive conversion of mean 

kinetic energy (MKE) to eddy kinetic energy (EKE) through shear production,
u'v'Uy- v'2Vy- u'w'Uz, at 0.4 x 10-3 cm2s-3, and the local decay of MKE due to 

interaction with the eddies, -(u'v')yU- (v'2)y V - (u'w')zU, at -0.6 x 10-3 cm2s-3. 

An e-folding time scale of growth of 20 days is suggested for the local growth 

of EKE through the shear production terms, which compares well with 

theoretical estimates. Near the surface, at the 20 m level, there appears to be a 

near balance between the large positive rate of conversion usually associated 
with barotropic instability, -u'v'Uy, at 1.5 x 10-3 cm2s-3, and the leak poleward 

of EKE at -1.8 x 10-3 cm2s-3, accomplished by the conversion process involving 

the mean meridional mass divergence due to poleward Ekman drift. 

Compared with the kinetic energy conversion, the conversion of mean 
available potential energy to eddy potential energy, - v'T'(ga.T yiT z), is an 

order of magnitude smaller at .04 x I0-3 cm2s-3, suggesting that the primary 

source of eddy energy is through kinetic energy conversion. 

Through isentropic analysis, a different approach to studying the zonal 

momentum and energy balances of the Undercurrent is presented in Chapter 
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5. The purpose of using this approach is to be able to determine the mean 

momentum and energy balance of the Undercurrent core in a downstream 

frame of reference so that kinematical effects can be subtracted. The mean 

Bernoulli function, defined as the sum of kinetic energy and Acceleration 

Potential calculated on potential density surfaces or approximate isentropes, is 

used as the diagnostic for this study. 

On potential density surfaces, the Bernoulli function is observed to 

decrease eastward from 150°W to ll0°W. This is mostly due to a decrease in 

the Montgomery streamfunction or Acceleration Potential. In the mean 

zonal momentum balance of the Undercurrent, the downstream decrease in 

the Bernoulli function represents an eastward force that can be balanced by 

the lateral divergence of eastward eddy stress calculated on isotherms 

representative of the core of the Undercurrent. This implies that it is not 

necessary to invoke an enormous turbulent stress divergence to balance the 

eastward pressure gradient force. 

The downstream decrease in the Acceleration potential represents a 

decrease or a release of mean available potential energy. From an energy 

balance perspective, the overall decrease observed in the mean Bernoulli 

function implies that the release of mean available potential energy is not 

converted into mean kinetic energy but must be balanced by small scale 

processes, such as turbulent dissipation or conversion into eddy kinetic or 

potential energy. The rate at which mean available potential energy is 

released as the Undercurrent flows "downhill", is about lQ-3 cm2 s-3, which is 

about the rate at which mean kinetic energy is converted to eddy kinetic 

energy for the 21 day waves through lateral shear instability as estimated in 

Chapter 4. 

Within the core of the Undercurrent, the local slopes of the eastward 

and upward mean equatorial trajectories, are larger than the slopes of the 

isopycnals but smaller than the slopes of Bernoulli function. But the slopes 

of the Bernoulli function and the mean streamline are nearly equal to the 

slope of the isopycnals within the errors of the calculation. Thus to a good 

approximation, it can be said that the Undercurrent nearly conserves 

Bernoulli function and density as it flows eastward and upward. 
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Figure 6.1: Three-dimensional schematic of the effect of the observed eddy 
Reynolds stresses on the zonal momentum balance of the mean equatorial 
Undercurrent. A typical equatorial zonal velocity profile is drawn as a 
function of depth with a maximum at 75 m. The northward flux of eastward 
momentum is drawn as dashed vectors; the upward flux of eastward 
momentum is drawn as dotted vectors. 
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6.2 CONCLUSIONS 

Understanding how the 21 day waves or instability waves affect the 

momentum balance and energetics of the mean Equatorial Undercurrent was 

the central goal of this thesis. This study has successfully shown that these 

waves are necessary in the momentum and energy balances of the mean 

Undercurrent on the equator at ll0°W, which is in the eastern Pacific Ocean. 

Through the EP flux, these waves redistribute the westward momentum 

input by the westward winds downward into deeper levels of the thermocline 

and laterally redistribute the eastward momentum of the Undercurrent 

northwards towards the South Equatorial Current (figure 6.0). The 

downward redistribution of westward stress allows the mean eastward 

pressure gradient force to be balanced at levels below the upper surface layer 

which is dominated by turbulence. 

The northward redistribution of eastward momentum into the region 

of the SEC suggests a coupling of the EUC to the SEC through the mechanism 

of lateral shear instability. In the classical case of lateral shear instability of an 

isolated jet, when the isolated jet becomes unstable, momentum is 

redistributed by the growing waves in such a way that the veloci ty maximum 

is reduced and the velocity at the flanks is increased (Pedlosky, 1987). Thus, 

the lateral shear is diminished, which eventually shuts down the instability. 

Here, the eastward flowing Undercurrent is not an isolated feature, but is 

embedded wi thin the westward flowing SEC. These waves effect an 

enormous northward flux of eastward momentum into the region of the SEC 

observed north of the equator (figure 6.1). If this eastward eddy momentum 

is deposited in the SEC, the lateral shear between the SEC and the EUC would 

be diminished, thus reducing the growth of the instability. The eddy flux of 

eastward momentum upwards into the region of negative velocity shear 

above the core, inferred in Chapter 3, also works to diminish the shear above 

the Undercurrent, hence reducing the source of the instability due to the 

waves working against the vertical shear of the Undercurrent. 

The westward winds pump energy and momentum into the equatorial 

ocean (figure 6.2). The energy input is primarily stored in the east-wes t slope 

195 



Figure 6.2: Schematic diagram for the mean energetics of the equatorial 
upwelling region. The westward wind stress 't puts energy into the equatorial 
ocean stored as available potential energy in the east-west sloping 
thermocline represented as lines of constant sigma-theta in the diagram. In 
the upper layer, some energy is immediately dissipated in the upper mixed 
layer as schematically shown by the process of breaking internal waves and 
some energy is directly converted into kinetic energy of the SEC (not 
schematically shown). The rest is released by the EUC as it flows "downhill" 
eastward and upward along the sloping thermocline as represented by the 
solid arrow which denotes the equatorial streamline of the EUC crossing 
downwards through a line of constant acceleration potential '¥ M. The 
equatorial streamline is shown to be nearly parallel to both the potential 
density curve and 'I'M. 
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of the thermocline as available potential energy (APE). To maintain an 

equilibrium, this energy must be removed at the same rate as it is stored. As 

the Undercurrent flows eastward, it releases available potential energy by 

flowing "downhill" from a region of high acceleration potential to low 

acceleration potential (Chapter 5). For a steady state, the available potential 

energy released can be converted into a downstream increase in mean kinetic 

energy or directly dissipated. In the western Pacific ocean, the EUC gains 

kinetic energy by this process as its velocity increases downstream. A 

downstream increase in kinetic energy is not observed in the central or 

eastern Pacific ocean as is shown by the slight decrease in kinetic energy 

observed between 150°W and 110°W (Chapter 5). Instead, the vertical and 

lateral shear between the SEC and EUC has become large enough for 

instabilities to grow. This is suggested by the observed growth rates of EKE 

(Chapter 4) by conversion from MKE. The EUC loses MKE by conversion to 

EKE through lateral shear instability at a rate of 0.5 x 10-7 m2 s-3 (Chapter 4), 

which is about the rate at which APE is released (Chapter 5). The direct 

conversion of APE to eddy potential energy is observed to be an order of 

magnitude smaller (Chapter 4). An upward phase propagation (Chapter 2) 

and a downward Eliassen-Palm flux (Chapter 3) suggest that the waves radiate 

energy into the deep ocean. Downward energy propagation is an energy sink 

for the upper thermocline. Turbulent dissipation may not be as important for 

dissipating the wind input below the core of the Undercurrent. In fact, below 

the core of the Undercurrent, turbulent dissipation rates are an order of 

magnitude lower than necessary to dissipate the energy released by the 

Undercurrent in flowing downhill (Hebert et al., 1990). 

This thesis shows that the tropical instability waves, or 21 day waves, 

are important to the zonal momentum balance and energetics of the 

Equatorial Undercurrent. The waves redistribute eastward momentum 

northward away from the Undercurrent toward the South Equatorial 

Current, implying that the dynamics of these two currents may be linked. 

The waves also redistribute westward momentum downward to balance the 

eastward pressure gradient force at depth. In the eastern Pacific, these waves 

provide a way to remove energy from the upper thermocline where the wind 

puts energy into the large scale circulation stored as mean available potential 

energy associated with the east-west sloping thermocline. 
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APPENDIX 

A Derivation of the Equations for the 

Interaction of a Wave Disturbance with a 

Slow, Large-scale Zonal Flow 

The derivation of the equations for the slow evolution of an 

interactive system, comprised of a slowly varying large scale flow and a 

rapidly varying intermediate scale wave, follows from a multiple scale 

analysis. The evolution equations appear at second order in the expansion, 

based on the smallness of the ratio of the scale of the wave velocity amplitude 

to the scale of the large scale zonal flow. The geostrophic and hydrostatic 

balance of the zonal flow obtains at the lowest order, and the wave evolution 

equations modified by ~ laterally and vertically sheared zonal flow obtain at 

the next order. 

Equations 

The following equations, describing the motion of a Boussinesq, 

incompressible, hydrostatic fluid on the equatorial ~ plane with an external 

forcing or dissipation given in a general form (Mx, MY) for momentum and Q 

for heat, will be used as the starting point in the procedure: 

1 X 
Ut + UUx + VUy + WUz - fv + hw = --Px + M 

Po 
1 

Vt + UVx + VVy + WVz + fu = - - py+ MY 
Po 

p 1 
Wt +UWx +VWy +WWz - hu + g- = -- Pz 

Po Po 

Tt + uTx +vTy +wTz = Q 

p = p(T) 
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Ux + Vy +Wz = 0 

where u, v, and w are the velocity components of a fluid parcel in the x, y, 

and z directions, f is the vertical component of the Earth's rotation vector, 

tangent to the Earth's surface at the equator; it varies in the y direction as ~y 

with constant ~; h is the horizontal component of the Earth's rotation vector 

at the equator equal to 2!2, where n is the angular rotation speed of the Earth; 

in Boussinesq approximation, the density is given by p0 (z)+ p*(x, y, z, t), 

where Po is the density of the resting state and is much larger than p; Tis the 

temperature; the density is a function of T alone; and p is the pressure after 

subtracting out the hydrostatic pressure of the resting fluid. 

Equatorial Scaling 

The system to be described here consists of two fluid motions 

superimposed, with well separated time and length scales such that the 

variables (u, v, w, T, p, p*) can be written as a sum of a slowly varying flow, 

(U, V, W, T, P, p*), which varies in time according to a slow scale 't and in the 

. zonal direction x, according to a long zonal scale Lx and a wave flow (u', v', 

w', T', p', p '), which varies as a plane wave in x and t with zonal 

wavenumber k and frequency w. 

For well separated time and length scales, the relative scaling of this 

system is such that the wave scales I w-1 I and I k-1 I must be very small with 

respect to the slow scales 't and Lx. Thus, the small parameter £2 is defined, 

such that 

I w I -c - £2 and I k I Lx- £2. 

The length scale in the meridional direction y is Ly, which is shorter than the 

zonal length scale L.M and is the same order as the intermediate wave length 

scale I k-1 I. Observations of the Equatorial Undercurrent provide the 

motivation for such scaling. The Undercurrent varies only significantly over 

the zonal extent of the Pacific basin, approximately 10,000 km, whereas the 

characteristic length scale in the meridional direction is 100 km. Thus, E is 

typically observed to be 0.1. The vertical scale of the Undercurrent is about 

100m. Thus, in choosing, 
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by comparison to observations, the continuity equation after averaging over 

a wave period is scaled as follows, 

au av 
+ 

1 

ay 
Lx lVI 
lUI£; 

+ 
aw 
az 

IWI 
L~ . 

= 0 

Thus, the scales appropriate for V and W for all slow, large scale terms to be of 

the same order in E, 

IV I - £21 U I and I WI - e5 I U I, 

which also agrees with observations, since IV I is typically 1 em s-1 at the edges 

of the Undercurrent, and I WI is typically 10-3 em s-1 near the velocity 

maximum of the Undercurrent, while I U I given by the velocity maximum, 

is typically 100 em s-1 . That the continuity equation is assumed to be three

dimensional is consistent with the study by Bryden and Brady (1985), who 

found that the zonal convergence within the Undercurrent, over 40 degrees 

of longitude in their diagnostic model, was as important as the meridional 

divergence in determining the vertical velocity by integrating the continuity 

equation. 

Similarly the continuity equation for the waves, obtained by 

subtracting the averaged continuity equation from the full equation is scaled 

as follows, 

au· av· aw· 
ax + ~ + az = 0 

I k-11 I vi 
lwllml 1 ----

lui Ly 

The scalings, 

lul-lvl, ik-11 -Ly,and lm-11-L~, 

require that I w I - Es I u I for all terms to be of the same order giving a fully 

three dimensional continuity equation. 

Relative scaling of the wave velocity scales I u I and I vI, by the mean 

flow scale I U I, is taken in the following expansion to be 8, where 8 is a small 

number, to be determined as the lowest order of E needed to allow the waves 

to affect the mean flow. It will be shown that 8 is order e. The waves 
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observed have amplitudes which exceed this ordering. A typical range in 

amplitude for u or v near the surface (at the larger end of the range) and in 

the vicinity of the Undercurrent core (at the smaller end of the range) is 

observed to be about 30 to 15 em s-1, thus 8 would be about 0.3 to 0.15 for the 

actual scales in the real equatorial ocean over the domain of the 

Undercurrent. This is a bit larger than the size of E as determined from the 

length scaling procedure above. However, the expansion discussed below 

reveals that 8 must be the same order as E. 

Multiple Scale Expansion 

Based on the scaling arguments above, new independent variables X 

and 't are defined such that, 

X = E2x and 't = E2t. 

Then, 

~ ~ 2~ i. ~ 2~ 
at - > at• + E at and ax - > ax• + E aX" 

Let each scaled variable u, v, w, T, p, and p, be decomposed into a slow, large 

scale flow and a fast wave, in the form, 

u/ I U I = U(X, y, z, t) + 8 u'(X, y, z, t)ei<kx ·-rot'+ mz> and 

f 
1 

= P(X, y, z, 't) + 8 p'(X, y, z, t)eiCkx ·- c.ot '+ mz) etc., 
PoP 

allowing for a slowly varying wave amplitude. The slow flow and the wave 

can each be further expanded in powers of E, such that 

U(X, y, Z, 't) = Uo + E ul + E2 u2 + . .. and 

u'(X, y, z, 't) = u'o + E u'1 + E2u'2 + ... etc. 
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Only the lowest order is important up to the order necessary to obtain the 

evolution equations for U and T, after averaging over a wave period, but it 

will be shown that there is a first order correction to the hydrostatic balance 

due to the vertical Coriolis force which is important in determining the next 

order correction to the geostrophic zonal flow. 

Inserting the above decomposition and new operators into the 

equations above, scaling and then collecting like orders of E and 8, yields the 

following. 

0(1): 

At zeroth order in either E or 8, the geostrophic, Ekman balance is 

obtained in the y momentum equation, 

aP 
fU =- ay +MY. 

This gives a scale relation between P and U, such that, 

IPI -~.L:liUI, 

where f is scaled as ~Ly, which can be used in the zeroth order z momentum 

equation to show that the Coriolis acceleration 2QU is an order in E smaller 
()p 

than oz' 

12QUI ~LxiUI LxLr. 

loP I - ~Ly2IUI/Lr.- L/ -e. 
az 

Thus the hydrostatic balance, 

p* oP 
- -g = oz' 

Po 

holds at zeroth order. No zeroth order balance is observed in the x 

momentum equation or in the temperature equation. 

O(E): 

To obtain the ordering relationship between 8 and E, the terms in the x 

momentum equation at the second order in E and 8, after averaging over a 

203 



wave period are examined. It is observed that in order for the waves to affect 

the evolution of U and T, the wave amplitude scale o with respect to I U I 

must be O(e). This is because the terms affecting the evolution of U and T due 

to the slow fields alone enter at order e2 while the average wave transports of 

momentum and temperature are order o2 . 

Thus, setting o equal to e, and averaging the O(e) equations over a wave 

period, since the terms involving wave quantities average to zero, the O(e) 

geostrophic and hydrostatic balance of the slow flow remain, 

and 

Joyce, Lukas, and Firing (1988) discuss the ramifications of this second order 

correction to the hydrostatic balance due to the vertical Coriolis force to the 

calculation of geostrophic currents near the equator. They note that the 

correction to the zonal velocity due to this additional term, may be important 

in the upper 200 m since almost everywhere this correction is eastward, 

adding at most 10 em s-1 to the usually calculated geostrophic equatorial 

currents. 

Then, subtracting these O(e) terms from the full O(e) equations, yields 

the evolution equations for the wave with modifications by the slow, large 

scale flow U, along with the wave continuity equation and a linear equation 

of state relating pi and T', 

U
1
t + Uu1x- (f - Uy )v 1 + W1 Uz + P1x = mix 

v't + UV1x + f U1 + ply = rniY 

T' t + UT' x + v'T y + w'T z = ql 

P I I 

r+Pz = 0 
Po 

I I I 0 Ux +Vy+Wz= 

pi = -p0 aT', where a = -Op/ aT. 
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0(£2) 

At second order in£, after averaging over a wave period so that terms 

involving the next order in £ in the expansions of U and T and u', v', and T' 

do not enter the equation at order e2 (i.e terms like U1u'x, Uu'1x, and U1T'x 

etc., becau3e these terms average to zero), the equations for the evolution of a 

slow, large scale flow due to the interaction of waves obtain: 

U't + UUx- V ( f- Uy) + W Uz + Px = - < (u'2)x + (u'v')y + (u'w')z > + Mx 

T-r + UTx + VTy + WTz =- < (u'T')x + (v'T')y + (w'T')z > + Q 

where the operator<> denotes an average over a wave period. 
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