SEPTEMBER 2007

YANG AND PRICE

2251

Potential Vorticity Constraint on the Flow between Two Basins
JIAYAN YANG

AND

JAMES F. PRICE

Department of Physical Oceanography, Woods Hole Oceanographic Institution, Woods Hole, Massachusetts
(Manuscript received 29 November 2005, in final form 29 November 2006)
ABSTRACT
This paper examines the role of potential vorticity (PV) balance in source- and sink-driven flows between
two basins. As shown in previous studies, PV advection into a basin, say a positive PV advection, requires
a negative frictional torque to maintain a steady PV balance. This sense of torque may be provided by a
cyclonic boundary current within the basin. The PV advection through a channel is due almost entirely to
advection of planetary PV, f/H, where f is the Coriolis parameter and H is the column thickness. Therefore
a localized change of depth, and thus H in the channel, directly affects the PV transport and will result in
a basinwide change of the circulation pattern. For example, if the channel depth is made shallower while
holding the transport fixed, the PV advection is then increased and the result may be a strong recirculation
within the basin, as much as two orders of magnitude greater than the transport through the channel. When
the basins are connected by two channels at different latitudes or with different sill depths, the throughflow
is found to be divided between the two channels in a way that satisfies the integral constraint for flow around
an island. The partition of the flow between two channels appears to be such as to minimize the net
frictional torque. In still another set of experiments, the large-scale pressure difference (layer thickness)
between the basins is specified and held fixed, while the throughflow is allowed to vary in response to
changes in the frictional torque. The interbasin transport is strongly influenced by the length of the boundary or the magnitude of the viscosity in the sense that a greater PV frictional torque allows a greater PV
transport and vice versa. This result is counterintuitive, if it is assumed that the throughflow is determined
by viscous drag within the channel but is a straightforward consequence of the basin-scale PV balance. Thus,
the important frictional effect in these experiments is on the basin-scale flow and not on the channel scale.

1. Introduction
Water mass exchange between the open-ocean and
semienclosed marginal seas is an important process in
the global ocean circulation. Outflow from some marginal seas, for instance, is a primary source for the
dense water that fills the abyssal ocean and thus plays a
key role in the thermohaline circulation (Warren 1981;
Whitehead et al. 1974; Price and Baringer 1994). Marginal seas are often well separated from the open ocean
by topography and exchange with the external ocean
occurs through relatively narrow straits. For a marginal
sea in steady state, the lateral exchanges of heat and salt
with the ocean would have to balance the total air–sea
buoyancy fluxes inside the marginal sea. Thus varia-
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tions of throughflow (i.e., the flow through the connecting straits) can have significant and direct impacts on
the physical oceanographic conditions in the marginal
sea (Helfrich and Pratt 2003). In the Arctic Ocean, for
instance, variation of the inflow of the warm Atlantic
water into the Arctic basin, through Fram Strait and St.
Anna Trough, is believed to be a key factor in Arctic
ocean–ice conditions (Zhang et al. 1998). The steadystate throughflow between basins must ultimately be
constrained by the large-scale budgets of key variables,
such as mass (volume), energy, and, as we will investigate further here, potential vorticity (PV).
In a previous study, we have investigated the role of
friction in the PV balance of a single basin by integrating a highly idealized model that was driven by prescribed sources and sinks of water mass and PV (Yang
and Price 2000). The main result was that the PV integral over a basin for a water mass layer is affected only
by inflow/outflow through lateral boundaries and by
friction. Downwelling and upwelling within the interior
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of the marginal sea basin make no contribution to the
PV budget. In a steady state, the lateral PV advection
into a basin must be balanced by frictional torque. Thus
the total frictional torque term in the integral PV balance must vanish for a flow driven by an interior source
and sink of water mass (downwelling and upwelling). It
follows that the manner in which a water mass is introduced or withdrawn from a basin affects directly the PV
budget and thus the basin-scale circulation, especially
the boundary current where the frictional torque is concentrated. This was demonstrated by Yang (2005) in an
application to the Arctic Ocean circulation. We note
that this is consistent with the “PV impermeability
theorem” developed by Haynes and McIntyre (1987,
1990) who demonstrated that 1) there can be no net
transport of PV across any isentropic surface and 2) PV
cannot be created nor destroyed within a layer bounded
by two isentropic surfaces. An oceanographic interpretation was provided by Marshall and Nurser (1992),
who applied the impermeability theorem to thermocline ventilation.
In all of the experiments shown by Yang and Price
(2000) the lateral inflow and outflow was prescribed. In
the real ocean, and in more comprehensive ocean models, the inflow into and outflow from a marginal sea is
determined by physical processes that are a part of the
overall circulation of the marginal sea (Helfrich and
Pratt 2003) and of the ocean. In this paper we investigate how the water mass and PV advection between
two basins is affected by processes that occur within the
upstream or downstream basin. We will investigate how
the model dynamics selects a throughflow pathway
from one basin to the other, including cases where the
throughflow is partitioned among two channels. Finally,
we will explore the other side of the PV budget to see
how the flow between two basins may be constrained
by the magnitude of PV frictional torque. To do this we
have conducted several experiments in which the magnitude of PV frictional torque is varied while allowing
the throughflow transport to vary. These experiments
demonstrate that the transport of the throughflow is
then permitted or controlled by the frictional torque.

2. Model formulation and the PV integral balance
The model used here (Fig. 1) is similar to the onelayer, reduced-gravity model used by Yang and Price
(2000) except for the mixing parameterization. It is assumed that the overlying fluid layer is very thick and
effectively motionless (as in Kawase 1987) so that this
model is an upside-down version of the reduced-gravity
model often used in simulating an upper-ocean layer.
The velocity (u, ) and the layer thickness H are governed by the following equations
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FIG. 1. Schematic of the model configuration.
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where D/Dt is the rate of change following the fluid,
g⬘ ⫽ ⌬g/0 is the reduced gravity, w* is the diapycnal
mass flux, and AH is the horizontal viscosity. At the
initial state, the velocity is zero and the layer interface
is flat and thus the initial layer thickness H0(x, y) is set
by the model topography. The topographic effect on
PV advection, and thus on the flow pattern, is made
through this term. No-slip and no-normal flow conditions are used along solid boundaries. The model is
driven by specified source/sink of water mass, either in
the form of downwelling/upwelling, the w* in Eq. (3),
or as inflow/outflow through a lateral opening. The
form of this forcing varies from one set of experiments
to the next. The horizontal resolution is 10 km in both
x and y directions and the model equations are discretized using a staggered Arakawa C grid [the numerical technique used in this model is the same as that used
by Luther and O’Brien (1985)]. Unless stated otherwise, the model domain spans 4400 km zonally and
2000 km meridionally; rotation is represented by a ␤
plane centered at 30°N. The viscosity used in most of
these experiments is rather large, AH ⫽ 2500 m2 s⫺1;
hence, most of the solutions take the form of quasilaminar, low Reynolds number flows. The main reason
for using such a large AH is to ensure that the model

SEPTEMBER 2007

grid interval is sufficient to resolve a Munk-type boundary layer, which is a crucial aspect of the frictional
torque. In the last section we will show some solutions
produced with much smaller viscosity and point out
some consequences of inadequate resolution of the
boundary layer. We do not include simulations having a
high enough Reynolds number that eddies might play
an important role for interbasin PV advection.
The numerical solutions are of the fully nonlinear
momentum and continuity equations, Eqs. (1)–(3), integrated to a steady state. However, for the purposes of
diagnosing and understanding the solutions, a simplified, linear PV balance equation has been found to be
accurate and of great utility. Following Yang and Price
(2000), we can derive the area integral of the PV equation from Eqs. (1)–(3) in the form of a line integral
along the side boundary C:

冖

C
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where n is the unit vector perpendicular to the lateral
boundary, respectively, uH ⫽ (u, ), is the horizontal
velocity vector, UH ⫽ HuH,  ⫽ x ⫺ uy is the relative
vorticity, Dp is the curl of the friction, and the integral
养C ds is along the lateral boundary C. When the curl of
the frictional term is integrated over a basin, as in Eq.
(4), we call the resulting term the frictional torque and
sometimes, to emphasize the role in PV balance, the PV
frictional torque. If the path of the integral in Eq. (4) is
a closed streamline or the boundary of a closed basin,
the integration of all external forces, that is, the righthand side of Eq. (4), will be zero. This is the same
integral constraint derived by Niiler (1966), who studied the role of friction in an inertial western boundary
current.
There are useful simplifications that can be made to
the PV balance: 1) When  K f; that is, the relative
vorticity is much smaller than the Coriolis parameter f,
as it usually is in these solutions, and the transport of
PV is effectively the same as the transport of f/H. If the
flow through a strait is nearly unidirectional, the transport of relative PV (i.e.,  /H ) integrated across the
channel will vanish when using the no-slip boundary
condition (Yang and Price 2000) and so, once again,
PV ⫽ f/H. 2) It is also the case that the deviation of
layer thickness from the initial value is small so that (H
⫺ H0)/H0 K H holds, in general. Thus the variation of
layer thickness across a connecting strait is often (not
always) small enough that for diagnostic purposes the

lateral PV advection term on the left-hand side of Eq.
(4) may be approximated as
N
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where Qi is the volume transport out of the basin across
s1i ⱕ si ⱕ s2i , and fi and H0i are the Coriolis parameter
and the mean layer thickness at the ith opening. The
curl of the frictional term is derived from Eqs. (1)–(2):
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The areal integral of Eq. (6) is then
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This frictional torque can be rather complicated when
there are complex topographic features. However, we
have found that the qualitative flow pattern is very
similar to that found in solutions that use a much simpler Rayleigh friction. In that case the right-hand side
of Eq. (7) can be replaced by the line integral of tangential velocity along the boundary times a Rayleigh
friction coefficient ; that is, ⫺养(u · l) ds [see Yang and
Price (2000) for details]. In this form of frictional parameterization, it is most evident that the direction of
the boundary current is set by the sign of PV advection
into the basin. In the other words, whether the basin is
dominated by a cyclonic or an anticyclonic boundary
current is determined by the sign of the net lateral PV
advection into the basin. A greatly simplified, approximate PV balance, used solely for diagnostic (descriptive) purposes, is then
N
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Equation (4) or (8) indicates that in steady state, the
PV advection across the side boundary into a density
layer can be balanced only by the net PV frictional
torque within this layer, and moreover, this frictional
torque can be localized to the boundary. It is this twoterm balance that makes PV such a powerful diagnostic
quantity. Thus the PV flux associated with inflow/
outflow exerts a type of “control” on the basin circulation, especially the large-scale pattern of the boundary
currents that generate most of the fictional torque. Another important conclusion derived from Eq. (4), also
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discussed by Yang and Price (2000), is that a water mass
source/sink supplied through a diapycnal vertical velocity (downwelling or upwelling) does not contribute to
the PV budget of the layer.
As we will emphasize in this paper, especially in section 4, Eq. (4) should be thought of as a two-way PV
constraint. If the transport of the source or sink is specified, then the PV balance constrains the flow field so
that the PV advection associated with the source and
sink must be balanced by frictional torque. On the
other hand, if the amplitude of the frictional torque is
varied, say by changing the viscosity, then the lateral
inflow or outflow to a basin must follow suit so that
again, the frictional torque is balanced by a lateral PV
advection. Thus a change of frictional torque will cause
a change of lateral outflow and inflow, as we will elucidate in section 4.

3. Two-basin throughflow with specified source
and sink transports
In this section we are going to show three sets of
experiments in which the magnitude of the water mass
source and sink is specified. Consequently, the total
throughflow transport from one basin to the other, in
the steady state, is also fixed. In the first set of experiments (section 3a), the two basins are connected by a
single channel, the latitude of which is varied. These
experiments are somewhat similar to those shown by
Yang and Price (2000) except that we emphasize the
throughflow between basins. In the second set of experiments (section 3b), we will show a series of model
runs in which the planetary PV at the channel is varied.
For the same water mass transport, Q, the PV transport
between the basins varies depending upon the value of
f/H within the channel. In the third set of experiments
(section 3c), the adjacent basins are connected by two
channels that have distinctly different bathymetry and
thus different planetary PV, that is, different f/H. In
that case we are interested to learn how the throughflow is partitioned between two channels and how this
partition is related to the PV integral constraint in Eq.
(4) or (8).

a. Two basins connected by one channel at a
specified latitude
In the following experiments, we use a model domain
divided into two separate, semienclosed basins connected by a single, narrow channel. The model domain
is a ␤ plane with a flat bottom at a depth of 2500 m. The
channel is at a midvalue of the y coordinate (in effect,
the latitude) that will be varied from one experiment to
the next. Thus the planetary vorticity of the throughflow will be changed since relative vorticity of the
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throughflow is very much less than planetary vorticity.
The model was initiated from a state of rest in which
the basin was filled with water up to z ⫽ 2500 m level.
The circulation is forced by an inflow of 2 Sv (Sv ⬅ 106
m3 s⫺1) through the channel between y ⫽ ⫺100 and y ⫽
100 km at the western boundary of the western basin
(x ⫽ 0) and by an outflow of the same amount through
the eastern boundary of the eastern basin (x ⫽ 4400
km) at the same range of y. There is no other source or
sink (no interior upwelling and downwelling); thus,
when the model circulation reaches a steady state, all of
the source water introduced into the western basin
must flow through the connecting channel into the eastern basin and then out of the model domain. Thus the
net throughflow between the western and eastern basins is determined in these experiments. The flow pathways are not constrained, however, and are determined
internally by the model dynamics.
The first experiment is, in effect, a control run, in
which the connecting channel is at the same y (same
latitude) as the inflow at x ⫽ 0 and the outflow at x ⫽
4400 km, so within a given basin the inflow and outflow
transport the same planetary PV (given that H⬘ K H0).
The left-hand side term in Eq. (4) is then zero and the
net frictional torque integrated over each basin separately and over the whole model domain (both basins)
must, according to Eq. (4), also be zero. The throughflow pathway that corresponds with this PV balance is,
not surprisingly, a zonal jetstarting from the inflow at
the western boundary, going straight through the channel, and continuing eastward until exiting as an outflow
at the eastern boundary (Fig. 2a). The flow is everywhere along PV contours, basically zonal lines [ f( y)/
H0] because H⬘ K H0. The relative vorticity  (not
shown here) is more than two orders of magnitude
smaller than f and so the model is governed by essentially linear dynamics. The integral of the PV frictional
torque in this constant depth case is simply a line integral of the PV diffusion through the sidewall, that is,
AH养C · n ds. There is no significant boundary current
(the upper panel of the Fig. 2) and both the relative
vorticity  and its gradient  · n are small in the interior and along the boundary. Thus the total PV frictional torque is negligible, consistent with the PV constraint Eq. (4) since the net PV advection (zero in this
case) is balanced by the frictional torque (also zero).
The distribution of the PV frictional torque term Dp(x,
y), as defined by Eq. (6), shows that the largest values
are concentrated near the inflow, near the channel, and
near the outflow (the upper panel of Fig. 3). The distribution is roughly antisymmetric north and south of
y ⫽ 0 so that the integral over the basin is essentially
zero.
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FIG. 2. The interface displacement (the color; units are meters) and currents for three
experiments, described in section 3a, that differ only with regard to the latitude of the throughflow channel. The magnitude of the inflow and outflow is 2 Sv.

We note that the flow within the channel is geostrophic in these solutions, aside from some sidewall
friction, and that the Froude number of the flow is small
compared to one. Hence, this channel flow, or throughflow as we call it, is not hydraulically controlled, as
occurs, for example, in the Strait of Gibraltar (and see
Helfrich and Pratt 2003).
When the channel latitude is changed, the net PV
balance (the integral over both basins) is unaffected,
but the balance within each basin is changed. If the
channel is set at larger y (the middle panel of Fig. 2),
the western basin exports positive PV, while the eastern
basin imports or receives positive PV. To achieve a
steady PV balance, the frictional torque acting over the
western basin must then be positive and, for essentially
linear dynamics as applies here, a positive frictional

torque results from a dominantly anticyclonic pattern
of boundary currents (the middle panels of Figs. 2 and
3). The sense of PV advection and the pattern of the
boundary currents is exactly reversed when the channel
is set at an equal distance south of the center; the western basin then exports negative PV and so must have a
negative frictional torque (the lower panels of Figs. 2
and 3). Thus the pattern of the boundary currents in the
western basin of the experiment shown in the middle
panel of Fig. 2 is exactly the same as that of the eastern
basin in the lower panel of Fig. 2 (notice that the interface height is different, however, because f varies between these two cases). As we will see in the next sequence of experiments, much the same happens when
the depth of the connecting channel is changed. But for
now, the most important qualitative point to under-
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FIG. 3. The distribution of the frictional torque Dp(x, y). Note that the frictional torque is
generally greater along the western boundary than elsewhere.

stand is that, as far as the pattern of the boundary currents is concerned, it does not matter whether the
throughflow causes an export of positive PV or an import of negative PV, the only issue is the PV balance
within that basin.

b. Experiments with internal water mass source and
sink
In this section, we will examine circulations with interior source (downwelling) and sink (upwelling). As
noted in the introduction, interior upwelling and downwelling do not contribute to the PV integral. For an
interbasin flow driven by a downwelling source in the
western basin and an upwelling sink in the eastern basin, the lateral PV advection into each basin is due
solely to the throughflow between the basins. A bowl
shape basin, as shown in Fig. 4, is used in the following
experiments.

In all experiments discussed in this subsection, a water mass source is specified as the downwelling term w*
in Eq. (3) in the western basin. The complementary
sink of water mass is placed in the eastern basin. The
spatial distribution of the source and sink are specified
as follows:
2 ⫹ y ⫺ y 2 ⲐR2
共
0兲 兴

Wsource ⫽ W0e⫺关共x⫺xs兲

and

⫺关共x⫺xi兲2 ⫹ 共y ⫺ y0兲2兴 ⲐR2

Wsink ⫽ ⫺W0e

,

共9兲

where xs ⫽ 1 ⫻ 104 km, xi ⫽ 3.4 ⫻ 104 km, y0 ⫽ 0, R ⫽
100 km, and W0 ⫽ 5 cm day⫺1. The water mass is introduced in the western basin through Wsource and flows
across the channel to the eastern basin where it is removed by Wsink. The connecting channel is at midlatitude (so that the Coriolis parameter is not zero). Regardless of the planetary PV value over the sill, the
western basin (Northern Hemisphere) will always lose
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FIG. 4. The model bathymetry used for an experiment in which the source and sink are in
the form of interior upwelling and downwelling.

PV on account of the throughflow, and the eastern basin will always receive a positive PV advection; as we
will see, a change of sill depth within the channel will
affect the magnitude of the PV advection but not its
sign.
In the first experiment, we set a very shallow sill
depth as shown in Fig. 4 (the sill is 2400 m above the
bottom, so H0 ⫽ 100 m). The magnitude of the source
and sink is 0.25 Sv and they are distributed according to
Eq. (9). In the steady state, the mean planetary PV
transport from the western to the eastern basin is large
due to small H0. Therefore, a large amount of positive
(negative) PV must be generated by friction in the
western (eastern) basin according to Eq. (4). The solution shows a large difference of interface height between the two basins. There are very strong recirculations in both western and eastern basins (Fig. 5a). Here
we computed the southern boundary transport at x ⫽
1000 km as an index for the recirculation strength. The
recirculation is about 32 Sv, or two orders of magnitude
greater than the source itself, 0.25 Sv. The flow is anticyclonic in the western basin and cyclonic in the eastern
basin (Fig. 5a) and so yields positive and negative 
along the boundary in the western and eastern basins,
respectively (Fig. 5c). Despite the strong boundary current and recirculation, the relative vorticity  is still two
orders of magnitude smaller than the planetary vorticity f. Thus our simplification (for diagnostic purposes)
that there is zero relative PV throughflow between the
two basins remains valid here. The very strong recirculation will enhance the frictional torque so that the
large PV transport (owing to small H0) through the
channel can be permitted.
We have carried out several more experiments by
using different sill depths. The overall patterns of the
flow field are very similar for all experiments and can
be characterized by anticyclonic and cyclonic recircula-

tions in the western and eastern basins, respectively.
The magnitude of the recirculation, however, is very
sensitive to the sill depth. Since the relative vorticity 
is small, the PV transport from the western to the eastern basin is proportional to 1/H0; this is confirmed by
the model results (Fig. 6a). How well does the model
satisfy the PV integral Eq. (4)? Fig. 6b compares the
frictional torque in the western basin (the eastern basin
has a virtually identical magnitude but with an opposite
sign) and the PV advection associated with the throughflow. For experiments using a large range of H0, the
requirement for the frictional torque to balance the PV
throughflow is well met.
Our experiments indicated that the strength of recirculation in each basin decreases as the sill depth H0
increases. For instance, the circulation strength is only
about 1.7 Sv when H0 is chosen to be 2000 m (as compared with 32 Sv when H0 ⫽ 100 m). How can we establish a relationship between H0 and the strength of
the recirculation? There are several important factors
to consider. First, the water source and sink are both
placed in the center of the basins where the PV f/H0 is
low due to the large H0. The throughflow, on the other
hand, takes place in a larger PV region ( is small in all
experiment). So the water mass must flow across PV
contours to reach the sill. In a nearly linear dynamical
regime, the only way to deviate the large-scale flow
from along PV contours is by friction. Second, the topographic ␤ is much larger than planetary ␤ in most of
our experiments. Thus PV contours are essentially isobaths (Fig. 5b). If the flow is governed by linear dynamics, the vorticity equation can be approximated by

␤Tb ⫽ Dp共x, y兲,

共10兲

where Dp is the frictional torque, ␤T is the topographic
␤, and  is the velocity perpendicular to the PV con-
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FIG. 5. An experiment driven by interior upwelling and downwelling: (a) the layer thickness anomaly and velocity, (b) the planetary
PV contour f/H, (c) the distribution of relative vorticity , and (d) the distribution of dissipation Dp as defined by Eq. (6). Note that
the recirculation in each basin is about two orders of magnitude greater than the source and sink.

tours. Along the boundary where the bathymetry varies
most profoundly, b is essentially the flow across the
isobaths. Figure 5 shows that the throughflow is fed by
the boundary current, which has a similar PV property.
The integral of b along the offshore edge of the boundary layer, which measures the transport from the source
into the boundary layer, could be expected to be proportional to the throughflow transport, that is,

冖

bh0 dl ⬃ Q.

共11兲

As shown in Fig. 5d, the boundary current has a very
narrow dissipation scale along the side boundary. The
spatial scale of bathymetry change, on the other hand,
is several hundred kilometers. In that case, the frictional term of Eq. (10) can be approximated by

␤Tb ⫽ ⫺AH

⭸3ub
⭸r3

共12兲

,

where the derivative in the right-hand side is in the
direction perpendicular to the PV isobaths. By using
Eq. (11), the scaling of Eq. (12) yields
h0ubLb ⬃ ␤T

Q
AHLb2

,

共13兲

where Lb is the width of the boundary layer. The lefthand side of Eq. (13) is a measure of the transport in
the recirculation.
A series of experiments with varying ␤T (Fig. 6c)
shows that the relationship between ␤T and the recirculation transport in the western basin is almost perfectly linear over 10 experiments. Thus Eq. (13) is well
satisfied within the parameter range here. To summarize, a strong recirculation is required so that the friction can deflect the flow away from PV contours (or
isobaths), as is required to connect the throughflow to
the water mass source and sink. A shallow sill depth
requires a greater frictional torque and thus a stronger
recirculation. Both the scaling analysis and the model
experiments indicate that the recirculation strength is
linearly proportional to the topographic ␤ (and recall
that the relative vorticity  is always much smaller than
f, so the PV distribution is determined by the planetary
vorticity and bathymetry).

c. Two basins connected by two channels
In all of the previous experiments, the throughflow
had to go through the single available channel connecting two basins. In the next four experiments, the basins
are connected by two channels (Fig. 7). The water mass

SEPTEMBER 2007

YANG AND PRICE

FIG. 6. The relationships (a) between the sill depth H0 and the
throughflow PV transport, (b) between the frictional torque in the
western basin and the PV transport, and (c) between the recirculation strength in the western basin and topographic ␤ near the
boundary.

source and sink can be introduced either as lateral inflow and outflow (as in section 3a) or as interior upwelling and downwelling (section 3b). Here we will
only show the cases with boundary inflow and outflow.
As in the experiments described in section 3a, a water mass source of 2 Sv is introduced as an inflow at the
western boundary of the western basin, and an outflow
of the same amplitude is placed at the eastern boundary
of the eastern basin. The first case to be examined is the
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simplest one with a flat bottom, as shown in Fig. 8a. We
will discuss some possible scenarios for the flow field
first. The planetary vorticity is f0 ⫽ 2⍀ sin30° for both
the inflow at x ⫽ 0 and the outflow at x ⫽ 4400 km and
is ( f0 ⫾ ␤⌬Y) for two midbasin channels at x ⫽ 2200
km. If all of the water mass flows through the northern
channel, the planetary PV transport would then be
about Q␤⌬Y/h0 greater than that of the inflow at x ⫽ 0
and the outflow at x ⫽ 4400 km. In that case the western basin would have positive PV advection, while the
eastern basin would have the reverse. Conversely, if the
water mass goes through the southern channel, the PV
advection and the frictional torque requirement would
be reversed. Another possibility is that the throughflow
might be split evenly into both channels. In that case
the planetary PV transport from the western to the
eastern basin would be the same as the PV advection at
x ⫽ 0, and so no net PV frictional torque would be
required.
This latter symmetric exchange is, in fact, what the
model solution indicates (Fig. 8a). The circulation patterns are nearly symmetrical north and south of y ⫽ 0
and the transport is evenly split between the northern
and southern channels. The relative vorticity  is more
than two orders of magnitude smaller than f0 and is
distributed almost symmetrically for the northern and
southern branches (Fig. 9a). North of y ⫽ 0 the cyclonic
boundary current in the western basin results in a positive PV production by friction and this cancels the same
magnitude of negative PV produced by the anticyclonic
boundary current south of y ⫽ 0. The circulation and
relative vorticity distribution is also symmetrical about
y ⫽ 0 in the eastern basin. From these results one might
guess that the realized throughflow is the one that gives
the smallest net PV frictional torque. Is this a general or
a specific case?
In the next experiment, we modified the topography
near the two channels by elevating the sill depth in both
channels to 1500 m above the deep basin (or 1000 m
below the basin mean surface level), as shown in Fig.
7b. Because of this shallower sill depth, the planetary
PV in either channel is greater than that at the inflow
(x ⫽ 0) and at the outflow (x ⫽ 4400 km). The PV
difference is smaller in the southern channel since
smaller f offsets the greater 1/H0. The result is that
about two-thirds of the water mass (1.32 Sv) goes
through the southern channel while the remainder (0.68
Sv) goes through the northern channel. This too indicates that the circulation selects a channel that requires
smaller PV frictional torque. But notice that the
throughflow divides, though unevenly, between the two
channels instead of shutting off the northern channel
completely as would follow from strict PV frictional
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FIG. 7. The model bathymetry for four experiments in which the two basins are connected by two channels; (a) bottom
basin is flat; (b) H0 ⫽ 1000 m in both channels; (c) H0 ⫽ 1500 and 250 m in the northern and southern channels; and (d)
H0 ⫽ 3310 and 2000 m in the northern and southern channels.

torque minimization alone. We infer that this is a consequence of the “island integral rule” constraint: an
integration of the model Eqs. (1)–(3) along the perimeter of an island shows that the integral of the frictional
term must vanish (Pedlosky et al. 1997). A very clear

demonstration of this island rule in the wind- and buoyancy-driven circulation in the Sea of Japan was made by
Spall (2002). In our model, the flow along the island
boundary in the middle of the basin must satisfy that
the integral of the friction term in the momentum equa-

FIG. 8. The layer thickness anomaly and velocity for the four experiments having the bathymetry shown in Fig. 7.
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FIG. 9. The distribution of the mean PV ( f/H0) for the experiments described in section 4.
Note that the interior PV contours are connected to the western boundary and thus the
frictional torque is expected to be large along the western boundary.

tion must be zero. In the simplest case of Rayleigh
friction, the line integral of tangential velocity along the
island must then vanish. In the case of our model parameterization of friction in Eqs. (1)–(2), the alongisland integral of the frictional momentum flux into the
boundary layer must be zero. As a consequence, the
throughflow cannot be through one channel only since
that would not satisfy the island rule.
For the weaker current that goes through the northern channel, the anticyclonic boundary current results
in positive PV diffusion into the basin along the western
and northern boundaries, as indicated in the distribution of relative vorticity  (Fig. 8b). The stronger current that exits through the southern channel flows initially southward along the western boundary but then
detaches from the boundary and forms a zonal current
between y ⫽ ⫺600 km and y ⫽ ⫺400 km. Upon arriving
at the western side of the midbasin island, it turns
southward and exits through the southern channel to
the eastern basin. This pathway can be understood in
terms of the local PV balance combined with the integral constraint in Eq. (4). Because of smaller H0 at the
sill, the planetary PV over the sill is greater than the PV
of the upstream flow. Hence the current must gain PV
before it can flow over either sill. The boundary current
that feeds the overflow thus has to be anticyclonic so
that boundary friction can generate positive PV. But
why does the water mass not form a zonal jet at y ⫽ 0
and then flow southward along the boundary at x ⫽
2000 km? This again can be explained by the PV balance along the pathway. Between y ⫽ 0 and y ⫽ ⫺600
km along the western side of the island at x ⫽ 2000 km,
the bottom is flat, so the water mass would have to

move from a higher PV location to a lower one. But,
since the boundary current is anticyclonic, the friction
would generate a positive PV flux, the opposite sign of
what would be needed to achieve a steady state. Thus
the southward flow between y ⫽ 0 and y ⫽ ⫺600 km is
along the western boundary at x ⫽ 0. Such a flow is
cyclonic and the resulting boundary friction allows the
water mass to flow from a higher to lower PV. From the
perspective of the basin PV integral, the net PV production by friction must be positive and thus the positive PV production south of y ⫽ ⫺600 km must be
greater than that to the north. A strong, but localized,
anticyclonic recirculation associated with the southward current along the western side of the midbasin
island serves to intensify the positive PV production by
friction; compare Fig. 8b, which shows a large amplitude of ␦/␦x in that area.
Can we switch the model preference to the northern
channel by modifying the bathymetry in the midbasin
channels? In the next experiment, we elevated the sill
depth in the southern channel to 2250 m (or H0 ⫽ 250
m) above the deep basin and lowered the northern sill
depth to 1500 m (H0 ⫽ 1500 m), as shown in Fig. 7c. The
planetary PV f/H0 in the northern and the southern
channels were then 6 ⫻ 10⫺8 m⫺1 s⫺1 and 2.2 ⫻ 10⫺7
m⫺1 s⫺1 as compared with 2.9 ⫻ 10⫺8 m⫺1 s⫺1 at the
inflow and outflow at the western and eastern boundaries. The PV value in the northern channel was thus
much closer to that at the inflow when compared with
the PV at the southern channel. The flow pattern (Fig.
8c) reflects this change by turning most of the inflow to
the northern channel, 1.72 Sv, leaving only a small portion, 0.28 Sv, to the southern channel.
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TABLE 1. The budgets of PV transport and dissipation and water mass throughflow.
AH (m2 s⫺1)
⫺2

养C(Un · n)f/H ds in Eq. (4) (m s )
养C(Un · n)/H ds in Eq. (4) (m2 s⫺2)
兰兰ADp dx dy in western basin (m2 s⫺2)
兰兰ADp dx dy in eastern basin (m2 s⫺2)
Mass transport Q (Sv)
2

250

1000

2500

10 000

0.026
⫺5.4 ⫻ 10⫺7
0.024
⫺0.025
0.42

0.068
⫺6.0 ⫻ 10⫺6
0.065
⫺0.066
1.07

0.11
⫺1.2 ⫻ 10⫺5
0.106
⫺0.104
1.61

0.18
⫺2.6 ⫻ 10⫺5
0.172
⫺0.177
2.75

In the previous three experiments, the mean planetary PV f/0H was considerably different in the two
channels and the model results seem to indicate that the
preferred channel for the throughflow is the one that
would result in smaller frictional torque. In the next
experiment, we will examine a case in which the planetary PV is identical in both channels. We set up the
model topography as shown in Fig. 7d in which H0 is
3310 m in the northern channel and 2000 m in the
southern one, which result in the same value of f/H0
(2.72 ⫻ 10⫺8 m⫺1 s⫺1) in both channels and this PV
value is slightly smaller than that of inflow and outflow
at y ⫽ 0 where f/H0 ⫽ 2.9 ⫻ 10⫺8 m⫺1 s⫺1. The model
result shows that the inflow is split evenly into two
midbasin channels (Fig. 8d). Both northward and
southward western boundary currents detach from the
boundary and flow zonally to the western side of the
midbasin island. The current then flows toward the outflow along the boundary. This detachment of the western boundary current can also be explained in terms of
the local PV dynamics, much as we discussed for the
experiment of Fig. 8b.

4. When frictional torque is the independent
variable
The steady PV balance, Eq. (4), integrated over a
basin is between two terms, a source due to PV advection and a balancing frictional torque. In all experi-

␥共x, y兲 ⫽

1
for
200 days

ments presented so far, the throughflow transport was
fixed by prescribing the transport of the source or sink
so that PV advection was, in effect, the independent
variable. Now suppose that we vary the frictional
torque, while keeping all else fixed: Will the throughflow transport change as the frictional torque changes?
To test this, we will use a bowl-shaped basin similar to
that shown in Fig. 4 and set the sill to be 1500 m above
the bottom (or H0 ⫽ 1000 m). The initial PV ( f/H0)
distribution indicates that the interior PV contours are
connected with the western boundary (Fig. 9) so that
Rossby wave energy is directed toward the western
boundary. Thus the frictional torque is expected to be
largest along the western boundary, a point that we will
return to below.
To design experiments in which the magnitude of the
throughflow exchange is allowed to vary in response to
frictional processes we will create and maintain a largescale pressure difference between the two basins. The
interface height in the central western basin will be set
100 m higher than that in the central eastern basin and
maintained at that level by adding a restoring term,
⫺␥(x, y)(H ⫺ H0 ⫺ h*) to the right-hand side of Eq. (3),
where H0 is the initial layer thickness and h* is 100 m in
the western basin and 0 m in the eastern basin. The
restoring is applied only in an area within a radius of
800 km from the center in each basin and the restoring
time scale is 200 days; that is,

R ⫽ 公共x ⫺ xc兲2 ⫹ 共 y ⫺ yc兲2 ⱕ 800 km

⫽ 0 elsewhere,
where (xc , yc) is the center point in either western or
eastern basin.
A straightforward way to change the frictional torque
is to simply change the value of the viscosity AH in Eqs.
(1)–(2). Using this method we have carried out a series
of model runs varying the value of AH while holding the
large-scale height difference constant at 100 m, as noted
previously. The results for throughflow transport in

共14兲
these experiments are shown in Table 1. When a
smaller viscosity AH of 250 m2 s⫺1 is used, the transport
of planetary PV and relative PV through the midbasin
channel is 0.026 and ⫺5.4 (⫻10⫺7 m2 s⫺2), respectively:
thus it remains that the transport of relative vorticity is
much smaller than the transport of PV or planetary PV.
In the steady state, the PV advection from the western
to the eastern basin must be balanced by the frictional
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FIG. 10. The layer thickness anomaly from two experiments using different values of viscosity, AH ⫽ 250 and 10 000 m2 s⫺1 (also noted above the panels). Note that the larger AH
results in greater throughflow.

torque in both basins. The frictional torque diagnosed
from the model is 0.024 and ⫺0.025 m2 s⫺2 for these two
basins, respectively, which corresponds reasonably well
with the interbasin planetary PV advection, 0.026 m2
s⫺2. The throughflow transport in this experiment is
0.42 Sv. As we will discuss later, the model resolution is
insufficient to resolve the frictional processes along the
boundary for smaller AH and thus the transport and PV
flux are underestimated slightly in the model. When the
value of AH is increased, the frictional torque in both
basins is enhanced, which, according to Eq. (4), should
require a greater throughflow. This is indeed what the
model produces, as shown in Table 1. The PV frictional
torque in either basin increases with AH, and, all else
equal, a greater frictional torque allows, or we could say
produces, a greater transport of PV and water mass
from the western to the eastern basin. When AH is
increased from 250 to 10 000 m2 s⫺1, the mass transport
almost doubles from 0.42 Sv to 2.75 Sv. The contrast of
the flow field in these two cases is shown in Fig. 10.
The frictional torque increases very slowly with AH

because changing AH also affects the boundary layer
structure and the PV gradient. Specifically, a larger AH
tends to widen the boundary current and so reduces the
gradient  · n; this partly offsets the increase of viscosity. As discussed in section 3b, the scale of the frictional boundary layer is much smaller than the spatial
scale of the bathymetry change, and thus the frictional
torque can be simplified and the PV integral Eq. (4)
approximated by
Qf0
⫽ AH
H0

冖

n ·  ds.

共15兲

C

Along the western boundary, the relative vorticity can
be approximated by

 ⬇ ⭸ Ⲑ⭸x ⬃ ⌬ⲐL2M,

共16兲

where ⌬ is the interface height change across the
boundary layer and LM is the boundary layer scale. The
interface height change ⌬ is dependent on the imposed difference of the interface height between the

2264

JOURNAL OF PHYSICAL OCEANOGRAPHY

FIG. 11. The model throughflow transport as a function of AH
1/3
(dots) fits well with the curve 0.13AH
(line) at least for the larger
AH shown here. For AH smaller than about 2000 m2 s⫺2, the model
appears to underestimate the transport. The scale of Munk
boundary layer narrows as AH decreases and the model grid size
(10 km) is then too large to resolve the boundary layer dissipation
for the smaller AH. The result is smaller frictional torque, and thus
throughflow transport, than occurs in a fully resolved solution.

two basins. The western boundary layer is a Munk type
(Munk 1950), and thus the boundary layer scale width
can be estimated by LM ⫽ (AH/␤)1/3. By using this scaling analysis and Eqs. (15)–(16), the throughflow transport Q can be estimated by
共17兲

1Ⲑ3
.
Q ⬃ AH

In 15 experiments with AH ranging from 100 to 10 000
m2 s⫺1 (dots) the transport is found to fit very well with
0.13A1/3
H (the line of Fig. 11). A notable difference between Eq. (17) and the transport data of Fig. 11 is that
the model-predicted throughflow is somewhat smaller
than for Eq. (17), when AH is smaller than about 2000
m2 s⫺1 and the Munk boundary scale LM is about 40
km. Since the main dynamical balance within the western boundary is

␤ ⫽ AH

⭸3
⭸x3

,

共18兲

there must be several grid points within the boundary
layer in order to resolve the frictional right-hand side of
Eq. (18). When the grid resolution is insufficient for
this, the result is a smaller frictional torque than predicted by Eq. (17). The importance of resolving the
western boundary layer in OGCMs has been emphasized elsewhere (e.g., Yang 2003) and will not be discussed further here.
A way of changing the frictional torque while leaving
AH constant is to change the size of the basin and thus
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the boundary from which to diffuse PV. This method is
desirable since it avoids changing any physical parameter that might alter the model dynamics. The value of
viscosity is fixed at AH ⫽ 2500 m2 s⫺1 and the restoring
process remains the same as described by Eq. (14). A
reference experiment has the same basin size as in the
previous experiments (Fig. 9) and the transport and PV
advection through the midbasin channel are about 1.61
Sv and 0.11 m2 s⫺2, respectively. When the basin size in
the y direction is doubled so that the western boundary
is twice as long as before, the result is a substantial
increase in the frictional torque, 0.161 and ⫺0.163 m2
s⫺2, in the western and eastern basins, respectively. The
throughflow transport and PV advection also increased,
about 2.35 Sv and 0.161 m2 s⫺2, which are about 46%
greater than that of the nominal basin, 1.61 Sv and 0.11
m2 s⫺2 (Fig. 12).
In the next experiment we doubled the zonal extension of both basins, while holding the meridional extent
fixed. The model then transported about 1.89 Sv between the basins (Fig. 12d). This is somewhat greater
than the case with a smaller basin but lower than that
found with the meridionally expanded basin. Evidently
a western boundary current is more effective at generating a diffusive PV flux than is a zonal (east to west)
boundary current. The qualitative result is that a larger
basin leads to a greater throughflow transport, all else
equal.
One might argue that the greater transport in the
previous two experiments might be simply due to a
greater available potential energy associated with a
larger basin size. To find out whether this is relevant,
we added a peninsula into each basin (Fig. 12c), assuming the standard domain size. The model domain was
then slightly smaller than the standard one shown in
Fig. 12a but has a longer coastline (see Fig. 12c). The
same restoring force is applied on layer height, and the
throughflow transport was found to increase to 2.88 Sv
compared with 1.61 Sv in the standard case. Evidently,
it is not basin area alone that matters but rather the
basin perimeter, and our interpretation is that a longer
perimeter allows greater frictional torque, and thus favors, or we might now say requires, a greater throughflow transport.

5. Summary and discussion
Using a one-layer, idealized ocean model we have
examined how the pathways for throughflow between
two semienclosed basins depend upon the latitude of
the connecting channel, the depth of the connecting
channel, and other features of the bathymetry. The PV
balance is found to be a remarkably simple and very
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FIG. 12. The layer thickness anomaly from four experiments that use different basin shapes. Note that a longer lateral boundary,
especially when it is the western boundary, results in a greater transport. A longer boundary allows greater boundary layer dissipation
and thus permits more exchange between two basins, consistent with Eq. (5).

powerful diagnostic for the steady-state flow in these
experiments: the basin integral PV balance, Eq. (4),
requires that the net frictional torque over a basin must
be balanced by the lateral PV advection into the basin.
Interior upwelling and downwelling make no contribution to the PV integral. The PV integral can be considered a two-way constraint on the flow: a lateral inflow
of PV must be balanced by frictional torque, which
largely determines the pattern of boundary currents.
On the other hand, an increased frictional torque allows a greater throughflow between basins. The first
interpretation was suggested by a set of experiments in
which the model was driven by an inflow to the western
basin and an outflow from the eastern basin. For mass
conservation, the water mass must flow through the
midbasin channel as the solution reaches a steady state.
The resulting PV advection was then due mainly to the
depth of the channel and the latitude of the channel,
f/H, since these solutions are nearly linear. When the
PV advection into the basin is greater than that out of

the basin, as happens in the western basin when the
inflow channel was located at a higher latitude than the
midbasin one, a cyclonic circulation develops so that
the boundary friction produces a negative frictional
torque (dissipating positive PV) to balance the lateral
PV advection. Just the opposite happens when the midbasin channel is moved to a higher latitude. Similar
changes of flow patterns are found in experiments in
which the sill depth in the midbasin channel is modified
without changing the latitudinal position. What is most
striking from those experiments is that a localized
change of depth near the sill can profoundly affect the
basinwide circulation. In the case that the basins are
connected by two channels, the numerical solutions
show that the throughflow goes mainly through the
channel that would result in a smaller frictional torque.
A smaller portion of the water mass always flows
through the other channel no matter how deep or how
shallow the sill is because the island integral rule requires that the integral of boundary friction around an
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island must vanish (in the absence of wind forcing). We
must caution here, however, that the PV value in the
channel is set mainly by the prescribed bathymetry in
this one-layer model since  K f. In a three-dimensional
ocean model, the PV can be expected to change more
on account of changes in layer thickness than was possible here. While the PV balance Eq. (4) will still be
valid, the PV advection from one basin to the other can
adjust itself by changing either the transport or by
changing the layer thickness. In our one-layer model,
however, the PV advection can be changed significantly
only by changing the throughflow transport.
If the flow between two basins is allowed to vary, the
PV advection must be consistent with the PV frictional
torques in both basins according to Eq. (4). A greater
frictional torque allows a greater PV advection and vice
versa. Through this mechanism, the frictional processes
exert a powerful control on the flow between two basins. We used two methods to elucidate this, by changing the value of viscosity AH or by changing the size of
the model domain. In both methods, the height of the
abyssal layer was maintained by restoring to prescribed
levels. The water mass transport from one basin to the
other was then determined internally by the model dynamics. In both cases, the transport and PV advection
increase when the frictional torque is greater, consistent with the PV constraint.
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