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ABSTRACT: The Ka-band Radar Interferometer (KaRIn) on the Surface Water and Ocean Topography (SWOT) satellite
will revolutionize satellite altimetry by measuring sea surface height (SSH) with unprecedented accuracy and resolution
across two 50-km swaths separated by a 20-km gap. The original plan to provide an SSH product with a footprint diameter
of 1 km has changed to providing two SSH data products with footprint diameters of 0.5 and 2 km. The swath-averaged stan-
dard deviations and wavenumber spectra of the uncorrelated measurement errors for these footprints are derived from the
SWOT science requirements that are expressed in terms of the wavenumber spectrum of SSH after smoothing with a filter
cutoff wavelength of 15 km. The availability of two-dimensional fields of SSH within the measurement swaths will provide
the first spaceborne estimates of instantaneous surface velocity and vorticity through the geostrophic equations. The swath-
averaged standard deviations of the noise in estimates of velocity and vorticity derived by propagation of the uncorrelated
SSH measurement noise through the finite difference approximations of the derivatives are shown to be too large for the
SWOT data products to be used directly in most applications, even for the coarsest footprint diameter of 2 km. It is shown
from wavenumber spectra and maps constructed from simulated SWOT data that additional smoothing will be required for
most applications of SWOT estimates of velocity and vorticity. Equations are presented for the swath-averaged standard de-
viations and wavenumber spectra of residual noise in SSH and geostrophically computed velocity and vorticity after isotropic
two-dimensional smoothing for any user-defined smoother and filter cutoff wavelength of the smoothing.
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1. Introduction

Presently available sea surface height (SSH) fields con-
structed from measurements by multiple nadir-viewing satel-
lite altimeters are able to resolve midlatitude variability on
wavelength scales down to about 200 km and monthly time
scales (Chelton et al. 2011; Ballarotta et al. 2019). This resolu-
tion capability will soon be greatly improved by SSH meas-
urements from the Surface Water and Ocean Topography
(SWOT) satellite (Fu and Ferrari 2008; Durand et al. 2010;
Fu and Ubelmann 2014) that has a target launch date in
November 2022. The primary instrument on SWOT is the
Ka-band Radar Interferometer (KaRIn) that will determine
SSH frommeasurements at a microwave frequency of 35.75 GHz
using radar interferometry and synthetic aperture radar tech-
nology (see appendix B; see also Fu and Rodrı́guez 2004).
KaRIn will estimate SSH with a footprint diameter of order
1 km across a pair of swaths 50 km wide separated by a 20-km
gap centered on the satellite ground track. The high accuracy
and spatial resolution of the KaRIn data and the wide KaRIn
measurement swath will significantly improve the space–time
resolution capability of SSH fields. This will greatly benefit
studies of mesoscale ocean dynamics. Among other applica-
tions, the smaller errors in maps of SSH constructed from

SWOT data will reduce the mislocations of mesoscale eddies
in presently available SSH fields (e.g., Pascual et al. 2006). The
innovative measurements of SSH by KaRIn will also provide
insight into ocean dynamics in the submesoscale regime, and
the role of these small scales in influencing or connecting to
the dynamics at larger scales.

While the primary goal of the SWOT mission is to im-
prove the present SSH mapping capabilities, SWOT will
also enable the first spaceborne estimates of instantaneous
surface vector velocity and relative vorticity (referred to
hereinafter as vorticity) that can be computed geostrophi-
cally from the gridded SSH fields within the two SWOT
measurement swaths. Estimates of these variables from the
SSH fields constructed from merged multimission altimeter
data are limited by the above-noted 200-km wavelength and
monthly time-scale resolution of these SSH fields. Surface
vector velocity can be estimated geostrophically from a sin-
gle nadir-viewing altimeter on the coarse grid of crossovers
of ascending and descending ground tracks. However, in ad-
dition to the effects of SSH measurement noise on errors in
the geostrophically computed across-track velocities, the ac-
curacies of the vector velocity estimates at the crossovers
are limited by sampling errors from nonsimultaneity of the
ascending and descending overpasses and errors from the
geometrical transformation of the two across-track velocity
estimates that are in general nonorthogonal at the cross-
overs. The sampling errors and geometrical transformation
errors both vary latitudinally because of latitudinal varia-
tions of the time separation and angle between ascending
and descending ground tracks (Schlax and Chelton 2003).
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The ability to estimate vector velocity and vorticity instan-
taneously by altimetry is thus unique to the gridded SSH esti-
mates across the two parallel KaRIn measurement swaths.
Although the SWOT mission was not designed to determine
the surface velocity and vorticity fields, many researchers
intend to investigate ocean dynamics from SWOT estimates
of these variables. The equations from which the standard de-
viations and wavenumber spectra of noise can be computed
for all of the variables of interest (SSH, geostrophically com-
puted velocity components ug and yg, and the vorticity zg) are
presented in this study for any choice of footprint diameter in
the ground-based processing and subsequent additional spa-
tial smoothing, referred to here as postprocessing.

Our reference to ug and yg as “geostrophically computed veloc-
ity components” rather than “geostrophic velocity components”
is deliberate. There are several reasons the pressure field
might not be in geostrophic balance with the velocity field.
For example, the geostrophic approximation is valid only for
small Rossby number. Because of the high incidence of large
Rossby numbers at small scales (see Figs. 4 and 5 of Chelton
et al. 2019, referred to hereinafter as C19), the velocity com-
ponents computed from the geostrophic equations (see
appendix D) give velocity estimates that may not be truly
geostrophic on all scales. A significant concern is the possibil-
ity of erroneous contributions to the computed velocity from
gradients of the ageostrophic SSH signatures of internal tides
and internal waves with short wavelengths that may be re-
solvable in the SWOT data. Because of the large degree of
smoothing that will have to be applied in postprocessing to
mitigate the effects of measurement noise on estimates of ve-
locity and vorticity computed geostrophically from SWOT
data (see sections 3–5), most of the ageostrophic signals will
be attenuated by the filtering. We therefore neglect errors of
the geostrophic approximation in the analysis that follows.

It is noteworthy that the surface velocity field on the large
scales that are resolvable in SWOT data includes wind-driven
Ekman currents. These large-scale ageostrophic contributions
to velocity cannot be addressed from velocities computed
geostrophically from SWOT data (Yu et al. 2021).

The SWOT satellite will also include a dual-frequency nadir
altimeter that will measure SSH at Ku-band and C-band fre-
quencies of 13.6 and 5.3 GHz with a footprint size and mea-
surement precision that are very different from KaRIn. The
footprint for 1-s averages of nadir altimeter measurements
from the SWOT orbit altitude of 890 km for a significant
wave height (SWH) of 2 m has across-track and along-track
dimensions of approximately 3.5 km 3 10 km (see Figs. 22
and 23 of Chelton et al. 2001). These footprint dimensions in-
crease with increasing SWH. The nadir altimeter measure-
ments are expected to have a noise standard deviation of
1.7 cm (see Table 5 of JPL 2017a). In comparison, the noise
standard deviation of KaRIn measurements of SSH for a
much smaller footprint diameter of 2 km is expected to be
about 1.4 cm (see section 2 and appendix C). Because the pre-
cision and footprint size for KaRIn differ so much from those
of the nadir altimeter, the latter is not considered in this study.
Hereinafter, we will generally refer to SWOT estimates of

SSH with the implicit understanding that we consider only the
estimates from KaRIn.

This study also considers only the effects of uncorrelated
measurement errors (which we will refer to interchangeably
as measurement noise) in KaRIn estimates of SSH and how
they affect spatially smoothed estimates of instantaneous SSH
as well as SWOT estimates of surface velocity and vorticity
computed from instantaneous SSH for a chosen footprint di-
ameter, both without additional smoothing and with spatial
smoothing applied in postprocessing. The effects of long-
wavelength measurement errors are not addressed in this
study. Because of the high-pass filtering operation of the de-
rivative operator, long-wavelength measurement errors have
relatively little effect on SWOT estimates of velocity and vor-
ticity. We also do not consider the sampling errors that arise
from space–time smoothing of SWOT data from multiple
overpasses of SWOT, which are addressed in section 8 of C19
and discussed briefly here in section 6.

The analysis in this study draws heavily from the appen-
dixes of C19. The standard deviation sh of the uncorrelated
noise in SWOT estimates of SSH depends on the chosen foot-
print diameter. Although sh for a specified footprint diameter
is the fundamental characterization of the uncorrelated mea-
surement errors, this information is difficult to find and am-
biguous in the current versions of the SWOT documents.
Furthermore, the footprint diameter of the SWOT estimates
of SSH in the data products that will be provided by the
SWOT Project Office has evolved from the original plan that
was to provide only a single product with a footprint diameter
of 1 km. The new plan is to provide two data products, one
with a footprint diameter of 0.5 km and the other with a foot-
print diameter of 2 km. To date, the only documentations of
this change are the recent SWOT Product Description Docu-
ment (JPL 2020) and revision B of the Onboard Processing
and Algorithm Theoretical Basis Document (JPL 2021). To
the enlightened reader, hints of the change to footprint diam-
eters of 0.5 and 2 km can be inferred from sections 2.7.1a and
2.7.1b of the current version of the Science Requirements
Document (JPL 2018). The current version of the Mission
Performance and Error Budget Document (JPL 2017a) de-
scribes only the original planned footprint diameter of 1 km.

An objective of this study is to present the equations for
the standard deviations and along-track wavenumber spectra
of the noise of all of the variables of interest (SSH, geostroph-
ically computed velocity components, and vorticity) in terms
of the standard deviation sh of SSH noise for each of the
three footprint diameters of 0.5, 1, and 2 km. These equations
are presented in a series of appendixes, beginning with a sum-
mary in appendix A of the science requirements for KaRIn.
The requirement for the uncorrelated errors in KaRIn meas-
urements of SSH that are the focus of this study are specified
in a nonconventional manner in terms of the swath-averaged
along-track wavenumber spectrum of the noise after smooth-
ing the data with a half-power filter cutoff wavelength of
15 km. After an overview of the onboard and ground-based
processing of SWOT data in appendix B, the swath-averaged
standard deviations of the measurement noise in the SSH esti-
mates without 15-km smoothing are derived in appendix C
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from the spectral characterization for the three footprint di-
ameters of 0.5, 1, and 2 km. Our analysis assumes that the
spectral characteristics of uncorrelated measurement errors
are “white” (i.e., constant) for all wavenumbers up to the
Nyquist wavenumber of (2Dy)21 that is associated with an
along-track sample grid spacing of Dy that is equal to the foot-
print diameter. Note, however, that the science requirements
specify a white-noise spectrum only for wavenumbers up to
1/15 cycles per kilometer (cpkm), i.e., wavelengths longer
than 15 km (see appendix A).

The equations for the swath-averaged standard deviations
of the noise in velocity components computed from SSH by
finite-difference approximations of the derivatives in the geo-
strophic equations, and of the noise in vorticity estimated
from finite-difference approximations of the derivatives of the
geostrophically computed velocity components, are presented
in appendix D. The discussion in appendix D of the standard
deviations of the noise in SWOT estimates of all three varia-
bles (SSH, velocity, and vorticity) is extended in appendix E
to present equations for the along-track wavenumber spectral
characteristics of the noise without 15-km smoothing.

As summarized in section 2, the conclusion from the analy-
sis in appendixes D and E is that velocity and vorticity com-
puted geostrophically from the SWOT SSH data products will
be too noisy to be used directly for most applications, even
for the coarsest footprint diameter of 2 km considered here.
Most analyses of SWOT data over oceans will therefore be
based on the 2-km SSH product provided by the SWOT Pro-
ject, with additional smoothing applied in postprocessing to
reduce the noise and improve the signal-to-noise ratio. The
additional smoothing will be especially important for SWOT
estimates of velocity and vorticity. The equations for the stan-
dard deviations and wavenumber spectra of the noise in
smoothed SWOT estimates of all three variables are pre-
sented in sections 3 and 4.

Example maps of SSH and geostrophically computed veloc-
ity magnitude and vorticity constructed from simulated
SWOT data are presented in section 5 for selected choices of
smoothing in postprocessing. The simulated SWOT data in-
clude uncorrelated noise with the swath-averaged standard
deviation sh derived in appendix C for the footprint diameter
of 2 km that will likely be the SWOT data product preferred
by most users. The purpose of presenting these maps is to pro-
vide a visual sense of what to expect from SWOT data with
various amounts of smoothing applied in postprocessing. The
maps also provide insight into the contamination that can be
expected from edge effects of smoothing within the 50-km
width of the two measurement swaths.

For easy application, the equations in appendixes C–E and
sections 3 and 4 are all expressed in terms of the across-track
and along-track grid spacings Dx and Dy and standard devia-
tion sh of the SWOT data product with the specified footprint
diameter. The table and figures presented in this study are
based on the prelaunch estimates of sh that are derived in
appendix C for the footprint diameters of 0.5, 1, and 2 km.
The SSH noise standard deviation sh that appears in the
equations from which the table and figures were generated
can be replaced with the actual value determined after launch

from in-orbit data for any specified footprint diameter, grid
spacing of the data, swath location, and significant wave
height. Moreover, the equations presented here will be appli-
cable to future versions of the SWOT data products in which
the measurement noise standard deviations sh are likely to
decrease through improvements in the onboard and ground-
based processing of SWOT data.

2. The effects of uncorrelated measurement noise on
“unsmoothed” SWOT estimates of SSH, velocity,
and vorticity

The errors in SWOT estimates of SSH, velocity, and vortic-
ity have previously been investigated by C19 for the case of a
footprint diameter of 1 km that was the original plan for the
gridded SWOT data product. As noted in the introduction,
the SWOT Project has recently replaced the 1-km data prod-
uct with two gridded SSH products with footprint diameters
of 0.5 and 2 km. The error analysis in C19 is extended here in
appendixes C–E to derive the standard deviations and wave-
number spectra of the noise for these new footprint diame-
ters. We refer to SWOT estimates of SSH, velocity, and
vorticity with a chosen footprint diameter as “unsmoothed.”
In actuality, they are produced by two-dimensional smoothing
of the raw SWOT data that have a resolution of tens of meters
(see appendix B) using a filter that has a half-power filter cut-
off wavelength of approximately twice the footprint diameter
(see appendix B.1 of C19). SWOT estimates of SSH, velocity,
and vorticity generated from SWOT data with any of the
three footprint diameters considered in this study are referred
to as “smoothed” when they are subsequently filtered in post-
processing to improve the signal-to-noise ratio by reducing
the small-scale noise.

Expressions for the standard deviations of the noise in un-
smoothed SWOT estimates of SSH, the geostrophically com-
puted velocity components ug and yg, and the vorticity zg
computed from ug and yg are presented in appendixes C and
D for each of the three footprint diameters of 0.5, 1, and
2 km. The results are summarized in the top half of Table 1.
The noise standard deviation for SWOT measurements of
SSH with a footprint diameter of 2 km that is the data product
likely to be preferred by most users is 1.37 cm. As noted in
the introduction, this is smaller than the noise deviation of
about 1.7 cm in SSH measurements from conventional nadir
altimeters with their much larger footprint dimensions. The
noise standard deviations for SWOT estimates of velocity
components and vorticity are comparable to or larger than
the signal standard deviations in most regions of the World
Ocean for all three footprint diameters considered here. The
challenges of distinguishing signal and noise are further un-
derscored in appendix E by the wavenumber spectra of un-
smoothed SWOT estimates of velocity and vorticity that are
shown to be more energetic than the signal spectra over most
wavenumbers (see Fig. E1).

The conclusions from the analysis in appendixes C–E and
the noise statistics summarized in the top half of Table 1 and
in Fig. E1 are thus that SWOT data will have to be smoothed
in postprocessing for most ocean applications in order to
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reduce the noise, especially for SWOT estimates of velocity
and vorticity. Such smoothing attenuates the signal as well as
the noise. The noise power is attenuated more than the signal
power because the SSH, velocity, and vorticity signals are
more dominated by spatially correlated low-wavenumber
variability (see the thick black lines in Fig. E1). The signal-to-
noise ratios therefore improve with increased smoothing.
Estimation of zg is the most challenging because the signal is
less dominated by large-scale variability (see Fig. E1d) and is
therefore more attenuated by the smoothing. The effects of
smoothing on the standard deviation and wavenumber spec-
tra of residual noise in SWOT estimates of SSH, velocity, and
vorticity are quantified in sections 3 and 4.

3. The standard deviations of smoothed noise in SWOT
estimates of SSH, velocity, and vorticity

The equations for the swath-averaged standard deviations
of residual noise in SWOT estimates of SSH, ug, yg, and zg af-
ter the two-dimensional smoothing in the postprocessing that
will be required for most ocean applications of the SWOT
data that will be provided by the SWOT Project are derived
in appendix G.3 of C19. Our simulated postprocessing is
based on isotropic two-dimensional smoothing using the Par-
zen smoother that is discussed in detail in appendix A of C19.
The results would be very similar for other choices of
smoother, as long as the parameters of the smoother are cali-
brated to give the same half-power filter cutoff wavelength kc.
A useful characteristic of the Parzen smoother is that its filter
transfer function is almost identical to that of a Gaussian
smoother (see Fig. C2 in appendix C of C19). A convenient
property of the Gaussian smoother is that isotropic two-
dimensional smoothing that depends only on the radial dis-
tance of each data point from the estimation location can be

achieved equivalently through successive one-dimensional
smoothing operations in each of two orthogonal dimensions.
The similarity of the filter transfer functions of the Parzen and
Gaussian smoothers implies that isotropic two-dimensional
smoothing with the Parzen smoother can essentially be achieved
equivalently with separate one-dimensional smoothing in two
orthogonal dimensions. A distinct advantage of separate one-
dimensional smoothing is that it facilitates the derivations of the
analytical equations in section 4 below for the wavenumber
spectra of residual noise in smoothed estimates of SSH, ug, yg,
and zg. While the Parzen smoother nearly replicates the exact
equivalence of isotropic two-dimensional smoothing and se-
quential one-dimensional smoothing in two orthogonal dimen-
sions for the Gaussian smoother, this equivalence is only
approximate for most other smoothing algorithms.

To provide context for the analysis in this section, it is use-
ful to display the noise standard deviations graphically for un-
smoothed SWOT estimates of SSH, velocity, and vorticity as
functions of the half-power filter cutoff wavelengths associ-
ated with each of the footprint diameters of 0.5, 1, and 2 km.
It is shown in appendix B.1 of C19 that SSH estimates with a
footprint diameter of 1 km can be achieved with isotropic
two-dimensional smoothing of raw SWOT data using a
Parzen smoother (see, however, the footnote in appendix B
of this paper) with a half-power filter cutoff wavelength of
2 km, i.e., twice the desired footprint diameter. It is also
shown in appendix B.1 of C19 that the noise in these estimates
of SSH is uncorrelated on a grid spacing of 1 km 3 1 km.
SWOT estimates of SSH, velocity, and vorticity with the foot-
print diameters of 0.5 and 2 km can correspondingly be ob-
tained by two-dimensional smoothing of raw SWOT data
using Parzen smoothers with half-power filter cutoff wave-
lengths of 1 and 4 km, respectively, and the noise for these
footprints is uncorrelated on grids with spacings equal to the

TABLE 1. The swath-averaged standard deviations of the noise in SWOT estimates of SSH, geostrophically computed velocity
components ug and yg and relative vorticity zg. The top half of the table lists the noise standard deviations for “unsmoothed” data
with footprint diameters of 0.5, 1.0, and 2.0 km. Results for the case of 0.5-km footprint diameter are shown for a sample grid spacing
of 0.5 km 3 0.5 km on which the measurement errors are uncorrelated, and on an oversampled grid spacing of 0.25 km 3 0.25 km.
The bottom half of the table lists the residual noise standard deviations for the case of 2-km footprint diameter after additional
smoothing in postprocessing using a Parzen smoother with selected half-power filter cutoff wavelengths. The geostrophic calculations
are based on a Coriolis parameter of f378N 5 8.75 3 1025 s21 at the central latitude 378N of the model of the California Current
System used here (see Fig. 3). The noise in ug and yg for other latitudes can be determined by multiplying the values in the fourth
column by f378N/f, where f is the magnitude of the Coriolis parameter at the latitude of interest. The noise of zg/f can be determined
by multiplying the values in the last column by (f378N/f)

2.

Unsmoothed noise
Footprint diameter (km) Grid spacing (km) sh (cm) sug , syg at 378N (m s21) szg at 378N (s21) szg=f at 378N

0.5 0.25 5.48 16.99 1.05 3 1021 1198.1
0.5 0.5 5.48 8.67 2.74 3 1022 312.3
1.0 1.0 2.74 2.17 3.43 3 1023 39.0
2.0 2.0 1.37 0.54 4.28 3 1024 4.9

Smoothed noise
Filter cutoff (km) Grid spacing (km) sh (cm) sug , syg at 378N (m s21) szg at 378N (s21) szg=f at 378N

15 2.0 0.37 0.118 8.06 3 1025 0.920
30 2.0 0.19 0.034 1.51 3 1025 0.172
50 2.0 0.11 0.013 3.59 3 1026 0.041
70 2.0 0.08 0.007 1.34 3 1026 0.015
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respective footprint diameters. (As discussed in appendixes B
and C of this study, the SWOT Project may decide to
smooth the SSH with a half-power filter cutoff wavelength
somewhat longer than 4 km for the 2 km 3 2 km data prod-
uct; such increased smoothing would not significantly alter
any of the conclusions of this study.)

The standard deviations listed in the top half of Table 1 for
the SSH noise with the three footprint diameters of 0.5, 1, and
2 km and sample grid spacings equal to the footprint diame-
ters (rows 2–4 in Table 1) are displayed at their associated fil-
ter cutoff wavelengths of 1, 2, and 4 km by the solid circles in
Fig. 1a. The corresponding noise standard deviations for the
geostrophically computed velocity components ug and yg and
the vorticity zg are shown by the solid circles in Figs. 1b and 1c.
The noise standard deviation for SSHwith the footprint diameter
of 0.5 km is the same on the oversampled 0.25 km 3 0.25 km
grid as on the 0.5 km3 0.5 km grid. However, the noise standard
deviations for ug, yg, and zg with the footprint diameter of
0.5 km are larger on the oversampled 0.25 km 3 0.25 km grid
(see row 1 in Table 1 and the triangles in Figs. 1b and 1c). This
is because the finite-difference approximations of the deriva-
tives are computed on a smaller grid spacing, which increases
the noise in accord with (D3), (D4), and (D7).

Because of the excessively large noise standard deviations
for all three variables with the footprint diameter of 0.5 km,
this case is not considered further in the discussion that
follows. The standard deviations of the residual noise in
SWOT estimates of SSH, ug, yg, and zg after isotropic two-

dimensional smoothing in postprocessing are determined in
this section only for the footprint diameters of 1 and 2 km.

The variance of the residual noise in SSH after isotropic two-
dimensional smoothing in postprocessing, which will be denoted
here with an overbar, can be expressed in terms of the variance
s2
h of unsmoothed SSH by Eq. (D.5a) in appendix D of C19,

which is

s2
h 5 as2

h: (1a)

For grid spacings Dx and Dy in the x and y dimensions and
smoothing using a Parzen smoother with a half-power filter
cutoff wavelength of kc in each of two orthogonal dimensions
(which is essentially the same as isotropic two-dimensional
smoothing with a Gaussian smoother, as discussed at the be-
ginning of this section), the scaling factor a in (1a) is given by
Eq. (D.14c) of C19, which is

a ≈ 4DxDy

k2c
: (1b)

Note that this expression is applicable only for a grid spacing
Dx 3 Dy on which the measurement errors are uncorrelated.
For the case of Dx and Dy equal to the footprint diameter, i.e.,
the minimum grid spacing on which the SSH measurement
noise is uncorrelated, it is evident from (1a) and (1b) that s2

h
for any specified kc is the same for any footprint diameter.
This can be seen mathematically by noting that doubling the
footprint diameter from 1 to 2 km, for example, reduces the

FIG. 1. The standard deviations of residual noise as functions of half-power filter cutoff wavelength kc for isotropic two-dimensional
smoothing of SWOT data with a Parzen smoother: (a) SSH, (b) velocity component estimates computed geostrophically from SSH based
on the Coriolis parameter f378N 5 8.75 3 1025 s21 for a latitude of 378N, and (c) vorticity computed from the geostrophic estimates of
velocity and normalized by f378N. The three solid circles correspond to the error standard deviations for footprint diameters of 0.5, 1, and
2 km (filter cutoff wavelengths of 1, 2, and 4 km). The solid lines are the standard deviations of residual noise after smoothing for footprint
diameters of 1 km on a 1 km 3 1 km grid (thin lines) and 2 km on a 2 km 3 2 km grid (thick lines). The open triangles in (b) and (c) are
the noise standard deviations for a footprint diameter of 0.5 km on an oversampled 0.25 km 3 0.25 km grid. The open circles in
(b) and (c) are the standard deviations for a footprint diameter of 1 km on a 1 km 3 1 km grid smoothed with the half-power filter cutoff
wavelength of 4 km; these noise standard deviations are larger than for the footprint diameter of 2 km on a 2 km3 2 km grid because the
finite differences are computed on a smaller grid spacing.
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noise variance s2
h on the right side of (1a) by a factor of 4 but

doubles the sample spacings Dx 5 Dy for uncorrelated noise
in the numerator of (1b), thus increasing the product DxDy by
a factor of 4. The two factors of 4 cancel for any choice of fil-
ter cutoff wavelength kc. The variance of smoothed SSH is
therefore independent of footprint diameter if the grid spac-
ings Dx and Dy are chosen to be equal to the footprint diame-
ter. The variance (1) of smoothed SSH noise is thus
proportional to k22

c so that the SSH noise standard deviation
sh decreases as k21

c . The resulting dependence of sh on kc is
shown in Fig. 1a. The analytical expression for this curve ob-
tained from (1a) and (1b) is

sh 5 ahk
21
c , (2)

where ah 5 5.48 cm km. Note the relationship between ah and
the SSH measurement noise standard deviation of sh 5 5.48 cm
for a half-power filter cutoff wavelength of kc 5 1 km, i.e., a foot-
print diameter of 0.5 km (see Table 1).

The variance of the residual noise in the geostrophically
computed velocity component yg after isotropic two-dimensional
smoothing in postprocessing can be expressed in terms of the
variance s2

h of the smoothed SSH measurement noise by
Eq. (G.17a) of C19, which is

s2
yg
5

g2

f 2
1

2Dx2
1 2 rh(2Dx)
[ ]

s2
h, (3a)

where rh(2Dx) is the autocorrelation of the smoothed estimates
of SSH noise at an across-track lag of 2Dx. Substituting (1) for s2

h

expresses s2
yg
in terms of the variance s2

h of unsmoothed SSH,

s2
yg
5

g2

f 2
2Dy

k2cDx
1 2 rh(2Dx)
[ ]

s2
h: (3b)

The analogous expressions for the variance of the residual noise
in the geostrophically computed velocity component ug after
isotropic two-dimensional smoothing in postprocessing are

s2
ug 5

g2

f 2
1

2Dy2
1 2 rh(2Dy)
[ ]

s2
h (4a)

5
g2

f 2
2Dx

k2cDy
1 2 rh(2Dy)
[ ]

s2
h, (4b)

where rh(2Dy) is the autocorrelation of the smoothed estimates
of SSH noise at an along-track lag of 2Dy. For homogeneous
noise and a uniform sample grid spacing Dy 5 Dx, the varian-
ces (3) and (4) of smoothed noise in yg and ug are the same.

The right sides of the forms (3a) and (4a) for the variances
of smoothed estimates of yg and ug are the same as the right
sides of the expressions (D3b) and (D4) for the variances of
noise in unsmoothed yg and ug, except with overbars to indi-
cate the variances and lagged autocorrelations of smoothed
estimates. The lagged autocorrelations for smoothed SSH in-
side the square brackets in (3) and (4) are always larger than
their counterpart lagged autocorrelations for unsmoothed
SSH inside the square brackets in (D3b) and (D4). The forms

(3b) and (4b) for s2
yg

and s2
ug allow calculation of the varian-

ces of the residual noise in smoothed geostrophically com-
puted SWOT estimates of the velocity components for any
choice of half-power filter cutoff wavelength kc from the vari-
ance s2

h of the unsmoothed SSH noise for the footprint diam-
eter of interest, the specified across-track and along-track grid
spacings Dx and Dy, respectively, and the lagged autocorrela-
tions rh(2Dx) and rh(2Dy) of the smoothed SSH for the par-
ticular choice of kc.

Some general comments can be made on the interpreta-
tions of (3) and (4). As discussed above from (1), the residual
variance s2

h of the smoothed SSH noise is independent of
footprint diameter for any specified filter cutoff wavelength kc
when the grid spacings are chosen commensurately to be
equal to the footprint diameter. In contrast, the variances of
residual noise in ug and yg depend on the footprint diameter
through their dependencies on the variance s2

h of unsmoothed
SSH noise that itself depends on the footprint diameter. The
factor-of-4 difference between the values of s2

h for footprint
diameters of 1 and 2 km on the right sides of (3b) and (4b) ex-
ists for any choice of filter cutoff wavelength kc. With in-
creased smoothing, however, this factor-of-4 difference is
moderated by the lagged autocorrelations inside the square
brackets that increase with increasing kc. Because the lag dis-
tances 2Dx and 2Dy are twice as large for the commensurate
grid spacings associated with the 2-km footprint diameter as
for the 1-km footprint diameter, the autocorrelation values at
these lags are always smaller for the larger footprint diameter.
For small half-power filter cutoff wavelength kc, these differ-
ences in the lagged autocorrelation values are substantial.

Although not readily apparent, the terms in square brack-
ets in (3) and (4) converge with increasing kc toward values
that are a factor of 4 larger for the 2-km footprint diameter
than for the 1-km footprint diameter. This factor-of-4 increase
offsets the factor-of-4 smaller value of s2

h for the 2-km foot-
print diameter. The net effect is that the variances of the re-
sidual noise in smoothed estimates of ug and yg from the two
footprint diameters converge with increasing kc. An intuitive
explanation for the convergence of the variances of the resid-
ual noise in ug and yg for the two footprint diameters with in-
creasing kc is given later in section 4 from the equations for
the wavenumber spectra of smoothed ug and yg noise.

The dependencies of the standard deviations sug and syg of
the residual noise in smoothed estimates of ug and yg on filter
cutoff wavelength kc obtained from (3) and (4) are shown as
functions of kc in Fig. 1b for SWOT data with footprint diame-
ters of 1 and 2 km (the thin and thick lines, respectively). As
in appendix D, we used the value of f378N 5 8.75 3 1025 s21

for the Coriolis parameter at 378N in (3) and (4). This corre-
sponds to the central latitude of the domain of the model of
the California Current System used in this study (see Fig. 3).
The values of sug and syg for a given footprint diameter are
indistinguishable from each other. The above-noted rapid
convergence of the standard deviations of the residual noise
in smoothed estimates of ug and yg with increasing kc for the
two footprint diameters is evident from Fig. 1b. The two
curves become barely distinguishable for kc � 20 km. The de-
pendence on kc at filter cutoff wavelengths longer than 20 km
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can be very closely approximated by a power-law dependence
on kc,

sug 5 syg ≈ âu,yk
22
c , (5)

where âu,y 5 31:64 m s21 km2 is the empirically determined
(signified by the hat) least squares estimate of the scaling pa-
rameter. For latitudes other than 378N, this value of âu,y must
be multiplied by f378N/f, where f is the Coriolis parameter at
the latitude of interest.

For the analysis presented here, vorticity was estimated
from three-point centered differences of geostrophically com-
puted velocity components at adjacent grid points, which
were themselves estimated from three-point centered differ-
ences of SSH at adjacent grid points (see the discussion in the
footnote in appendix D). For a uniform grid spacing Dy 5 Dx
equal to the footprint diameter, the variance of the residual
noise in geostrophically computed vorticity after isotropic
two-dimensional smoothing can be expressed in terms of the
variance s2

h of the smoothed SSH measurement noise by
Eq. (G.21) of C19, which is

s2
zg
5

g2

f 2
1

(4Dx2)2 20 1 4 rh(4Dx) 2 32 rh(2Dx)
[

1 8 rh(2
��
2

√
Dx)]s2

h:

(6a)

This is the same as the expression (D7) for the variance of noise
in unsmoothed zg, except with overbars to indicate the varian-
ces and lagged correlations of smoothed estimates. The lagged
autocorrelations for smoothed SSH inside the square brackets
of (6a) are always larger than their counterpart lagged autocor-
relations for unsmoothed SSH inside the square brackets in
(D7). For this case of Dy 5 Dx, substitution of (1) for s2

h ex-
presses s2

zg
in terms of the variance s2

h of unsmoothed SSH
noise,

s2
zg
5

g2

f 2
1

4k2cDx2
20 1 4 rh(4Dx) 2 32 rh(2Dx)
[

1 8 rh(2
��
2

√
Dx)]s2

h:

(6b)

As in the cases of the variances (3) and (4) of the residual
noise in smoothed estimates of ug and yg, the variance s2

zg
of

the residual noise in smoothed zg in the form (6b) can be cal-
culated for any choice of half-power filter cutoff wavelength kc
from the variance s2

h of the unsmoothed SSH noise for the
footprint diameter of interest, the specified grid spacings Dx
and Dy [assumed to be the same in (6)] and the three lagged
autocorrelations of smoothed SSH on the right side of (6).
Whereas s2

ug and s2
yg

depend on the autocorrelation of
smoothed SSH at the single lag 2Dx, the variance s2

zg
of the re-

sidual noise in smoothed estimates of zg depends on the auto-
correlations of smoothed SSH at lags of 2Dx, 2

��
2

√
Dx and 4Dx.

The standard deviation of the residual noise in smoothed
estimates of zg obtained from (6) and normalized by the
Coriolis parameter f are shown as a function of filter cutoff
wavelength kc in Fig. 1c. We again used the value of f378N for
the Coriolis parameter. The differences between the standard

deviations of the smoothed zg noise for the footprint diame-
ters of 1 and 2 km (the thin and thick lines, respectively) are
substantial for small kc but converge rapidly with increasing
kc, becoming barely distinguishable for kc � 30 km. At wave-
lengths longer than 30 km, the standard deviation of the vor-
ticity noise normalized by the Coriolis parameter f378N can be
very closely approximated by a power-law dependence on kc,

szg

f378N
≈ âzk

23
c , (7)

where âz 5 5222km3 is the empirically determined least squares
estimate of the scaling parameter. For latitudes other than
378N, this value of âz must be multiplied by (f378N/f)

2. The
squared dependence on the ratio f378N/f arises from the com-
bination of the Coriolis parameter in the denominator of (7)
and the inverse dependence of szg on the Coriolis parameter
in the square root of (6).

Numerical values of the standard deviations sh, sug , syg , szg ,
and szg=f of the residual noise in the smoothed variables are
listed in the bottom half of Table 1 for four choices of the half-
power filter cutoff wavelength kc. The case of kc 5 15 km corre-
sponds to the filtering in the specification of the science require-
ments for SWOT estimates of SSH that are discussed in
appendix A. The cases of kc 5 30, 50, and 70 km that are listed
in the table include all of the choices of smoothing that are ap-
plied for the spectra in section 4 and for the maps in section 5.

The variances s2
h, s

2
ug , s

2
yg
, and s2

zg
of the residual noise of

the smoothed variables computed from (1), (3), (4), and (6)
could have been computed alternatively from Parseval’s theo-
rem (C2) in appendix C by integrating the wavenumber spec-
tra of the residual noise after smoothing, as presented below
in section 4. An advantage of that approach is that the expres-
sions for the spectra isolate the separate filtering operations
from the smoothing and the three-point centered differencing
on the residual variances of the smoothed noise computed
from SWOT data. For grid spacings Dx and Dy equal to the
footprint diameter that is the minimum interval at which the
SSH noise is uncorrelated, the products DxDys2

h that appear
in the equations for the spectra of all of the smoothed varia-
bles (see section 4) are independent of footprint diameter,
as discussed previously from (1). The only differences be-
tween the expressions for the footprint diameters of 1 and
2 km are thus the factors that involve the response function
(E2) of the three-point centered difference estimates of the
derivatives. The differences between the thin and thick lines
in Figs. 1b and 1c are thus solely attributable to the filtering
effects of finite-difference approximations of the derivatives
on the different grids. This point is discussed further in
section 4.

4. The wavenumber spectra of smoothed noise in SWOT
estimates of SSH, velocity, and vorticity

The equations for the swath-averaged along-track wave-
number spectra of noise in SWOT estimates of SSH, ug, yg,
and zg after isotropic two-dimensional smoothing in postpro-
cessing are derived in appendix I.2 of C19. As in section 3, we
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consider only the cases of footprint diameters of 1 and 2 km
since the noise is so large for a footprint diameter of 0.5 km.
The spectrum of smoothed SSH noise is derived straightfor-
wardly to obtain Eq. (I.27) of C19, which is

Sh(l) 5 4DxDys2
h W

2
kc (l)

�kN

0
W2

kc (k)dk (8a)

5 2Dx Sh(l)W2
kc
(l)
�kN

0
W2

kc
(k) dk, (8b)

where Wkc (k) and Wkc (l) are the filter transfer functions of the
smoother applied in the orthogonal across-track x and along-
track y dimensions with a half-power filter cutoff wavelength of
kc in each dimension. The form (8b) follows from Parseval’s the-
orem (C3) that relates the integral of the constant white-noise
spectrum Sh(l) to the variance of the uncorrelated SSH errors.

The expressions (8a) and (8b) are based on separate one-
dimensional smoothing in the orthogonal x and y dimen-
sions, which are defined here to be across track and along
track, respectively. For the Parzen smoother used in this
study, this is essentially equivalent to isotropic two-dimen-
sional smoothing with a Gaussian smoother, as discussed
previously at the beginning of section 3. This is approxi-
mately true for most other choices of smoothing. The advan-
tage of separate smoothing in two orthogonal dimensions is
that it allows the simple analytical forms (8a) and (8b) for
the spectrum of smoothed SSH noise and analogously sim-
ple analytical expressions for the spectra of smoothed ug, yg,
and zg that are presented below. It can be seen from (8b)
that smoothing in the across-track dimension attenuates the
along-track spectrum Sh(l) of unsmoothed noise for the
specified footprint diameter (see appendix C) by the cons-
tant multiplicative factor

ckc 5 2Dx
�kN

0
W2

kc (k)dk (9)

at all wavenumbers l. Note that 2Dx5 k21
N , which is the

Nyquist wavenumber associated with the sample interval
Dx. In addition to this uniform attenuation at all wavenum-
bers, it can be seen from (8b) that Sh(l) is attenuated at high
wavenumbers l by the along-track filter transfer function
W2

kc
(l). The details of this wavenumber-dependent attenua-

tion depend on the filter transfer function Wkc (l) of the par-
ticular smoother applied to the unsmoothed SWOT estimates
of SSH.

For the Parzen smoother used in C19 and in this study, it is
shown in appendix A of C19 that the filter transfer function in
the across-track dimension x is

Wkc (k) 5 sin(pkkc=4)
pkkc=4

[ ]4
: (10)

The filter transfer function Wkc (l) in the along-track dimen-
sion y is the same, except with across-track wavenumber k re-
placed with along-track wavenumber l. From Eq. (I.28) of
C19, the integral of the square of the filter transfer function

Wkc (k) that appears in (8) and (9) has a simple approximate
form in the case of the Parzen smoother,

�kN

0
W2

kc
(k)dk ≈ 1

kc
: (11)

The attenuation factor (9) for the Parzen smoother is
therefore

ckc ≈ 2Dx
kc

: (12)

The value of the integral (11), and thus the attenuation factor
(9), are very similar for other smoothers when the parameters
of the smoother are calibrated to give the same half-power fil-
ter cutoff wavelength kc.

The solution (12) for ckc can be understood qualitatively
from consideration of smoothing with a simple running aver-
age. In one dimension with a span of MDx for a grid spacing
Dx on which the measurement noise is uncorrelated, i.e., a
grid spacing equal to or larger than the footprint diameter
(see appendix B.1 of C19), a block average of M uncorrelated
observations reduces the noise variance by the well-known
factor of M21. It is shown in appendix A of C19 that the half-
power filter cutoff wavelength for running averages with a
span of MDx is given approximately by kc 5 2MDx. The num-
ber of points in the block average is thus related to the filter
cutoff wavelength byM 5 kc/(2Dx). The noise variance reduc-
tion factor can therefore be expressed in terms of the filter
cutoff wavelength as M21 5 2Dxk21

c . This is equivalent to the
attenuation factor (12).

The wavenumber spectrum of residual noise in estimates of
ug after isotropic two-dimensional smoothing in postprocess-
ing is given by the unnumbered equation before Eq. (I.31a) of
C19,

Sug (l) 5 g2

f 2
4DxDys2

h W3pt(l,Dy)
∣∣ ∣∣2 W2

kc
(l)

�kN

0
W2

kc
(k) dk,

(13)

where W3pt(l, Dy) is the response function (E2) for along-
track three-point centered differences. Equation (13) is simi-
lar to its counterpart relation (E1a) between the spectrum
Sug (l) of unsmoothed ug noise and the SSH noise standard de-
viation s2

h, except with the added effects of smoothing in each
dimension appearing on the right side of (13).

The wavenumber spectrum of residual noise in estimates of
yg after isotropic two-dimensional smoothing in postprocess-
ing is Eq. (I.33a) of C19, which is

Syg (l) 5 g2

f 2
4DxDys2

h W
2
kc
(l)
�kN

0
W2

kc
(k)W3pt(k,Dx)

∣∣ ∣∣2dk, (14)

where W3pt(k, Dx) is the response function for across-track
three-point centered differences analogous to (E2) but with
across-track wavenumber k and grid spacing Dx rather than
along-track wavenumber l and grid spacing Dy. Equation (14)
is similar to its counterpart relation (E3a) between the spec-
trum Syg (l) of unsmoothed yg noise and the SSH noise standard
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deviation s2
h, except again with the added effects of smoothing

in each dimension appearing on the right side of (14).
The expressions (13) and (14) for the spectra of ug and yg

noise after smoothing in postprocessing provide mathematical
explanations for the convergence with increasing filter cutoff
wavelength kc of the variances of the residual noise in ug and
yg for the footprint diameters of 1 and 2 km that was noted in
section 3 from Fig. 1b. This can be understood intuitively by
noting that the spectra (13) and (14) of smoothed estimates of
ug and yg noise involve products of the response function for
three-point centered differences and the filter transfer func-
tion of the smoothing with a half-power filter cutoff wave-
length of kc. The latter depends only on kc and not on the
footprint diameter [see Eq. (10) for the case of the Parzen
smoother used in this study], but the response function for
three-point centered differences differs for the different grid
spacings associated with the two footprint diameters. In par-
ticular, the bandpass filtering property of the sin2 dependence
on the square of the response function (E2) attenuates more
of the high-wavenumber variability for the footprint diameter
and grid spacing of 2 km compared with the footprint diame-
ter and grid spacing of 1 km. This dependence on grid spacing
is shown in Fig. H.1 of C19 in the context of finite differences
on sample grids with grid spacings of 1 and 5 km.

For any particular choice of footprint diameter and grid
spacing, the bandpass filtering from the response function for
three-point centered differences is the same for any choice of
spatial smoothing. As the half-power filter cutoff wavelength
kc of the smoothing is increased, the filter transfer function of
the smoothing attenuates progressively more of the variability
at lower wavenumbers. This low-pass filtering eventually at-
tenuates the variance within the wavenumber band over
which the response functions for three-point centered differ-
ences differ on the sample grid spacings of 1 and 2 km for the
respective footprint diameters of 1 and 2 km. The effects of
this double filtering can be seen from Fig. H.2 of C19 in the
context of finite differencing on sample grids with spacings of
1 and 5 km. The convergence of the standard deviations
of the residual noise in Fig. 1b for the footprint diameters of
1 and 2 km thus occurs because the differences between the
response functions for three-point centered differences on the
two grid spacings become progressively more attenuated with
increased spatial smoothing.

The wavenumber spectrum of residual noise in estimates of
zg after isotropic two-dimensional smoothing is Eq. (I.35b) of
C19, which can be written as

Szg (l) 5
g2

f 2
4DxDys2

h W
2
kc
(l)

�kN

0
W2

kc
(k)W3pt(k,Dx)

∣∣ ∣∣4 dk
[

1 2W3pt(l,Dy)
∣∣ ∣∣2�kN

0
W2

kc (k)W3pt(k,Dx)
∣∣ ∣∣2 dk

1
1
kc

W3pt(l,Dy)
∣∣ ∣∣4]: (15)

This expression is much more complicated than its counter-
part relation (E4) for the spectrum Szg (l) of unsmoothed noise

in zg. This is because the smoothing and the three-point cen-
tered differencing affect both terms in the expression (D2) for
zg and both of these filtering operations are applied in both
dimensions.

It can be noted that the first two terms in the spectrum
(15) of smoothed estimates of zg involve the product of the
response function W3pt(k, Dx) for three-point centered dif-
ferences and the filter transfer function Wkc (k) of the
smoothing with a half-power filter cutoff wavelength of kc.
As discussed above from (13) and (14), the differences be-
tween these products for the footprint diameters of 1 and
2 km decrease with increased filter cutoff wavelength kc.
This explains the convergence of the standard deviations of
the residual noise in Fig. 1c for the footprint diameters of 1
and 2 km.

The expressions (8), (13), (14), and (15) are applicable to
any low-pass filter with half-power filter cutoff wavelength
kc, with the caveat that the equivalence of isotropic two-
dimensional smoothing and separate one-dimensional smooth-
ing in two orthogonal dimensions is less valid for some choices
of smoothing operation than for the Parzen smoother used in
this study.

The spectra of noise in SSH, ug, yg, and zg computed from
(8), (13), (14), and (15), respectively, are shown in Fig. 2 after
applying isotropic two-dimensional Parzen smoothing in post-
processing of simulated SWOT estimates of SSH for footprint
diameters of 1 and 2 km (thin and thick red lines, respec-
tively) and half-power filter cutoff wavelengths of 15, 30, and
50 km. For reference, the noise spectra from Fig. E1 of un-
smoothed variables for the footprint diameter of 2 km that
will likely be the SWOT product preferred by most users are
shown by the purple dashed lines in each panel. As discussed
in appendix A, the choice of kc 5 15 km in Fig. 2 corresponds
to the filtering applied in the specification of the science re-
quirements for SWOT estimates of SSH. The other two
choices of kc in this figure illustrate the decrease with increas-
ing kc of the spectral power of the noise at all wavenumbers in
the SWOT estimates of each variable. The rapid conver-
gence of the noise spectra of smoothed ug, yg, and zg for the
two footprint diameters is also apparent, as was discussed
above from (13), (14), and (15) and in section 3 from the
standard deviations of the smoothed noise in Figs. 1b and
1c. Differences between the spectra of smoothed ug and
yg noise for the two footprint diameters can be seen for kc 5
15 km but the two noise spectra are indistinguishable for the
cases of kc 5 30 and 50 km. The spectra of smoothed zg noise
for the two footprint diameters are barely distinguishable for
kc 5 30 km but become indistinguishable for the case of
kc 5 50 km.

The distinctions between the wavenumber dependencies of
the smoothed noise and the smoothed signals of SSH, ug, yg and
zg from the model of the California Current System considered
in this study (see section 5) can be seen from comparison of the
spectra shown by the red and thick black lines, respectively.
For reference, the thin black lines are the spectra of the un-
smoothed signals. The two-dimensional smoothing attenuates
both the signal and the noise spectra at wavenumbers higher
than the filter cutoff wavelength of k21

c . The noise spectra for
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all of the variables are further attenuated progressively more at
lower wavenumbers with increasing kc. The zg spectrum is also
somewhat attenuated at lower wavenumbers with increasing
kc, but much less so than the zg noise spectrum. In all cases,
the noise spectra are attenuated much more quickly than the

signal spectra with increasing kc, thus improving the signal-to-
noise ratio. For all four variables, smoothing with a half-power
filter cutoff wavelength of at least kc 5 50 km is required for
the residual noise spectra to become less energetic than the
smoothed signal spectra at all wavenumbers.

FIG. 2. Swath-averaged wavenumber spectra of smoothed signals (thick black lines) computed in the alongshore dimension of the model
of the California Current System (CCS) considered here (see section 5) for which descending swaths of SWOT are approximately parallel
to the coast (see Fig. 3) and smoothed noise (red lines) in SWOT estimates of SSH, velocity components ug and yg computed geostrophi-
cally from SSH based on the Coriolis parameter f378N 5 8.75 3 1025 s21 at the central latitude 378N of the CCS model, and vorticity zg
computed from ug and yg. The spectra of residual errors after smoothing the SWOT noise using a Parzen smoother with half-power filter
cutoff wavelengths of (left to right) kc 5 15, 30, and 50 km are shown for footprint diameters of 1 and 2 km (thin and thick red lines, re-
spectively, which become less distinguishable with increasing kc). The horizontal and vertical red dashed and solid lines and the red dot in
the top-left panel are as in Fig. E1. For reference, the purple dashed lines are the spectra of unsmoothed noise for the footprint diameter
of 2 km and the thin black lines are the spectra of unsmoothed signals (see Fig. E1).
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5. Example maps of simulated noisy SWOT estimates of
SSH, velocity, and vorticity

A visual assessment of the effects of the statistical charac-
terizations of the noise in sections 2–4 on SWOT estimates of
SSH and geostrophically computed velocity and vorticity is
presented in this section from maps constructed from simu-
lated SWOT data based on the Regional Oceanic Modeling
System (ROMS) model of the California Current System
(CCS) that was considered by C19. The details of this model
are summarized by Molemaker et al. (2015) and in section 2
of C19. The model does not include tides, was forced only by
seasonal winds, has a high dissipation that attenuates internal
wave variability, and has vertical and horizontal grid resolu-
tions that are not adequate to resolve the full spectrum of in-
ternal wave variability. The small-scale features of tides and
internal waves are therefore likely underestimated in the
model used in this study. The conclusions from the analysis
presented here may thus be an overly optimistic assessment
of the capabilities for SWOT estimates of velocity and
vorticity.

An instantaneous snapshot of SSH for the full model do-
main on the 0.5 km 3 0.5 km grid of the model is shown in
Fig. 3a. The speed of the associated geostrophically computed
velocity based on the local Coriolis parameter at each grid lo-
cation is shown in Fig. 3b and the geostrophically computed
vorticity normalized by the local Coriolis parameter is shown
in Fig. 3c. A descending pair of the parallel swaths from a sin-
gle simulated overpass of SWOT is overlaid on each of these
three maps. This simulated SWOT overpass samples the
meandering core of the southward California Current. For
reference, the full set of measurement swaths during each
21-day repeat of the SWOT orbit within the bounds of the
map is shown in Fig. 3d. The different colors illustrate the 10-day
subcycle of the SWOT orbit that is discussed in section 6; the
swaths shown in red will be sampled about 10 days earlier and
10 days later than the swaths shown in blue.

To the untrained eye, the submesoscale features that the
SWOT mission seeks to observe are difficult to identify in the
error-free SSH field in Fig. 3a because the variance of SSH is
so small on scales smaller than 50 km. They are evident as
subtle yellow dimples imbedded in the orange, light red and
green areas of the larger mesoscale features in the SSH field.
The spatial high-pass filtering from differentiation of the SSH
field emphasizes these submesoscale features in the geo-
strophically computed speed field shown in Fig. 3b. The sub-
mesoscale features are even more emphasized in the
geostrophically computed vorticity field in Fig. 3c that was cal-
culated from double differentiation of the SSH field. For the
analysis in this study, the simulated SSH fields at the model
grid points within the simulated SWOT measurement swaths
were used directly without consideration of the differences in
location and orientation of the model grid relative to the
swath-based grids of the SSH estimates that will be provided
by the SWOT Project.

To simulate SWOT data, the SSH field in Fig. 3a was
smoothed isotropically with the half-power filter cutoff wave-
length of 4 km that is the minimum filter cutoff for a footprint

diameter of 2 km. (As discussed in appendixes B and C, the
SWOT Project may smooth the SSH with a half-power filter
cutoff wavelength somewhat longer than 4 km for the 2 km 3

2 km data product.) The smoothed SSH field on the 0.5 km 3

0.5 km grid of the model was then subsampled on a
2 km 3 2 km grid within the two parallel swaths of the simu-
lated SWOT overpass, thus mimicking the SWOT data product
that will likely be preferred by most users. As in the previous
sections, this simulated SWOT data product is referred to here
as “unsmoothed” to distinguish it from the SSH field obtained
by additional smoothing in the simulated postprocessing
considered below. Spatially homogeneous uncorrelated SSH
measurement errors with the swath-averaged standard devia-
tion of s2km 5 1.37 cm that is derived in appendix C for a
footprint diameter of 2 km with 4-km smoothing were added
to the gridded values of the model SSH field. The across-
swath variations of the measurement noise shown in Fig. C1
and the long-wavelength measurement errors discussed in
appendix A are not considered here. Simulated SWOT esti-
mates of velocity and vorticity were computed geostrophi-
cally from the error-free and noisy SSH fields with the
derivatives approximated as three-point centered differences.

To see the improvement of the signal-to-noise ratio in
maps of smoothed SSH, velocity, and vorticity constructed
from noisy simulated SWOT measurements of SSH, the un-
smoothed error-free and noisy SSH fields within only the
measurement swaths were smoothed two-dimensionally in
simulated postprocessing using the Parzen smoother with se-
lected choices of half-power filter cutoff wavelength. The re-
sidual effects of measurement noise on the smoothed SWOT
estimates of SSH, velocity, and vorticity are assessed here
from consideration of the subregion near the coast in the cen-
ter of the CCS model domain that is indicated by the small ro-
tated box in each panel of Fig. 3. For reference, the California
calibration and validation site for SWOT is centered at
35.78N, 125.48W, which is near the bottom-left corner of the
small rotated boxes. The SSH and geostrophically computed
speed and vorticity within the small box are shown in the left
column of Fig. 4 in rotated coordinates that are aligned with
the model grid. These three error-free maps are the same as
in the subdomain of the full-resolution maps in Fig. 3, except
they have been smoothed and subsampled as summarized
above to simulate the SWOT data product with a footprint di-
ameter of 2 km. The edges of the pair of swaths in the simu-
lated single descending overpass of SWOT that are shown in
Figs. 3a–c are indicated by the parallel lines overlaid on each
panel in the left column of Fig. 4.

The other four columns in Fig. 4 show the error-free and
noisy fields (the left and right pair of swaths in each column)
sampled only within the pair of measurement swaths from the
simulated SWOT overpass. These four columns correspond
to the fields constructed from the simulated SWOT data with
smoothing applied based only on SSH observations within the
measurement swaths with half-power filter cutoff wavelengths
of kc 5 0 km (i.e., no smoothing), 15, 30, and 50 km. The filter
cutoff of 15 km corresponds to the smoothing in the specifica-
tion of the science requirements for SWOT (see appendix A).
According to the criteria proposed in section 5 of C19, the
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FIG. 3. Maps of error-free instantaneous (a) SSH, (b) the magnitude of geostrophically computed velocity, and
(c) the geostrophically computed vorticity for model day 27 May on the 0.5 km 3 0.5 km grid of the model of the
CCS considered here. (d) Simulated SWOT measurement swaths during two 5-day periods that are separated by
10 days in the 21-day exact repeat SWOT orbit (blue for days 3–8 and red for days 13–18). The diamond-shaped holes
in the sampling pattern in (d) are never observed during the 21-day SWOT orbit. The shaded regions in (a)–(c) are
the pair of simulated SWOT measurement swaths for the single descending overpass over the CCS model domain
that is considered in Figs. 4 and 5. The large box in (d) is the full CCS model domain and the small box in each panel
is the subregion of the CCS model that is shown in rotated coordinates in Figs. 4 and 5. The California calibration and
validation site for SWOT is centered at 35.78N, 125.48Wnear the bottom-left corner of the small boxes.
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filter cutoffs of 30 and 50 km correspond approximately to
the resolution capabilities of instantaneous maps of geo-
strophically computed velocity and vorticity, respectively
(see Figs. 17b,c and 18 and the top panels of Fig. 51 of C19).
Note, however, that the analysis of the resolution capability
in instantaneous maps in section 6 of C19 did not take into
consideration the edge-effect sampling errors that are dis-
cussed below.

Consider first the fields constructed from unsmoothed sim-
ulated SWOT data that are shown in the second column of
Fig. 4. The noise in the SSH measurements is apparent from
the speckles in the right pair of swaths. The effects of this vi-
sually subtle SSH measurement noise on SWOT estimates of
velocity and vorticity completely swamp the submesoscale
features in the unsmoothed maps of both of these derivative
fields. The noise standard deviations of 0.54 m s21 in each ve-
locity component and 4.9f in the vorticity estimates (see the
fourth row in the top half of Table 1) are much more ener-
getic because of the amplifications of the effects of SSH mea-
surement noise discussed in appendix D that arise from the

finite-difference approximations of the derivatives. It can be
inferred from these maps that velocity and vorticity fields will
not likely be detectable on any scales from unsmoothed
SWOT data, at least in the CCS region considered here,
and likely in most regions of the World Ocean. Additional
smoothing in postprocessing will be required to attenuate
the uncorrelated measurement errors and improve the
signal-to-noise (S/N) ratio.

When the simulated SWOT data are smoothed within the
measurement swaths with half-power filter cutoff wavelengths
of 15, 30, and 50 km (third, fourth, and fifth columns of Fig. 4,
respectively), the residual noise diminishes rapidly for all
three variables, as shown previously in Fig. 1. The standard
deviations of the residual noise in each variable are listed in
the bottom half of Table 1. (Note that the residual effects of
measurement errors in Table 1 and Fig. 4 do not include the
edge-effect sampling errors discussed below that arise from
smoothing within the narrow SWOT measurement swaths.)
The signals are also attenuated by the smoothing, but not as rap-
idly as the noise from the effects of uncorrelated measurement

FIG. 4. (left) Example maps of instantaneous error-free (top) SSH, (middle) the magnitude of geostrophically computed velocity, and
(bottom) geostrophically computed vorticity for model day 27 May within the region of the CCS model shown by the small boxes in
Fig. 3. The maps have been rotated by a polar angle of 248 relative to the latitude–longitude coordinates in Fig. 3 to align with the grid of
the CCS model. The geostrophic calculations are based on the local Coriolis parameter f at each grid point and the parallel lines in the left
panels are the swath edges for the simulated overpass of SWOT shown in Figs. 3a–c. (right four columns, top to bottom) SSH, geostrophi-
cally computed speed, and vorticity based only on simulated data within the measurement swaths of the single overpass of SWOT for a
footprint diameter of 2 km on a 2 km 3 2 km grid smoothed using a Parzen smoother with half-power filter cutoff wavelengths of
kc 5 0 km (i.e., unsmoothed), 15, 30, and 50 km. The left pair of swaths in each column shows the smoothed fields without measurement
errors and the right pair of swaths includes the effects of spatially homogeneous uncorrelated SSH measurement errors with the standard
deviation of s2km 5 1.37 cm for the footprint diameter of 2 km.
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errors (see Fig. 2). The S/N ratio thus improves with increased
smoothing.

For the case of SSH, the residual noise in SWOT estimates
of SSH can still be seen with 15-km smoothing from close in-
spection of the top panel in the third column of Fig. 4. There
is no visual evidence of residual SSH noise with filter cutoffs
of 30 or 50 km.

For SWOT estimates of velocity, the residual noise is read-
ily apparent in the swath maps with 15-km smoothing shown
in the middle panel of the third column of Fig. 4. The most en-
ergetic features in the error-free geostrophically computed ve-
locity field with 15-km smoothing in the left pair of swaths can
be detected in the noisy field with 15-km smoothing in the
right pair of swaths. However, there are numerous features in
the 15-km smoothed noisy field that could easily be misinter-
preted as signals without the foreknowledge of the details of
the error-free smoothed field in the left pair of swaths. The re-
sidual velocity noise becomes relatively subtle with the 30-km
smoothing in the middle panel of the fourth column of Fig. 4.
For the threshold S/N standard deviation ratio of 3.16 recom-
mended by C19 (corresponding to a variance ratio of 10), the
resolution capability of SWOT estimates of velocity is 32 km.
The resolution capability for a more liberal threshold S/N
standard deviation ratio of 2 (a variance ratio of 4) is 24 km.
Note, however, that the C19 assessments of the resolution ca-
pability of instantaneous maps of geostrophically computed
velocity do not include consideration of the edge-effect sam-
pling errors that are discussed below.

The challenge of estimating vorticity from SWOT data is
very apparent from the bottom panels of Fig. 4. Because of
the large amplification of the effects of SSH measurement
noise (see appendix D) from finite difference approximations
of the double derivatives required to compute vorticity geo-
strophically from SSH, the signals are still swamped by the
noise with 15-km smoothing. With foreknowledge of the
smoothed error-free field in the left pair of swaths in the bot-
tom panel of the fourth column of Fig. 4, the features in the
30-km smoothed error-free geostrophically computed vortic-
ity field can be identified in the 30-km smoothed noisy field in
the right pair of swaths. But there are numerous energetic ar-
tifacts in the 30-km smoothed noisy field that could easily be
misinterpreted as submesoscale features. The residual noise
becomes relatively subtle with the 50-km smoothing in the
bottom-right panel of Fig. 4. The resolution capability of
SWOT estimates of instantaneous vorticity deduced by C19 is
54 km based a threshold S/N standard deviation ratio of
3.16 and 44 km for a threshold S/N standard deviation ratio of
2. We note again that these assessments of resolution capabil-
ity by C19 do not take into consideration edge-effect sampling
errors.

The edge-effect sampling errors alluded to several times
above become readily apparent from the spatial structures of
the errors of the simulated SWOT estimates of SSH, velocity,
and vorticity, rather than the maps of the signals without and
with noise that are shown in Fig. 4. This can be achieved for
the snapshot fields considered here by subtracting smoothed
fields computed from the spatially complete error-free fields in
the left column of Fig. 4 from smoothed estimates computed

from simulated error-free and noisy SWOT data within just
the measurement swaths. For each choice of half-power filter
cutoff, these errors can be partitioned into a contribution from
sampling errors and a contribution from residual measurement
noise. The former corresponds to the errors of the smoothed
fields that would be incurred if the smoothing were applied to
error-free fields within just the SWOT measurement swaths.
For the case considered here in which estimates are con-
structed from a pair of measurement swaths from a single sim-
ulated overpass of SWOT, sampling errors consist only of
edge effects of smoothing from incomplete data within the
span of the smoother near the edges of the measurement
swaths. When the SSH fields are constructed from space–time
smoothing of SWOT data from multiple overpasses, sampling
errors are also incurred from the discrete and irregular sam-
pling of rapidly evolving small-scale features. This is briefly
discussed in section 6 below and is addressed in detail in sec-
tion 8 of C19. The present analysis considers only the instanta-
neous fields constructed from simulated SWOT data within
the measurement swaths of a single overpass.

Maps of the sampling errors and residual measurement
noise in smoothed swath estimates of instantaneous SSH, ve-
locity, and vorticity are shown in the middle two columns of
Fig. 5 for the half-power filter cutoff wavelengths of kc 5 30
and 50 km that were considered in Fig. 4. The right column
shows the maps for a larger filter cutoff of kc 5 70 km to illus-
trate the increased edge effects with increased smoothing be-
yond what was considered in Fig. 4. Note that different color
bars are used for all of the error maps in Fig. 5 compared with
the color bars for the maps in the left column of Fig. 5 and the
color bars for all of the maps in Fig. 4.

We focus first on the sampling errors from edge effects in
the smoothing of error-free data that are shown in the left
pair of swaths in each of the right three columns of Fig. 5.
The smoothing in these figures was two-dimensional and
isotropic and was applied based only on data within the two
measurement swaths. For estimates at any location across
the measurement swath, complete data exist in the along-
track dimension. Along the center of the swath, the data in
the across-track dimension are symmetrically distributed
about the estimation locations but the data distributions be-
come more and more asymmetric as the estimation locations
approach the swath edges; complete data exist toward the
center of the swath unless the half span of the smoothing ex-
ceeds the distance to the far edge of the swath. Toward the
near edge of the swath, however, no data are available be-
yond the edge of the swath. At the extreme estimation loca-
tions along the swath edges, data are available only in the
half plane toward the center of the swath.

With large enough half-power filter cutoff wavelength, the
estimates in one swath can include some data from the other
swath on the opposite side of the 20-km nadir gap. SSH data
along the ground track are also available from the nadir altim-
eter. As discussed in the introduction, the very different mea-
surement noise and footprint diameter complicate the
merging of nadir altimeter data with the KaRIn estimates of
SSH across the two measurement swaths. Data from the nadir
altimeter are not considered in this study.
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Edge effects are visually apparent for all three variables
and all three choices of filter cutoff kc in the maps in the left
pair of swaths in each column of Fig. 5 that were constructed
by smoothing error-free simulated data within just the two
parallel measurement swaths. With increased smoothing,
these edge effects increase in magnitude and extend farther
toward the centers of the swaths. For the case of smoothing
with a half-power filter cutoff wavelength of kc 5 70 km, all
but a narrow strip along the center of each swath is contami-
nated by edge effects.

For the case of a filter cutoff wavelength of kc 5 50 km,
edge-effect contamination is relatively small within approxi-
mately the center half of each swath. This is perhaps surpris-
ing since the width of each swath is only 50 km. This can be
understood from consideration of the spatial structure of the
weighting function of the two-dimensional Parzen smoother.

As discussed in section 3, the filtering properties of the Parzen
smoother for a given span are very similar to those of the
Gaussian smoother with an e-folding scale calibrated to give
the same half-power filter cutoff wavelength kc as the Parzen
smoother (see Fig. C2 in appendix C of C19). The fraction of
the Parzen weighting within a given distance of each estima-
tion location can therefore be closely approximated by the
fraction of the Gaussian weighting within that distance. An
advantage of the latter is that an analytical expression can
be derived for the volume of a two-dimensional Gaussian
weighting function within any radial distance from the esti-
mation location. For a two-dimensional Gaussian function
with an e-folding scale of L, the volume within a radius ri is

Vi 5
1

pL2

�2p

0

� ri

0
e2(r=L)2 r dr du 5 1 2 e2(ri=L)2 : (16)

FIG. 5. (left) The same example maps in rotated coordinates as in Fig. 4 showing (top) error-free SSH, (middle) the magnitude of geo-
strophically computed velocity, and (bottom) geostrophically computed vorticity. The geostrophic calculations are again based on the local
Coriolis parameter f at each grid point and the parallel lines indicate the swath edges for the simulated overpass of SWOT shown in
Figs. 3a–c. (right three columns, top to bottom) The errors of SSH, geostrophically computed speed, and geostrophically computed vortic-
ity based only on simulated data within the single overpass of SWOT for a footprint diameter of 2 km on a 2 km3 2 km grid smoothed us-
ing a Parzen smoother with half-power filter cutoff wavelengths of kc 5 30, 50, and 70 km. The left pairs of swaths in each column show
the edge-effect sampling errors from mapping of error-free fields and the right pairs of swaths include the effects of spatially homogeneous
uncorrelated SSH measurement errors with the standard deviation of s2km 5 1.37 cm for the footprint diameter of 2 km.
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Inclusion of the normalization factor (pL2)21 yields a total
volume of V 5 1 when ri 5 ‘, thus assuring that the
weighted average is unbiased. The ratio of the volumes
within any two radial distances of r1 and r2 from the center
of the Gaussian is

V1

V2
5

1 2 e2(r1=L)2

1 2 e2(r2=L)2
: (17)

The e-folding scale for a Gaussian smoother that has the
same half-power filter cutoff wavelength kc as the Parzen
smoother is L 5 0.187kc (see appendix C of C19). The
weightings for the Parzen smoother are zero for radial dis-
tances larger than a half span that is related to the filter cut-
off wavelength by rmax 5 0.455kc (see appendix A of C19).
We therefore set r2 5 rmax, which corresponds to a volume
V2 that is

Vmax 5 1 2 e2(rmax=L)2 5 1 2 e2(0:455=0:187)2 5 0:9973:

The Gaussian approximation of the fractional volume of the
Parzen smoother within any specified radius r1, rmax is therefore

V1

Vmax
5 1:003 1 2 e2 r1=(0:187kc)[ ]2

{ }
: (18)

The case of a radial distance of r1 5 kc/3, for example,
gives a fractional volume of 0.9609. About 96% of the
weighting of the Gaussian smoother thus lies within a radial
distance of kc/3 from the estimation location. The exact
value for the Parzen weighting determined by numerical
integration, rather than the Gaussian weighting derived
analytically above, is about 98%, thus verifying the close
similarity between the Parzen and Gaussian weighting func-
tions. Since virtually all of the weighting of the Parzen
smoother is from data values within a radius of kc/3 it is ap-
parent why the center half of each swath is not strongly con-
taminated by edge effects with a filter cutoff of kc 5 50 km.
For the case of 70-km smoothing, however, most of the swath
is contaminated by edge effects.

The magnitude and extent of contamination by edge effects
are very situation specific. They are most severe when there
are features near the edges of the swath that have strong gra-
dients in the across-track dimension. Such is the case for the
swaths considered in Fig. 5 that straddle the meandering core
of the southward California Current. Edge effects will be less
pronounced in more quiescent regions where lateral gradients
are weaker such as in the offshore region of the model do-
main shown in Fig. 3 where submesoscale variability is much
less energetic.

The right pairs of swaths in each column in Fig. 5 show the
combined effects of sampling errors and residual measure-
ment noise. The latter is manifest as the mottled features in
the smoothed error fields that diminish in magnitude with in-
creasing filter cutoff wavelength kc. With 30-km smoothing,
the total error field is dominated by residual measurement
noise for all three variables. For the region considered in
Fig. 5, sampling errors from edge effects become larger than

the residual measurement noise with 50-km smoothing. The
total error fields for all three variables are almost completely
dominated by sampling errors from edge effects with 70-km
smoothing.

We emphasize again that the maps in Figs. 4 and 5 were
constructed from simulated SWOT data with homogeneous
SSH measurement noise with the swath-averaged standard
deviation of s2km 5 1.37 cm. The errors near the edges of the
swaths will be exacerbated by the larger measurement errors
toward the swath edges (see Fig. C1) that have not been con-
sidered in this study. Edge-effect sampling errors will there-
fore be larger from actual SWOT data than inferred from the
analysis presented here.

6. Summary and conclusions

The Ka-band Radar Interferometer (KaRIn) on the Surface
Water and Ocean Topography (SWOT) satellite with a target
launch date in November 2022 promises to revolutionize satel-
lite altimetry by providing high-resolution and accurate meas-
urements of SSH across a pair of 50-km swaths separated by a
20-km nadir gap. The primary oceanographic goal of the
SWOT mission is to resolve SSH variability on wavelengths
longer than about 15 km, which is nearly a factor of 5 better
than can presently be achieved from along-track measure-
ments by conventional nadir-viewing altimeters (Xu and Fu
2012), and more than an order of magnitude better than the
resolution capability of SSH fields constructed from measure-
ments by multiple nadir-viewing satellite altimeters (Chelton
et al. 2011; Ballarotta et al. 2019). An especially exciting aspect
of the SWOT mission is that the swath measurements by
KaRIn will provide two-dimensional views of instantaneous
SSH fields. This offers the first opportunity to obtain satellite-
based estimates of instantaneous surface velocity and rela-
tive vorticity computed geostrophically from the gridded
SSH measurements across the two parallel measurement
swaths.

One of the goals of this study was to determine the stan-
dard deviations of the uncorrelated SSH measurement noise
for footprint diameters of 0.5, 1, and 2 km (appendix C) from
the spectral specification of the science requirement for
KaRIn (appendix A), and to quantify the effects of the uncor-
related SSH measurement errors on the noise in geostrophi-
cally computed velocity and vorticity (appendix D). We did
not address the errors in the geostrophic approximation (see,
e.g., the discussion in section 3 of C19). Nor did we consider
the effects of the long-wavelength measurement errors (see
appendix A).

Our analysis also considered only the effects of swath-
averaged uncorrelated errors in the SSH measurements for a
significant wave height (SWH) of 2 m. We did not account for
the increases of the measurement errors toward both edges of
each measurement swath or the increase of measurement er-
rors with increasing SWH (see Fig. C1). The conclusions of
this study are therefore likely somewhat optimistic assess-
ments of the resolution capabilities of SWOT estimates of
SSH, velocity, and vorticity.
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The equations in appendixes C–E and sections 3 and 4 for
the standard deviations and wavenumber spectral characteristics
of the noise in these three variables are all expressed in terms
of the SSH standard deviation sh that is the fundamental
characterization of the uncorrelated SWOT measurement er-
rors for the chosen footprint diameter. They can therefore be
applied for any location across the measurement swath and
any SWH, based on the corresponding standard deviation of
the SSH measurement noise at that location. Moreover, the
prelaunch estimates of sh derived in appendix C for the three
footprint sizes considered in this study can be replaced in the
equations in appendixes C–E and sections 3 and 4 with actual
values determined after launch from in-orbit data, or with
smaller values that may be obtained in the future through im-
provements in the onboard and ground-based processing of
SWOT data.

The analysis in appendix C first considered KaRIn data
with the original planned footprint diameter of 1 km on a
1 km 3 1 km grid and then considered the recently revised
plan for KaRIn data products with footprint diameters of
0.5 km on an oversampled 0.25 km 3 0.25 km grid and 2 km
on a 2 km 3 2 km grid (JPL 2020, 2021). The standard devi-
ations of the SSH estimates with these three footprint diam-
eters were derived from the science requirement for SWOT,
which is expressed in a nonconventional form in terms of
the wavenumber spectrum after smoothing with a half-
power filter cutoff wavelength of 15 km (see appendix A).
Because of the large 5.48-cm standard deviation of the SSH
measurement noise with the footprint diameter of 0.5 km
and the large data volume on the oversampled 0.25 km 3

0.25 km grid, the vast majority of users will likely prefer the
SWOT data product with a footprint diameter of 2 km on a
2 km 3 2 km grid. The noise standard deviation of these
SSH estimates are expected to be s2km 5 1.37 cm if this data
product is produced by smoothing the high-resolution
SWOT data product with a half-power filter cutoff wave-
length of 4 km (see the discussion in appendixes B and C).
The smaller footprint size was not considered in our analysis
of smoothed simulated SWOT estimates of SSH, velocity,
and vorticity in sections 3–5.

The standard deviations of the noise in SWOT estimates
of velocity and vorticity computed geostrophically from
SSH with the three footprint diameters of 0.5, 1, and
2 km were derived by propagation-of-error analysis in
appendix D. The SWOT estimates of SSH, velocity, and
vorticity with a chosen footprint diameter are produced by
smoothing the raw SWOT data with a half-power filter cutoff
wavelength that is twice the footprint diameter. The resulting
fields for any choice of footprint diameter are referred to here
as “unsmoothed” to distinguish them from the estimates ob-
tained in sections 3–5 with additional two-dimensional smooth-
ing applied in postprocessing. Equations for the wavenumber
spectral distributions of the noise variance of unsmoothed
SWOT estimates of SSH, velocity, and vorticity are presented in
appendix E. The effects of SSH noise are amplified by the finite
difference approximations of the derivatives in the Eqs. (D1a)
and (D1b) for geostrophically computed velocity and the
Eq. (D2b) for vorticity. The amplification of the effects of SSH

measurement noise is much greater for vorticity because it con-
sists of the sum of two terms, both of which involve double dif-
ferentiation of SSH. Mapping the geostrophically computed
surface vorticity field from SWOT data will therefore be much
more challenging than mapping the SSH and geostrophically
computed surface velocity fields.

As summarized in section 2, the conclusion from the analy-
sis in the appendixes is that the noise in instantaneous maps
of all three variables constructed from unsmoothed SWOT
data with any of the three footprint diameters considered
here will be too large for the SWOT data products to be used
directly for most applications. This is acknowledged in the sci-
ence requirements for KaRIn that are based on smoothing
with a half-power filter cutoff wavelength of kc 5 15 km to im-
prove the signal-to-noise (S/N) ratio in SWOT estimates of
SSH. It was shown in section 3 that the residual noise de-
creases rapidly with increased smoothing. The noise standard
deviations for SSH, velocity components, and vorticity de-
crease as approximately k21

c , k22
c , and k23

c , respectively (see
Fig. 1). Equations for the wavenumber spectral characteristics
of the smoothed noise in each of the three variables are pre-
sented in section 4.

While smoothing with a half-power filter cutoff wavelength
of kc 5 15 km may yield an adequate S/N ratio for SSH, the
velocity and vorticity computed geostrophically from in-swath
SWOT data will likely have to be smoothed with filter cutoff
wavelengths of about 30 and 50 km, respectively. Visual as-
sessments of the effects of this smoothing were presented in
section 5 from maps of instantaneous estimates of SSH, veloc-
ity, and vorticity constructed from simulated SWOT data
based on a high-resolution numerical model of the California
Current System. This simulated SWOT sampling provides in-
sight into the contamination of smoothed estimates of the
three variables from edge effects of the smoothing within the
50-km width of each measurement swath. These edge effects
arise from incomplete data within the span of the smoother.
They will be compounded by the larger measurement errors
toward the swath edges that were not considered here (see
Fig. C1). Our assessment of SWOT capabilities may therefore
be somewhat optimistic. The measurement noise decreases
with increased smoothing but the errors from edge effects
worsen. Smoothing of the in-swath data will likely have to be
limited to a half-power filter cutoff wavelength of about
50 km. Even then, edge effects will likely be too large except
within approximately the center half of each 50-km swath
(see Fig. 5). The estimates in this portion of the swath will
nonetheless yield important new insight into global mesoscale
variability, especially for the smoothed SWOT estimates of
vorticity.

The analysis here considered only spatial smoothing of in-
swath instantaneous SWOT data to improve the S/N ratio. In-
tuitively, edge effects and measurement errors can be reduced
with space–time smoothing from multiple SWOT overpasses
of the region of interest. In practice, however, the space–time
sampling pattern of the SWOT orbit is not well suited to re-
ducing the errors by time averaging in regions of energetic
and rapidly evolving submesoscale variability. The 21-day
exact-repeat orbit consists of two subcycles of about 10 days.
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During each 21-day period, the sampling consists of an inter-
leaved pattern of measurement swaths in which adjacent
swaths are sampled 10 days apart (see Fig. 3d; see also Figs.
21 and 22 of C19 and the related discussion in the text of that
paper). This sampling pattern introduces a second source of
sampling errors that arises from the unresolved rapid evolu-
tion of small-scale features during the 10-day time separation
between adjacent swaths. While space–time smoothing will be
useful for mapping mesoscale variability in SSH (see section
12 of C19), it is shown in section 8 of C19 that the resolution
capabilities of SWOT estimates of velocity and vorticity actu-
ally worsen with time averaging because of sampling errors
from the unresolved variability, at least for the time averages
of 4 and 14 days considered in that study. Mapping of the sur-
face velocity and vorticity fields from SWOT data will likely
have to be done with the aid of dynamic interpolation from
a data assimilation model, as suggested, for example, by
Ubelmann et al. (2015).

The need to smooth SWOT data with a half-power filter
cutoff wavelength of 30–50 km for estimates of velocity and
vorticity will be disappointing to investigators interested in
smaller submesoscale variability. It should be kept in mind
that this is much better than the approximate 200-km-
resolution limitation of the SSH fields constructed from meas-
urements by multiple nadir-viewing altimeters. SWOT data
will undoubtedly provide important new insight into ocean
dynamics at the short end of the range of mesoscale variability
and the long end of the range of submesoscale variability. It is
also noteworthy that recent modeling and observational stud-
ies suggest that the variability of SSH from which velocity and
vorticity will be computed geostrophically from SWOT data
may be dominated by baroclinic tides and internal waves on
wavelength scales up to 50 km or more (e.g., Rocha et al.
2016; Qiu et al. 2017, 2018; Callies and Wu 2019). SWOT data
will undoubtedly provide new insight into the SSH structures
of these ageostrophic processes. It may be challenging to sep-
arate baroclinic tides and internal wave variability from some
of the geostrophic submesoscale signals of interest. The reso-
lution of these other processes in SWOT data may therefore
prove to be comparable to the resolution limitations that are
imposed by the measurement noise that was the focus of this
study.
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APPENDIX A

The Science Requirements for SWOT Measurement
Errors Over Oceans

The errors of SWOT measurements of SSH can be parti-
tioned into a contribution from uncorrelated measurement
errors and a contribution from long-wavelength errors attribut-
able to orbit height errors, antenna pointing errors, errors in
biases from significant wave height effects, and errors in the
corrections for various geophysical effects on the range esti-
mates. Detailed discussions of these long-wavelength errors can
be found in the Mission Performance and Error Budget docu-
ment (JPL 2017a). As specified in the Science Requirements
Document (JPL 2018) and various other SWOT documents,
the science requirement for the swath-averaged along-track
wavenumber spectrum of the long-wavelength errors is

Sred(l) 5 0:0125 l22 cm2 cpkm21, for 1=1000, l,1=15 cpkm,

(A1)

where l is the along-track wavenumber. For reasons discussed
below, the SWOT documentation does not specify this “red
noise” spectrum for wavenumbers higher than l 5 1/15 cpkm
(i.e., wavelengths shorter than k 5 l21 5 15 km). The spec-
trum (A1) of long-wavelength errors is shown extrapolated
to wavenumbers higher than l 5 1/15 cpkm by the red dot-
ted line in Fig. A1.

The details of the wavenumber spectrum of uncorrelated
measurement errors depend on the smoothing applied to the
SWOT interferograms by the onboard processor for the
gridded SSH data products that are derived from the interfero-
grams in ground-based processing (see appendix B). The origi-
nal plan for the gridded SSH data product was to smooth the
interferograms to achieve a footprint diameter of 1 km sampled
on a Dx 3 Dy 5 1 km 3 1 km grid (JPL 2017a). The along-
track wavenumber spectrum of the uncorrelated measurement
errors for a footprint diameter of 1 km is assumed in this study
to be constant for all wavenumbers (“white”) up to the Nyquist
wavenumber lN 5 (2Dy)21 5 0:5cpkm, as shown by the blue
dashed line in Fig. A1 that is derived in appendix C from the
science requirements below.

The original plan to generate SSH estimates with a footprint
diameter of 1 km has evolved to a new plan to provide SSH
estimates with footprint diameters of 0.5 and 2 km
(JPL 2020, 2021). The green and purple dashed lines are the
white-noise spectra for the footprint diameters of 0.5 and
2 km, which are also derived in appendix C with the assump-
tion that the spectra are white up to the respective Nyquist
wavenumbers of 1 and 0.25 cpkm. The fixed grids on which
the SSH estimates are to be provided will be geolocated within
the nominal measurement swaths of the satellite overpasses
of the 21-day exact-repeat orbit of SWOT. For the discussion
here, the grid axes will be aligned locally in across-track and
along-track coordinates (x and y, respectively).

The goal of the SWOT mission is for KaRIn to resolve
SSH on wavelength scales down to 15 km according to the
68th percentile of the distribution of global wavenumber
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spectra of SSH inferred from along-track nadir altimeter
data that resolve variability down to a wavelength of about
70 km (Xu and Fu 2012). The 68th-percentile spectrum ob-
tained in this manner was extrapolated from 70 km down
to the wavelength of 15 km and is shown by the black
dashed line in Fig. A1.

The science requirement for the uncorrelated white-noise
measurement errors from KaRIn is specified in the SWOT
documentation in a nonconventional form in terms of the
swath-averaged along-track wavenumber spectrum of residual
errors after smoothing in postprocessing with a half-power fil-
ter cutoff wavelength of kc 5 15 km,

Swhite(l) 5 2 cm2 cpkm21, for 1=1000# l# 1=15 cpkm: (A2)

The overbar signifies the 15-km smoothing of the SWOT
data. It can be noted that smoothing with a 15-km filter cut-
off is effectively equivalent to smoothing to a footprint di-
ameter of 7.5 km.

The residual white-noise spectrum, (A2), after 15-km
smoothing of SWOT data, which is shown by the horizontal

red dashed line in Fig. A1, was adopted because it inter-
sects the extrapolated 68th-percentile SSH spectrum at the
wavelength of 15 km shown by the vertical red dashed line
in Fig. A1. The 15-km smoothing may also be necessary to
suppress sources of measurement errors such as wave alias-
ing and spacecraft vibrations that could result in spectral
peaks at wavelengths shorter than 15 km. For the analysis
in appendixes C–E and sections 3–5, we take (A2) to be the
spectral characterization of the prelaunch estimate of KaRIn
SSH measurement noise. The spectrum (A2) could be com-
puted from the SWOT estimates of SSH with 15-km smoothing
applied on the swath-based grids for any of the three footprint
sizes of 0.5, 1, or 2 km considered in appendix C.

As in the case of the spectrum (A1) of long-wavelength
errors, the SWOT documentation does not specify the spec-
trum (A2) of 15-km smoothed uncorrelated measurement
errors for wavenumbers higher than lc 5 k21

c 5 1=15cpkm.
If the spectrum of the noise without the 15-km smoothing
is white up to the Nyquist wavenumbers in both dimen-
sions, and if the 15-km smoothing is applied only one-
dimensionally in the across-track dimension, the along-track
spectrum of Swhite(l) would have the value (A2) for all
wavenumbers l up to the Nyquist wavenumber, which is
0.5 cpkm for the along-track grid spacing of Dy 5 1 km and
a footprint diameter of 1 km in the original plan for the
SSH fields generated from SWOT data.

If the 15-km smoothing is applied two-dimensionally with
a realizable filter as suggested in section 2.7.2.a of JPL
(2018), imperfections of the filter transfer function would
result in attenuation but not complete elimination of the
along-track spectrum (A2) at high wavenumbers, and there
would be a gradual rolloff of attenuation through the half-
power filter cutoff wavelength of lc (see, e.g., the red solid
line in the upper-left panel of Fig. 2). Note, however, that
subsampling the two-dimensionally smoothed SWOT data
with footprint diameters of 0.5, 1, or 2 km at along-track in-
tervals of 7.5 km would yield the truncated error spectrum
shown by the red dashed line in Fig. A1 if the spectrum of
SSH noise without the 15-km smoothing is white at wave-
numbers l . lc, a range that is not explicitly constrained by
the spectral characterizations (A1) and (A2) of the science
requirements. Subsampling at 7.5-km intervals is not speci-
fied in the science requirements for SWOT.

It is evident from the extrapolated spectrum shown by
the red dotted line in Fig. A1 that the specification (A1)
for long-wavelength measurement errors should have very
little power at wavenumbers higher than lc 5 1/15 cpkm.
Smoothing with a half-power filter cutoff wavelength of
kc 5 15 km would thus have little effect on the long-
wavelength errors. The spectrum of the total measure-
ment errors in 15-km smoothed SWOT data would therefore
consist essentially of the sum of the contributions (A1) and
(A2), which is shown by the solid red line in Fig. A1. This
spectrum of the total errors intersects the 68th percentile
of the globally distributed SSH spectra at a wavelength of
about 15 km, consistent with the goal of the SWOT mis-
sion to achieve a signal-to-noise ratio of 1 at the 15-km
wavelength.

FIG. A1. The swath-averaged along-track wavenumber spectra
derived from the science requirements. The dotted red line is the
science requirement (A1) for red noise from orbit errors and long-
wavelength measurement errors. The dashed red line is the science
requirement (A2) for residual uncorrelated errors after smoothing
with a half-power filter cutoff wavelength of kc 5 15 km. The solid
red line is the sum of the spectra of the red noise and the 15-km fil-
tered uncorrelated errors. The dashed blue line is the spectrum
(C1) derived in appendix C from (A2) for the uncorrelated errors
in SWOT measurements of SSH for a footprint diameter of 1 km
without the 15-km smoothing. The solid blue line is the sum of the
red noise spectrum and the white noise spectrum for 1-km foot-
print diameter. The green and purple lines are the analogous spec-
tra of uncorrelated errors and total errors for the footprint diame-
ters of 0.5 and 2 km, shown for wavenumbers up to their associated
Nyquist wavenumbers of 1 and 0.25 cpkm for, respectively, the
sample grids of 0.5 km 3 0.5 km and 2 km 3 2 km on which
the white noise is uncorrelated for these two footprint diameters.
The black dashed line is the 68th-percentile SSH signal power spec-
tral density from JPL (2018).
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This study considers only the contribution of the uncorre-
lated measurement errors, (A2), to the total errors in KaRIn
estimates of SSH and their effects on estimates of velocity
and vorticity computed geostrophically from SWOT data.
For smoothing with half-power filter cutoff wavelengths lon-
ger than about 50 km, comparison of the spectra (A1) and
(A2) as in Fig. A1 suggests that additional contributions
from the long-wavelength correlated errors may become sig-
nificant for SWOT estimates of SSH. Because of the high-
pass filtering of the derivative operator, correlated SSH mea-
surement errors have a relatively small effect on the SWOT
estimates of velocity and vorticity that are the main focus of
this study. The contributions of correlated measurement er-
rors are therefore not addressed in this study.

APPENDIX B

An Overview of Onboard and Ground-Based Processing
of SWOT Data over Oceans

The KaRIn instrument is a synthetic aperture radar
(SAR) that uses interferometry to measure SSH across two
50-km off-nadir swaths with high across-track resolution
with SAR processing to achieve approximately equal along-
track spatial resolution over the ocean (JPL 2018, 2021).
More specifically, KaRIn uses unfocused SAR processing to
form nine beams at slightly different squint angles, fanning
out from aft to fore in the along-track direction, with along-
track effective widths of 500 m and offsets of approximately
130 m on the reflecting sea surface. The angular separation
between the fore-most and aft-most beams is approximately
0.18 (Fig. B1). “Unfocused” processing refers to use of a
first-order correction for the range to a point on the sea

surface, and hence the Doppler shift of the returned radar
pulse, during the time interval required to form the syn-
thetic aperture in the along-track direction. “Squinting” re-
fers to the fore-to-aft spread of the azimuth angles of the
synthesized beams formed by the SAR processing. The in-
terferometric baseline is oriented in the across-track direc-
tion, which gives sensitivity to the geometric height of the
targets viewed by each beam.

For the interferometry, KaRIn uses two antennas sepa-
rated by a baseline of B 5 10 m in the across-track direc-
tion (Fig. B2). A radar pulse is transmitted from one an-
tenna and the reflected pulse is received by both antennas.
The phase difference between the returned radar pulse re-
ceived by the two antennas at a known look angle u gives a
measure of the difference Dr in the pathlengths between
the reflecting target and each of the two antennas. The
height h of the sea surface relative to a reference surface is
estimated from Dr and the height H of the satellite above
the reference surface obtained by precision orbit determina-
tion. By processing sequences of returns during short time
windows that carry reflections from different distances
(“range gating”), resolutions of 10 m at the outer edge of
the swath to 70 m at the inner edge can be achieved in the
across-track direction. The phase values as a function of
range along each swath of each of the nine fore-to-aft
beams forms a two-dimensional gridded interferogram in
along-track and across-track coordinates (Fig. B3) that is
the basis for the KaRIn SSH measurements.

FIG. B1. A schematic depiction of the KaRIn nine-beam mea-
surement geometry, viewed from an across-track perspective. For
illustration purposes, the fore-to-aft deflection angles of the
squinted beams relative to antenna boresight are shown with the
vertical-to-horizontal aspect ratio reduced by about a factor of 300.
The alternating blue and pink triangles with slight overlap indicate
the nine beams that are measured nearly simultaneously. FIG. B2. A schematic description of interferometry. The differ-

ence Dr between the pathlengths r1 and r2 to a point on the reflect-
ing sea surface can be determined from the phase difference
f 5 2kr1 2 k(r1 1 r2)5 k(r1 2 r2), where k is the microwave angu-
lar wavenumber (equal to 2p divided by the microwave wave-
length) of the radar pulses. (After JPL 2017a.)
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The KaRIn radar transmits with a pulse repetition rate of
about 9 kHz, and the onboard processor coherently pro-
cesses a series of nine pulses at each of the nine beam an-
gles to synthesize the nine fore-to-aft beams, along each of
which across-track interferometric measurements are made.
Because the nine beams fan out fore to aft, they do not view
the same along-track position at a given time (Fig. B1). As
the satellite moves along its ground track, however, pulses
transmitted along the different beams illuminate a given
point on the sea surface at slightly different times (Fig. B4).
For the KaRIn instrument and SWOT orbit configuration,
pulses along all nine beams illuminate a given across-track
swath within a time period of about 0.2 s, thus resulting in
nine nearly simultaneous across-track interferograms}one
each from pulses at different times along each of the nine
beams}at each measurement point along each across-track
grid of the interferogram in Fig. B3. The along-track grid
points sampled by these nine sets of interferograms are
nearly, but not precisely, aligned, with spatial offsets of order
10 m in the along-track direction.

As the satellite moves in the along-track direction, the
KaRIn instrument thus collects nine independent, two-
dimensional swaths of data, consisting of nine nearly simul-
taneous across-track interferograms at a sequence of mea-
surement points along the orbit. The natural coordinates
for these two-dimensional datasets are azimuth (essentially

along track) and range (essentially across track). The
KaRIn onboard processor smooths each of the nine inde-
pendent interferograms in both the azimuth and range di-
rections with filters that have a half-power filter cutoff
wavelength of 1 km, which is the filtering required to
achieve a footprint diameter of 0.5 km (see appendix B.1 of
C19). As discussed in JPL (2021), a Blackman–Harris
smoother will be applied in the azimuth direction and a
Parzen smoother will be applied in the range direction.1

The parameters of both smoothers have been chosen to
give the desired half-power filter cutoff wavelength of 1 km
in each dimension. It is worth noting that smoothing with
different smoothers in each dimension is not isotropic.
The smoothed interferograms with a footprint diameter of
0.5 km will be oversampled on a 0.25 km 3 0.25 km grid
and then telemetered to ground receiving stations along
with ancillary data related to spacecraft navigation and
signal quality (e.g., the radar backscatter amplitude) in a
low-resolution (LR) dataset for oceanographic applications.

FIG. B3. A plan-view sketch of the nine-beam illumination pat-
tern on the sea surface at a given position of the satellite along the
ground track. Pulses along the nine SAR beams illuminate nine
partly overlapping across-track swaths with along-track widths of
approximately 500 m and offsets of approximately 200 m. Interfer-
ometry gives a phase measurement (see Fig. B2) from which SSH is
determined with resolution of approximately 500 m in the across-
track direction along each of the nine swaths. The closer spacing of
the grid lines are intended to depict the oversampling of the across-
track interferogram on a 250-m along-track grid rather than at the
500-m across-track spatial resolution of the interferogram. The na-
dir gap is not shown to scale and only a portion of each across-track
swath is shown. (Figure courtesy of Gerald Dibarboure.)

FIG. B4. A schematic depiction of the approximate collocation
of nine different beams measured by KaRIn as the satellite moves
along its orbit, viewed from an across-track perspective. The time
interval required for the nine measurements is approximately 0.2 s.
The alternating blue and pink triangles are as in Fig. B1, but mea-
sured at nine different times. The center beam is shown as a black
triangle. The vertical-to-horizontal aspect ratio has again been re-
duced by about a factor of 300 for illustration purposes.

1 The rationale given for using a different smoother in each di-
rection in the onboard processing is that the filter transfer function
of the Blackman–Harris smoother has slightly better sidelobe sup-
pression than the Parzen smoother (see Fig. 33 of JPL 2021). For
technical reasons related to the hardware implementation in the
onboard processor, the Blackman–Harris smoother cannot be ap-
plied in the range direction. The better sidelobe suppression of the
Blackman–Harris smoother is not enough to make any significant,
or even detectable, difference in the smoothed interferograms; the
largest sidelobe of the filter transfer function of the Parzen
smoother is more than 50 dB below the filter transfer function in
the pass band (see the aforementioned figure). For all intents and
purposes, the two-dimensional smoothing of the interferograms
could therefore be achieved equally well by smoothing with a
Parzen smoother in both dimensions. This is the form of smooth-
ing used for simulating SWOT data in the present study.
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A separate high-resolution dataset is produced for land hy-
drology using different SAR processing techniques.

In ground-based processing, a number of corrections are
made to account for instrumental and geophysical effects.
The phase information in the resulting interferograms is
then converted to SSH estimates using auxiliary informa-
tion such as the spacecraft orientation and position and an
estimate of the mean sea surface. Using the sampling grid
of the central beam as a reference, the SSH estimates from
the eight approximately collocated other beams (Fig. B4)
are each spatially interpolated to the measurement loca-
tions of the central beam using two-dimensional sinc inter-
polation. At each of the grid points of the central beam,
the nine different SSH estimates are then combined using a
maximum likelihood estimator (i.e., a weighted average
with a weighting that is inversely proportional to the noise;
see appendix B of JPL 2021).

The beam-combined SSH estimates with a footprint di-
ameter of 0.5 km are thus obtained on an approximate
0.25 km 3 0.25 km grid that is referenced to the ground lo-
cations of the central beam of the KaRIn SAR processing,
which in turn depends on the spacecraft location and attitude.
This native grid of SSH estimates is interpolated (again using
two-dimensional sinc interpolation) to a 0.25 km 3 0.25 km
Earth-fixed grid that is not aligned with the spacecraft
ground track.

A coarser-resolution SWOT SSH product that will be
used for most oceanographic applications will be formed in
ground-based processing by two-dimensional smoothing of
the 0.25 km 3 0.25 km product on the Earth-fixed grid and
subsampling onto a 2 km 3 2 km Earth-fixed grid. The de-
tails of this final smoothing have not yet been decided by
the SWOT Project Office, but it will have a half-power fil-
ter cutoff wavelength of at least 4 km.

The net filtering and effective resolution of the SWOT
data products on the 0.25 km 3 0.25 km and 2 km 3 2 km
grids are thus determined by the accumulation of the proc-
essing steps summarized above, which include smoothing of
interferograms by the onboard processor, interpolation of
eight of the nine smoothed SSH estimates to a common sam-
pling grid, weighted averaging of those estimates at each of
the interpolated grid points, a second interpolation to an
Earth-fixed 0.25 km 3 0.25 km grid. These SSH fields will
subsequently be smoothing in ground-based processing to
produce the 2 km 3 2 km gridded SSH product.

The net filtering of the SSH product on the 2 km 3 2 km
grid is dominated by the smoothing in the final step of the
processing. It is shown in appendixes C–E and sections 4
and 5 that additional filtering will be needed in postprocess-
ing to suppress the effects of uncorrelated measurement er-
rors to achieve the residual noise level that is required for
most oceanographic applications of SWOT data. This addi-
tional smoothing will ultimately determine the scales of
ocean variability that can be resolved by SWOT. The pre-
cise details of the smoothing in the ground-based processing
to obtain the 2 km 3 2 km gridded SSH product are thus
of secondary importance. For the analysis in this study, we
have adopted a half-power filter cutoff wavelength of 4 km

for the 2 km 3 2 km SSH product; the actual value may
end up being somewhat larger than 4 km.

APPENDIX C

The Standard Deviations of SWOT Measurement Noise
for Three Footprint Diameters

The expression (A2) for the uncorrelated measurement
errors in terms of their spectral characteristics after apply-
ing 15-km smoothing in postprocessing is an inconvenient
characterization of measurement noise for the majority of
users. It is preferable to know the spectral characteristics of
the uncorrelated measurement errors in the SWOT data
without 15-km smoothing in postprocessing. Moreover, a
conventional characterization of the uncorrelated measure-
ment errors in terms of the standard deviation sh of the
noise at the resolution of the footprint diameter of the
SWOT data is much more useful in practice than a spectral
characterization. The two are simply related by Parseval’s
theorem, which expresses s2

h as the integral of the spectrum
over wavenumber [see Eq. (C2) below]. The spectrum of
the errors in SWOT estimates of SSH and the associated
standard deviation are derived in appendix F of C19 from
the spectral requirement (A2) for the case of a footprint di-
ameter of 1 km sampled on a 1 km 3 1 km grid. The pro-
cedure is summarized in this section and extended to the
cases of footprint diameters of 0.5 and 2 km that are in the
new plan for the ground-based processing of SWOT data
that is summarized in JPL (2020).

For estimation of the along-track wavenumber spectrum
of the noisy SWOT measurements of SSH, smoothing one-
dimensionally with a half-power filter cutoff wavelength of
kc in the across-track dimension x attenuates the along-
track wavenumber spectrum of uncorrelated measurement
errors at all along-track wavenumbers by the constant fac-
tor of ckc that depends on the filter transfer function of the
smoother according to (9) in section 4. For the filter trans-
fer function of the Parzen smoother used here, this reduces
to (12). This attenuation factor is approximately the same
for other smoothers when the parameters of the smoother
are calibrated to give the same half-power filter cutoff
wavelength kc.

If the smoothing of the SWOT data is instead applied
two-dimensionally and isotropically with an ideal (but unre-
alizable) filter, the additional along-track smoothing would
attenuate the spectrum to zero at along-track wavenumbers
between lc 5 1/15 cpkm and the Nyquist wavenumber. For
a realizable two-dimensional filter, the spectrum of residual
errors after smoothing will exhibit the imperfections of a
gradual rolloff through the half-power filter cutoff wave-
number lc, together with the higher-wavenumber sidelobes
of the realizable filter. The details of these imperfections of
the filter transfer function are particular to the choice of fil-
ter. The result for two-dimensional filtering with a Parzen
smoother (see appendix A of C19) are shown by the red
solid line in the top-left panel of Fig. 2. (The sidelobes of
the filter transfer function for the Parzen smoother are too
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small to be seen with the dynamic range of the ordinate in
this figure}see, for example, Figs. A.1 and B.1 of C19.)

For the footprint diameter of 1 km considered in the
two versions of the SWOT Science Requirements Docu-
ment preceding the current version (JPL 2018) and the
two versions of the Onboard Processing and Algorithm
Theoretical Basis Document preceding the current version
(JPL 2021), and as still specified in the current version of
the Mission Performance and Error Budget document
(JPL 2017a), the grid spacing between samples with un-
correlated measurement errors is Dx 5 Dy 5 1 km (see
appendix B.1 of C19). With the filter cutoff wavelength
kc 5 15 km of the across-track smoothing in the science
requirement specifications for SWOT, the attenuation fac-
tor (9) that is given by (12) is ckc ≈ 1=7:5. An intuitive ex-
planation for the factor-of-2 difference between ckc and
k21
c is given in the paragraph following (12) in section 4.

The swath-averaged white-noise spectrum of uncorrelated
SWOT measurement errors obtained from the science re-
quirement (A2) for the case of a footprint diameter of
1 km without 15-km smoothing would thus be a factor of
7.5 times larger than the white-noise spectrum (A2) of the
15-km smoothed SWOT data,

S1km(l) 5 1
ckc

Swhite(l) 5 2
ckc

cm2 cpkm21 5 15 cm2 cpkm21:

(C1)

The subscript “1km” indicates that (C1) is specific to the
case of a footprint diameter of 1 km and the omission of an
overbar on the left side of the equation implies that no ad-
ditional smoothing has been applied to the SWOT data
with the 1-km footprint diameter. The white-noise spectrum
(C1) of SWOT data with a footprint diameter of 1 km is
shown by the blue dashed line in Fig. A1.

If the uncorrelated measurement errors are white at
wavenumbers higher than lc 5 1/15 cpkm, the in-orbit per-
formance of SWOT can be more easily validated from the
spectrum (C1) of SWOT data with 1-km footprint diameter
than from the spectrum (A2) that requires 15-km smooth-
ing of SWOT data. Furthermore, the white-noise floor of the
total error spectrum for a footprint diameter of 1 km and a
grid spacing of Dy 5 1 km (the solid blue line in Fig. A1)
extends far beyond the wavenumber lc 5 1/15 cpkm to the
Nyquist wavenumber of lN 5 0:5cpkm and is thus clearly
distinguished from the SSH signal spectrum and the red
noise spectrum at the higher wavenumbers.

The variance of the uncorrelated measurement errors in
the SWOT estimates of SSH with a footprint diameter of
1 km and without additional smoothing in postprocessing
can be obtained by Parseval’s theorem that relates the vari-
ance s2 of a variable to the integral of its spectrum S(l),

s2 5

� lN

0
S(l)dl: (C2)

For the case of S(l) equal to the constant white-noise spec-
trum (C1), this reduces to

s2
1km 5 lN S1km(l) 5 S1km(l)

2Dy
5 7:5 cm2: (C3a)

For M discretely sampled observations at along-track inter-
vals of Dy, this integral becomes a discrete summation,

s2
1km 5

∑M=2

j51
S1km(lj)Dl 5 MDl

2
S1km(lj), (C3b)

where lj 5 jDl and Dl 5 (MDy)21 is the Fourier wavenum-
ber interval. The zero wavenumber is excluded from the
sum in (C3b) because it does not contribute to the sample
variance. The multiplicative factor on the right side of
(C3b) is MDl=25 (2Dy)21 5 lN . The right side of (C3b) is
therefore the same as the right side of (C3a). The swath-
averaged standard deviation of the uncorrelated measure-
ment errors in SWOT data for a footprint diameter of
1 km derived from the science requirement (A2) is the
square root of (C3a),

s1km 5 2:74 cm: (C4)

As noted above, this measurement noise is uncorrelated on
a sample grid spacing of 1 km 3 1 km for the 1-km foot-
print diameter considered here.

The value of 2.74 cm for s1km cannot be found in any of
the present SWOT documents. However, the specification
of the white-noise contribution to the total error spectrum
in the unnumbered first equation in section 5.1 of JPL
(2017a) can be combined with the unnumbered last equa-
tion in section 5.1.1 of that document to deduce a value of
s1km 5 2.74 cm. Somewhat smaller values of 2.5 and 2.4 cm
are stated without derivation in sections 5.1.3 and 5.4.5, re-
spectively. And a value of 2.7 cm is stated without explana-
tion in Fig. 47 of JPL (2021), albeit with units mislabeled as
mm rather than cm. The lower values of 2.5 and 2.4 cm
may be the projected best estimates of what will actually be
achieved on orbit. Or they may consider only the effects of
instrumental errors, neglecting smaller sources of noninstru-
mental uncorrelated errors such as the effects of spacecraft
pointing errors on the signal-to-noise ratio across the mea-
surement swaths. Both explanations have been offered in
personal communications by one of us (DBC) with different
SWOT Project team members.

The preceding analysis is for the overall average standard
deviation of uncorrelated measurement errors across the
SWOT measurement swaths for a footprint diameter of
1 km and an SWH of 2 m. In actuality, the errors will be
smallest near the middle of each measurement swath and
increase toward both edges of the swaths, and will increase
monotonically with increasing SWH. The projected estimates
of the dependencies of the standard deviation of uncorrelated
measurement errors on SWH and across-track swath location x
are shown in Fig. C1 for a footprint diameter of 1 km. The cor-
responding across-track variation of the white-noise along-track
wavenumber spectral value of the uncorrelated measurement
errors can be determined by inverting (C3a) to obtain
S1km(l,x, SWH)5 l21

N s2
1km(x, SWH) based on the measurement
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error standard deviation s1km(x, SWH) shown in Fig. C1 for
the swath location x and SWH of interest.

The discussion hereinafter considers only the across-
swath average SSH measurement noise standard deviation
for a significant wave height of 2 m. Note, however, that
the SWOT simulator software that is provided by the
SWOT Project (JPL 2017b) incorporates estimates of both
the across-track variation of uncorrelated measurement er-
rors and the additional long wavelength, correlated errors
discussed in appendix A.

The original plan for ground-based processing of the
SWOT data over the oceans to achieve the footprint diame-
ter of 1 km that was considered above and by C19 has
evolved to a new plan to provide the SWOT data with two
different footprint sizes (JPL 2020, 2021). As discussed in
appendix B, a high-resolution product will be provided
with a footprint diameter of 0.5 km on an oversampled
0.25 km 3 0.25 km grid. In addition, a coarser resolution
product will be produced from the high-resolution product
on a 2 km 3 2 km grid. As noted in appendix B, the spatial
smoothing to be applied for the 2 km 3 2 km gridded SSH
product has not yet been finalized by the SWOT Project
Office. For the analysis presented here, we will assume that
this smoothing will be equivalent to a footprint diameter of
2 km. This corresponds to smoothing with a half-power fil-
ter cutoff wavelength of 4 km, which is the smoothing for
which the residual noise in the 2 km 3 2 km gridded esti-
mates of SSH is essentially uncorrelated (see appendix B.1
of C19).

As noted in appendix B, the SWOT Project may smooth
with a half-power filter cutoff wavelength somewhat longer
than 4 km, thus resulting in 2 km 3 2 km gridded estimates
of SSH that are oversampled in the sense that the noise is
somewhat correlated between neighboring grid points. Since
additional smoothing will have to be applied in postprocess-
ing by most users (see sections 3–5), the somewhat greater
smoothing that may be applied in the ground-based proc-
essing for the 2 km 3 2 km gridded SSH product would
not significantly alter any of the conclusions of this study.

The noise in SSH estimates with the footprint diameter
of 0.5 km is essentially uncorrelated on a sample grid spac-
ing of 0.5 km 3 0.5 km. The increased noise of measure-
ment errors with the footprint diameter of 0.5 km compared
with a footprint diameter of 1 km is easily determined from
the well-known formula that the variance of the average of
N uncorrelated measurement errors decreases as 1/N. Since
there are N 5 4 uncorrelated measurements with 0.5-km
footprint in each 1 km 3 1 km area, the variance of the
uncorrelated errors with a footprint diameter of 0.5 km is
4 times larger than (C3a),

s2
0:5km 5 4s2

1km 5 30 cm2: (C5)

The swath-averaged standard deviation of the uncorrelated
errors with a footprint diameter of 0.5 km is therefore 2 times
larger than (C4),

s0:5km 5 5:48 cm: (C6)

The recommendation of the SWOT Science Team is to
post the high-resolution SSH estimates with the footprint
diameter of 0.5 km on an oversampled 0.25 km 3 0.25 km
grid (JPL 2020). The variance of the SSH measurement er-
rors for the 0.5-km footprint diameter is unchanged on the
oversampled grid, but the errors at neighboring 0.25 km 3

0.25 km grid points are correlated. The oversampling on a
0.25 km 3 0.25 km grid does not alter the wavenumber
spectrum of the noise at wavenumbers smaller than the
Nyquist wavenumber of lN 5 1cpkm associated with the
0.5 km 3 0.5 km grid spacing for uncorrelated errors.

The swath-averaged constant white-noise spectrum of the
uncorrelated errors for the smaller footprint diameter of
0.5 km and the higher Nyquist wavenumber of lN 5 1cpkm
associated with the grid spacing of Dy 5 0.5 km can be ob-
tained from (C5) by inverting an expression analogous to
(C3a) to get

S0:5km(l) 5 1
lN

s2
0:5km 5 30 cm2 cpkm21: (C7)

This spectrum is shown by the green dashed line in Fig. A1.
It should be noted that the statistics (C5)–(C7) for the un-
correlated errors in SWOT estimates of SSH with a foot-
print diameter of 0.5 km are not science requirements for
SWOT. The only science requirement for uncorrelated
measurement errors is the spectrum (A2) obtained after
smoothing the SWOT data one-dimensionally in the across-

FIG. C1. Estimates of the dependencies of the standard deviation
of uncorrelated errors of SWOT measurements of SSH on signifi-
cant wave height (SWH) and swath location relative to the satellite
ground track for a footprint diameter of 1 km. The seven solid lines
correspond to SWH values increasing from 2 m (bottom line) to
8 m (top line) at increments of 1 m. The errors for 0-m SWH are
essentially the same as those shown for 2-m SWH. The standard
deviations of the uncorrelated errors for footprint diameters of
0.5 and 2 km are, respectively, factors of 2 larger and smaller
than shown here [see Eqs. (C6) and (C9)]. (Figure adapted from
Fig. 2.5 of JPL 2017b.)
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track dimension with a half-power filter cutoff wavelength
of 15 km in postprocessing.

Because of the large standard deviation (C6) of uncorre-
lated measurement errors in SSH estimates with a footprint
diameter of 0.5 km and the large data volume for SSH
fields on the oversampled 0.25 km 3 0.25 km grid, the
SWOT Project will also provide a lower-resolution and
lower-noise product on a 2 km 3 2 km grid (JPL 2020).
This product will be preferred for most oceanographic ap-
plications of SWOT data; as shown in sections 3–5, most
users will want to apply additional smoothing. Since there
are N 5 16 measurements with 0.5-km footprint in each
2 km 3 2 km grid cell, the variance of the uncorrelated
SSH measurement errors with the spatial smoothing equiva-
lent to a footprint diameter of 2 km that is considered here
is a factor of 16 smaller than (C5),

s2
2km 5

1
16

s2
0:5km 5 1:875 cm2: (C8)

This expression can be equivalently derived from (C3a) and the
fact that there are N 5 4 measurements with 1 km footprint in
each 2 km 3 2 km grid cell, resulting in a variance s2

2km that is
a factor of 4 smaller than (C3a). The swath-averaged standard
deviation of the uncorrelated SSH measurement errors with a
footprint diameter of 2 km is thus a factor of 4 smaller than
(C6) and a factor of 2 smaller than (C4),

s2km 5 1:37 cm: (C9)

The standard deviation of the noise in the 2 km 3 2 km
SSH product will be slightly smaller than this if the half-
power filter cutoff wavelength applied to the 0.25 km 3

0.25 km SSH product is longer than the value of 4 km as-
sumed in the analysis above.

The swath-averaged constant white-noise spectrum of the
uncorrelated errors for the coarser footprint diameter of
2 km and the lower Nyquist wavenumber of lN 5 0:25cpkm
associated with the grid spacing of Dy 5 2 km can be ob-
tained from (C8) by again inverting an expression analo-
gous to (C3a) to get

S2km(l) 5 1
lN

s2
2km 5 7:5 cm2 cpkm21: (C10)

This spectrum is shown by the purple dashed line in Fig. A1.
The SWOT estimates of SSH with the three footprint di-

ameters of 0.5, 1, and 2 km considered above are produced
by smoothing the raw SWOT data with a half-power filter
cutoff wavelength that is twice the footprint diameter (see
appendix B.1 of C19). The resulting fields for any choice of
footprint diameter are referred to throughout this study as
“unsmoothed” to distinguish them from the estimates ob-
tained in sections 3–5 with additional two-dimensional
smoothing applied in postprocessing.

It was noted above that the in-orbit performance of the
uncorrelated errors in KaRIn estimates of SSH can be vali-
dated more easily from the spectrum (C1) with a footprint
diameter of 1 km and no additional smoothing than it can

from the spectrum (A2) of SSH after 15-km smoothing in
postprocessing. The SWOT performance can likewise be
easily validated from the spectrum (C7) of gridded SWOT
estimates of SSH with a footprint diameter of 0.5 km or
from the spectrum (C10) of SWOT data smoothed to have
a footprint diameter of 2 km. It will be much easier to eval-
uate the SWOT performance from unsmoothed SSH obser-
vations with any of the three footprint diameters considered
above because the white-noise floor of the spectrum of
noisy SSH will be more energetic than both the SSH signal
spectrum and the spectrum (A1) of long-wavelength mea-
surement errors at wavenumbers higher than the upper
limit of l 5 1/15 cpkm in the science requirement specifica-
tions (A1) and (A2). In contrast, the extrapolated 68th-
percentile spectrum of SSH with measurement errors and
15-km smoothing does not asymptote to the white-noise
floor (A2) of the uncorrelated measurement errors at
l 5 1/15 cpkm. These alternative procedures for evaluating
the SWOT performance from data without 15-km smooth-
ing assume that the spectra of the uncorrelated measurement
errors are white for all wavenumbers up to the Nyquist wave-
number lN associated with each of the three footprint diame-
ters considered here.

APPENDIX D

The Standard Deviations of the Noise in SWOT
Estimates of Velocity and Vorticity

The discussion of SSH measurement noise in appendix C
considered the effects of footprint diameter on the swath-
averaged standard deviation of the uncorrelated measurement
errors. Many SWOT users will be interested in estimates of
surface velocity and vorticity computed geostrophically from
the gridded fields of SWOT estimates of SSH. The equations
for the x and y components of geostrophic velocity are

ug 5 2
g
f
h
y

, (D1a)

yg 5
g
f
h
x

, (D1b)

where h is the SSH, g 5 9.81 m s22 is the gravitational ac-
celeration, and f 5 2V sinu is the Coriolis parameter for
Earth rotation rate V 5 7.29 3 1025 s21 and latitude u.
The relative vorticity computed from ug and yg or from
SSH is

zg 5
yg
x

2
ug
y

(D2a)

5
g
f

2h
x2

1
2h
y2

( )
: (D2b)

The spatial derivatives in (D1) and (D2) must be esti-
mated from the discretely sampled SWOT estimates of SSH
by finite differences. This finite differencing imposes a filter-
ing operation on the SSH fields. The derivative operator for
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a continuous variable is a high-pass filter with a wavenum-
ber dependence of k2 or l2, depending on whether the de-
rivative is in the x or y dimension, respectively. However,
the three-point centered difference operator applied to dis-
cretely sampled data, which is the method used to estimate
derivatives in this study, is a bandpass filter with a squared
response function that has sin2(2pkDx) or sin2(2plDy)
dependence on wavenumber k or l [see Eq. (E2) below].

The expressions for the swath-averaged standard devia-
tions sug and syg of the noise of the centered-difference es-
timates of the geostrophically computed velocity compo-
nents (D1) and for the standard deviation szg of the noise
of the centered-difference estimate of the vorticity com-
puted from the first derivatives of ug and yg in (D2a) or
from the second derivatives of SSH in (D2b) are derived by
propagation-of-error analysis in appendix G.1 of C19. The
resulting equations are expressed in terms of any specified
standard deviation sh of the SSH measurement errors and
the grid spacings Dx and Dy of the discretely sampled ob-
servations. As discussed below, the effects of SSH errors on
estimates of ug and yg are amplified in the finite differenc-
ing of SSH. The effects of these errors are further amplified
by the additional finite differencing required to estimate zg
from ug and yg as in (D1a) or directly from SSH as in
(D1b). The equations for sug , syg , szg are applied in this
section for all three of the footprint diameters of 0.5, 1, and
2 km considered in appendix C.

Consider first the noise in the geostrophically computed
velocity component yg. The propagation of uncorrelated
SSH measurement errors through the three-point centered-
difference estimates of the geostrophic Eq. (D1b) for yg
yields a noise variance that can be written in the form

s2
yg
5

g2

f 2
2s2

h

4Dx2
1 2 rh(2Dx)
[ ]

, (D3a)

where Dx is the sample interval in the x dimension and
rh(2Dx) is the autocorrelation of the SSH measurement noise
at a spatial lag of 2Dx. This is Eq. (G.2) of C19. When the
sample interval Dx is equal to or larger than the footprint di-
ameter, the SSH noise at all grid points is essentially uncor-
related and the term rh(2Dx) inside the square brackets is
negligible. This can be seen from the bottom panel of
Fig. B1a of C19 for the case of a footprint diameter of
1 km on a 1 km 3 1 km grid. For smaller sample interval,
the SSH errors at neighboring grid points become corre-
lated so that rh(2Dx) is nonzero, albeit small unless Dx is
very small.

The nonreduced form of the ratio that multiplies the
terms in square brackets in (D3a) reveals the amplification
of the effects of SSH measurement noise by the centered
differencing alluded to above. The multiplicative factor
(g/f)2/(4Dx2) arises from a combination of the factor g/f in
the geostrophic relation (D1b) and the factor 2Dx in the de-
nominator of the three-point centered difference approxi-
mation of the derivative in (D1b). These factors transform
the units of squared SSH to units of squared velocity com-
ponent. The remaining factor 2s2

h in the numerator of (D3a)

shows the well-known fact that finite differencing of two
noisy SSH measurements doubles the SSH noise variance. If
the SSH field is oversampled by decreasing Dx relative to
the footprint diameter, the noise variance s2

yg
increases be-

cause of the smaller factor Dx2 in the denominator of (D3a).
This increase is mitigated to a small extent by the autocorre-
lation rh(2Dx) at lag Dx that becomes nonzero and positive
when Dx is smaller than the spacing at which the SSH obser-
vations are uncorrelated.

In reduced form, (D3a) becomes

s2
yg
5

g2

f 2
1

2Dx2
1 2 rh(2Dx)
[ ]

s2
h: (D3b)

The analogous expression for the variance of the noise in
the geostrophically computed velocity component ug de-
rived by propagation of the SSH errors through the geo-
strophic equation, (D1a), is

s2
ug 5

g2

f 2
1

2Dy2
1 2 rh(2Dy)
[ ]

s2
h, (D4)

where Dy is the sample interval in the y dimension and
rh(2Dy) is the autocorrelation of the SSH measurement
noise at a spatial lag of 2Dy. For a given SSH noise vari-
ance s2

h, it is apparent from (D3) and (D4) that the noise
variances of the geostrophically computed velocity compo-
nents decrease with increasing Coriolis parameter f, i.e.,
with increasing latitude.

For the cases of the three footprint diameters of 0.5, 1,
and 2 km considered in appendix C with sample grid spac-
ings Dx and Dy that are equal to the footprint diameter, the
noise is essentially uncorrelated at the grid spacing so that
the lagged autocorrelations rh(2Dx) and rh(2Dy) in (D3)
and (D4) are negligible. The noise variances (D3b) and
(D4) for the geostrophically computed velocity components
then reduce to

s2
yg
5

g2

f 2
1

2Dx2
s2
h, (D5)

s2
ug 5

g2

f 2
1

2Dy2
s2
h : (D6)

For the fourth case of a footprint diameter of 0.5 km and an
oversampled grid spacing of Dx 3 Dy 5 0.25 km 3 0.25 km
discussed in appendix C, the noise variances for ug and yg
must use the full Eqs. (D3b) and (D4). For this grid spacing
that is half of the footprint diameter, the lagged autocorrela-
tions rh(2Dx) and rh(2Dy) are only 0.05. The expressions for
the noise variances are therefore given approximately by
(D5) and (D6), but with Dx and Dy half as large as on the
0.5 km 3 0.5 km grid. With the small mitigating factor of
0.05 from the correlations at lags 2Dx and 2Dy, the noise var-
iances s2

yg
and s2

ug are slightly less than 4 times larger on the
oversampled grid.

The noise standard deviations syg and sug computed from
the square roots of the variance expressions (D5) and (D6)
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are listed in the fourth column of the top half of Table 1 in
section 2. For the purposes of this calculation, we used the
Coriolis parameter f378N 5 8.75 3 1025 s21 at the central lat-
itude 378N of the domain of the model of the CCS that is
used for Fig. E1 below and Figs. 2–5 in the text. The noise
standard deviation for latitudes other than 378N can be de-
termined as explained in the table caption. For all four of
the cases of footprint diameter and sampling grid considered
in appendix C, the noise of the geostrophically computed ve-
locity components is very large. Even for the coarsest foot-
print diameter of 2 km, the standard deviation of the
noise in each velocity component is more than 0.5 m s21,
which corresponds to a noise of about 0.7 m s21 in speed.
For most applications, the geostrophically computed ve-
locity fields will have to be smoothed further to obtain sci-
entifically useful instantaneous estimates of velocity. The
effects of smoothing of the ug and yg noise are investi-
gated in sections 3–5.

The second-order derivatives of SSH in the form (D2b)
of the definition of vorticity are approximated here by a
succession of two three-point centered differences.2 The er-
rors of vorticity zg computed from three-point centered dif-
ferences of geostrophically computed velocity components
ug and yg at neighboring grid points are given by Eq. (G.7)
of C19. The variance of these vorticity errors is determined
from the variances and covariances of the five terms in that
equation. The variance s2

zg
as expressed by Eq. (G.8) in ap-

pendix G.1 of C19 is specific to the case of SSH observa-
tions on the same grid on which the SSH noise is uncorre-
lated, which was the case of interest in that study. The
equation for an arbitrarily specified grid spacing and foot-
print diameter was not included in appendix G.1 of C19.
The general expression is the same as Eq. (G.21) in appen-
dix G.3 of C19 that is derived for the residual noise in
smoothed estimates of vorticity, except that the smoothed
variances on the left and right sides of that equation are
replaced with unsmoothed variances, and the lagged autocor-
relations of smoothed SSH are replaced with lagged autocor-
relations of unsmoothed SSH. For a uniform grid spacing
Dy 5 Dx, the resulting equation is

s2
zg
5

g2

f 2
1

(4Dx2)2
[
20 1 4 rh(4Dx) 2 32 rh(2Dx)

1 8 rh 2
��
2

√
Dx

( )]
s2
h,

(D7)

where rh(2Dx), rh 2
��
2

√
Dx

( )
, and rh(4Dx) are the autocorrela-

tions of the SSH measurement noise at spatial lags of 2Dx,
2

��
2

√
Dx, and 4Dx.

For the cases of the three footprint diameters of 0.5, 1,
and 2 km considered in appendix C, and with sample grid
spacings Dx and Dy that are equal to the footprint diameter,
the autocorrelations at nonzero lags are negligible. The
noise variance (D7) of the geostrophically computed vortic-
ity then reduces to Eq. (G.8) of C19, which is

s2
zg
5

g2

f 2
20s2

h

(4Dx2)2 (D8a)

5
g2

f 2
5

4Dx4
s2
h: (D8b)

For the fourth case of a footprint diameter of 0.5 km and
an oversampled grid spacing of 0.25 km 3 0.25 km con-
sidered in appendix C, the noise variance for zg must use
the full Eq. (D7). For this grid spacing that is half of the
footprint diameter, the lagged autocorrelations rh 2

��
2

√
Dx

( )
and rh(4Dx) are both negligible and rh(2Dx) 5 0.05 as
in (D3) and (D4). With this small mitigating factor of
0.05 and the factor-of-2 smaller value of Dx, the variance
s2
zg

obtained from (D7) is slightly less than 16 times
larger on the oversampled grid than on the 0.5 km 3 0.5 km
grid.

The amplification of the effects of SSH measurement noise
from the sequential three-point centered differences used here
to compute the vorticity geostrophically from SSH can be
quantified by noting that the multiplicative factor (g/f)2/(4Dx2)2

in (D7) and in the nonreduced form (D8a) arises from a
combination of the factor g/f in the geostrophic relations
(D1) and the product of two factors 2Dx in the denominators
of the three-point centered differences approximations of the
derivatives in (D1) and (D2a). These factors transform the
units of squared SSH to units of squared vorticity. The re-
maining factor of 20s2

h in the numerators of (D7) and (D8a)
shows that the centered differencing and the existence of
two terms in the vorticity Eq. (D2b) increase the SSH noise
variance by a factor of 20. This large amplification compared
with the factor-of-2 amplification of the effects of SSH noise
variance in the geostrophically computed velocity compo-
nents deduced above from (D3a) is because the vorticity at a
given grid point is computed from SSH observations in a
cross pattern of five grid points [see Eqs. (G.7b) and (G.7c)
of C19]. On the grids for which (D8) is applicable, the SSH
measurement errors at the five individual grid points are es-
sentially uncorrelated with each other. The SSH measure-
ment error at the central grid point appears four times in the
expression for the geostrophically computed vorticity errors,
so its contribution to the vorticity noise variance is 16 times
the SSH noise variance s2

h. Each of the other four grid
points contributes s2

h, thus resulting in a total vorticity noise
variance of 20s2

h.
The noise standard deviations szg computed from the

square roots of the variance expressions (D7) and (D8) are
listed in the fifth column of the top half of Table 1 in

2 The vorticity is estimated here from three-point centered dif-
ferences of geostrophically computed velocity components at adja-
cent grid points, which are themselves estimated as three-point
centered differences of SSH at adjacent grid points. This is equiva-
lent to approximating the second derivatives of SSH in (D2b)
from stencils that span five adjacent grid points. The velocity com-
ponents could alternatively be estimated as two-point centered dif-
ferences at locations half way between adjacent grid points, and
the vorticity could then be estimated from 2-point centered differ-
ences of these velocity estimates. This is equivalent to approximat-
ing the second derivatives of SSH from stencils that span only
three adjacent grid points. The noise variance of vorticity esti-
mates is a factor of 4 larger on the three-point spans than on the
five-point spans used in this study.
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section 2, again for the Coriolis parameter f378N at latitude
378N. The last column of Table 1 lists the vorticity noise
standard deviations normalized by the Coriolis parameter
f378N, which is easier to interpret than the noise standard
deviation in the units of zg. The noise of zg and zg/f for
latitudes other than 378N can be determined as explained in
the table caption.

For all four of the cases of footprint diameter and sam-
pling grid considered in appendix C, the noise of the geo-
strophically computed vorticity is far too large for the
vorticity estimates from any of the SWOT data products
to be useful directly. Even for the coarsest footprint diam-
eter of 2 km, the standard deviation of the zg noise is
nearly 5 times larger than the planetary vorticity f378N
at 378N. Additional smoothing of SWOT data will thus
be even more imperative for geostrophically computed
vorticity than for the geostrophically computed velocity.
The effects of smoothing of zg noise are investigated in
sections 3–5.

APPENDIX E

The Spectral Characteristics of the Noise in SWOT
Estimates of Velocity and Vorticity

The swath-averaged along-track wavenumber spectral distri-
butions of the noise variances s2

ug , s
2
yg
, and s2

zg
listed in the

top half of Table 1 are derived in appendix I.1 of C19. While
the variances s2

h of the noise in unsmoothed SWOT estimates
of SSH with the three footprint diameters of 0.5, 1, and 2 km
considered in appendix C are assumed to be uniformly distrib-
uted with respect to wavenumber (white) as shown by the
green, blue, and purple dashed lines in Fig. A1, it is shown in
this appendix that the corresponding wavenumber spectra of
the noise in the unsmoothed geostrophically computed SWOT
estimates of the across-track velocity component and the vor-
ticity differ significantly from white.

For the analysis that follows, we define the x and y di-
mensions as in the previous appendixes to be across track
and along track, respectively. Consider first the wavenum-
ber spectrum of the geostrophically computed across-track
velocity component ug for an along-track sample grid spac-
ing of Dy. The along-track spectrum of the noise in SWOT
estimates of ug can be deduced from Eqs. (I.2a) and (I.5) in
appendix I.1 of C19, which give

Sug (l) 5 g2

f 2
4DxDy kN s2

h W3pt(l,Dy)
∣∣ ∣∣2 (E1a)

5
g2

f 2
2Dy W3pt(l,Dy)

∣∣ ∣∣2s2
h, (E1b)

where

W3pt(l,Dy) 5 sin(2plDy)
Dy

5
sin(pl=lN )

Dy
(E2)

is the response function for along-track three-point cen-
tered differences (see appendix H of C19) and the variables

kN 5 (2Dx)21 and lN 5 (2Dy)21 in (E1a) and (E2), respec-
tively, are the Nyquist wavenumbers in the across-track and
along-track dimensions. Equations (E1) and (E2) are valid
for any specified grid spacings Dx and Dy. Because of the
presence of W3pt(l, Dy) on the right sides of (E1a) and
(E1b), the wavenumber spectrum of ug noise deviates dra-
matically from white (see Fig. E1 below).

The along-track wavenumber spectrum of noise in the
geostrophically computed along-track velocity component
yg for an across-track sample grid spacing of Dx is given by
Eq. (I.8a) in appendix I.1 of C19, which is

Syg (l) 5 g2

f 2
4DxDys2

h

�kN

0
W3pt(k,Dx)
∣∣ ∣∣2 dk, (E3a)

where W3pt(k, Dx) is the response function for across-track
three-point centered differences analogous to (E2), but with
across-track wavenumber k and grid spacing Dx rather than
along-track wavenumber l and grid spacing Dy. The integral
on the right side of (E3a) is shown by Eq. (I.9) in appendix
I.1 of C19 to be equal to (4Dx3)21. This reduces (E3a) to
Eq. (I.10a) of C19, which is

Syg (l) 5 g2

f 2
Dy
Dx2

s2
h: (E3b)

In contrast to the wavenumber spectrum (E1) of noise in
SWOT estimates of ug, the wavenumber spectrum (E3) of
noise in SWOT estimates of yg is independent of wavenum-
ber l and is therefore white. This is because the derivative
in the geostrophic relation (D1b) is orthogonal to the
along-track dimension of the spectrum.

The along-track wavenumber spectrum of the noise in
SWOT estimates of vorticity computed from three-point
centered differences of ug and yg is given by Eq. (I.24a) of
C19, which is

Szg (l) 5
g2

f 2
2Dy

3
8Dx4

1
1

Dx2
W3pt(l,Dy)
∣∣ ∣∣2 1 W3pt(l,Dy)

∣∣ ∣∣4[ ]
s2
h:

(E4)

The greater complexity of this equation for the spectrum
Szg (l) of vorticity noise compared with Eqs. (E1b) and (E3)
for the spectra Sug (l) and Syg (l) of noise in the geostrophi-
cally computed velocity components arises from the double
differentiation of SSH in (D2b) that is required to compute
the noise in zg from the SSH noise, and the fact that the
vorticity (D2) consists of a sum of two terms. The wave-
number spectrum of zg noise deviates from white because
of the presence of W3pt(l, Dy) in the two terms on the right
side of (E4).

A key point to note from (E1), (E3), and (E4) is that the
wavenumber spectra of the noise in the derivative variables
ug, yg, and zg have all been expressed in terms of the SSH
noise variance s2

h that is the fundamental characterization
of the uncorrelated SWOT measurement errors. The noise
spectra for the derivative variables could alternatively be
expressed in terms of the white (constant) along-track
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wavenumber spectrum Sh(l) of the SSH measurement noise
by Parseval’s theorem (C3), (C7), or (C10) that relate s2

h to
the integral of the constant white-noise spectrum Sh(l) for
footprint diameters of 1, 0.5, and 2 km, respectively.

In the forms (E1b), (E3b), and (E4), the equations for
the wavenumber spectra of the noise in SWOT estimates of
ug, yg, and zg are all valid for any specified s2

h and sample
grid spacings Dx and Dy. The spectra for the three footprint
diameters of 0.5, 1, and 2 km considered in appendix C can
thus be determined by replacing s2

h in (E1), (E3), and (E4)
with the prelaunch estimates of s2

0:5km, s
2
1km, and s2

2km that
are given by (C5), (C3), and (C8), respectively. Moreover,
these prelaunch estimates can be replaced with the actual
values determined after launch from in-orbit data or with
smaller values that may be obtained in the future from im-
provements in the processing of SWOT data.

The along-track wavenumber spectra of noise in ug, yg,
and zg obtained from (E1b), (E3b), and (E4) for the foot-
print diameters of 0.5, 1, and 2 km are shown, respectively,
by the green, blue, and purple dashed lines in Fig. E1 for
the cases of uniform sample grid spacings of Dx 5 Dy equal
to each of the three footprint diameters. The SSH noise
spectra and the 68th percentile of the extrapolated globally
distributed SSH spectra in Fig. E1a are the same as in
Fig. A1, but with a larger dynamic range of the ordinate to
accommodate the solid black line that is the alongshore
wavenumber spectrum of error-free SSH computed from a
snapshot of the CCS model used in section 5. Note that
alongshore for this CCS model corresponds closely to along
track for descending overpasses with the inclination of the
SWOT orbit (see Fig. 3). The black lines in Figs. E1b–d are
the alongshore wavenumber spectra of error-free ug, yg, and
zg computed from the same snapshot of the CCS model.
These signal spectra are included to provide a sense of how
the along-track wavenumber distributions of noise variance
compare with the wavenumber distributions of the signal

FIG. E1. Swath-averaged wavenumber power spectral densities of
signals (solid black lines) and noise in SWOT estimates of (a) SSH,

←−
(b) ug, (c) yg, and (d) zg. The signal spectra were computed in the
alongshore dimension from the ROMS model of the California
Current System (CCS) considered here for which descending
swaths of SWOT are approximately parallel to the coast (see
Fig. 3). The black dashed line in (a) is the extrapolated 68% spec-
trum of SSH from Fig. A1 and the horizontal red dashed line is the
science requirement specification (A2) for uncorrelated measure-
ment noise after smoothing with the half-power filter cutoff
wavelength of 15 km shown by the vertical red dashed line that in-
tersects the horizontal red dashed line at the red dot. The intersec-
tion of the SSH spectrum from the CCS model with the horizontal
red dashed line occurs at a wavelength of about 28 km, indicated by
the vertical solid red line. The green, blue, and purple dashed lines
are, respectively, the noise spectra for each variable for footprint di-
ameters of 0.5 km on a 0.5 km3 0.5 km grid, 1 km on a 1 km3 1 km
grid, and 2 km on a 2 km 3 2 km grid with the corresponding
SSH measurement error standard deviations of s0.5km 5 5.48 cm,
s1km 5 2.74 cm, and s2km 5 1.37 cm derived in appendix C. The
noise spectra for geostrophically computed velocity components and
vorticity are based on the Coriolis parameter of f378N5 8.753 1025 s21

at the central latitude 378Nof the CCSmodel.
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variance in the CCS region, which may be representative of
many regions of the World Ocean.

Before discussing the spectra in Fig. E1, we note a minor
caveat to the analytical expressions (E1), (E3), and (E4).
These equations require the use of a constant value for the
Coriolis parameter f. For the spectra in Figs. E1b–d, we
used the value of f378N 5 8.75 3 1025 s21 for the central
latitude of 378N of the CCS model domain. Over the
32.58–428N latitude range of the model, the Coriolis param-
eter varies by 611% from f378N. Because f in this latitude
range varies approximately linearly with latitude, and be-
cause the statistics of the measurement noise are assumed
to be homogeneous for the calculations in this study, the
latitudinal variation of f is a minor issue. It is shown in
Figs. 13 and 14 of C19 that the theoretical noise spectra
computed from (E1b), (E3b), and (E4) are essentially iden-
tical to the noise spectra computed empirically from simu-
lated SWOT measurement noise in the CCS model.

Consider first the SSH signal and noise spectra in Fig. E1a.
To the extent that the CCS model considered here is an accu-
rate representation of reality, this figure raises a concern
about whether the goal of resolving SSH variability down to a
wavelength of 15 km will be achieved by SWOT. The SWOT
documentation adopts a signal-to-noise ratio of 1 as the metric
for defining the resolution of SWOT estimates of SSH.3 As
discussed in appendix A, this goal is based on the science re-
quirement (A2) that the along-track wavenumber spectrum of
15-km smoothed SWOT measurement noise intersects the
extrapolated 68th percentile of the globally distributed SSH
signal spectra at a wavelength of 15 km (see Fig A1). This in-
tersection is indicated by the red dot in Fig. E1a. The along-
track wavenumber spectrum of SSH from the CCS model
has a steeper rolloff than the 68th-percentile spectrum of SSH.
As a consequence, the wavenumber spectrum of smoothed
SWOT measurement noise intersects the SSH spectrum
from the CCS model at the lower wavenumber of about
l 5 0.035 cpkm shown by the vertical solid red line. This
corresponds to a wavelength of about 28 km.

Some of the discrepancy between the 28-km resolution
inferred from the CCS model and the 15-km resolution in-
ferred from the extrapolated 68th-percentile spectrum may
be attributable to inadequacies in the CCS model. As sum-
marized in section 2 of C19, this model does not include
tides and was forced by seasonal cycle winds. The model
also has a high dissipation that attenuates internal wave
variability. Moreover, the vertical and horizontal grid reso-
lutions are not adequate to resolve the full spectrum of in-
ternal waves. It can thus be expected that the model under-
estimates the variability on scales smaller than about
50 km. However, from the discussion in appendix F of C19

of the wavenumber spectra from this CCS model and from
two versions of a model of the Gulf Stream region (see
Figs. F.3 and F.4 of C19), it appears that the inadequacies
of the CCS model are not sufficient to explain all of the dif-
ference between the 28-km resolution inferred from the
CCS model and the 15-km resolution inferred from the
68th percentile of the extrapolated globally distributed SSH
spectra.

On the other hand, the 68th-percentile spectrum of SSH
is based on nadir altimeter data that resolve SSH only
down to wavelengths of about 70 km (Xu and Fu 2012).
Little is known observationally about SSH variability on
scales shorter than 70 km. The spectra computed from the
nadir altimeter data from which the 68th-percentile spec-
trum was derived were extrapolated from 70 km down to
the wavelength of 15 km. Some, and perhaps even much,
of the discrepancy between the 28-km resolution inferred
from the CCS model and the 15-km resolution inferred from
the 68th-percentile spectrum may therefore be attributable to
inaccuracies of this extrapolation. Concerns about the validity
of the 68th-percentile SSH spectrum at wavelengths shorter
than 100 km have been discussed in much greater detail by
Callies and Wu (2019). An important contribution of the
SWOT mission will be to obtain the first observations of SSH
variability at these smaller scales that have not previously
been observable from space or in situ data.

The wavenumber spectra of ug and yg signal and noise
shown in Figs. E1b and E1c differ dramatically. The struc-
ture of the wavenumber spectrum of ug noise is imposed by
the fact that the filtering from the three-point centered dif-
ference estimate of the derivative in (D1a) is in the same
along-track dimension y as the wavenumber spectrum. The
ug noise spectra therefore exhibit the sin2(2plDy) structures
of the squared response function W3pt(l,Dy)

∣∣ ∣∣2 in (E2). (This
sin2 structure is distorted by the logarithmic abscissa in
Fig. E1b.) In contrast, the filtering from the three-point
centered difference estimate of the derivative in the expres-
sion (D1b) for yg is in the across-track dimension x that is
orthogonal to the along-track dimension of the spectrum. It
can be seen from (E3a) that the effects of this across-track
filtering are integrated in the one-dimensional along-track
wavenumber spectra of yg noise, thus resulting in a constant
multiplier on the right side of the equation. The resulting
spectra of yg noise as expressed by (E3b) are constant (i.e.,
white) and proportional to the value of s2

h that is appropri-
ate for the footprint diameter of interest. If the one-dimensional
spectra presented here were in the across-track dimension
rather than the along-track dimension, the structures of the
spectra of ug and yg noise would be reversed. Because of the
limited across-track extent of SWOT measurement swaths,
across-track spectra cannot be computed directly from SWOT
data with the high wavenumber resolution of the along-track
spectra in Fig. E1.

It can be seen from Fig. E1b that the spectral power of
the across-track velocity component ug exceeds the noise
power for wavenumbers below about 0.02 cpkm (wave-
lengths longer than 50 km), but this signal variance would
be masked in maps or along-track profiles of ug by the very

3 For reasons that are discussed in section 5 of C19, a signal-to-
noise ratio of 1 is too small for characterization of resolution capa-
bility. C19 advocate a signal-to-noise variance ratio of at least 4
and preferably 10 (standard deviation ratios of 2 and 3.16). For the
purposes of the present discussion, however, we will discuss reso-
lution in the context of the signal-to-noise ratio of 1 adopted by
the SWOT Project.
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energetic noise at higher wavenumbers unless the ug esti-
mates are smoothed in postprocessing to attenuate this
small-scale variability. In the case of the along-track veloc-
ity component yg (Fig. E1c), the spectral power of the yg
noise exceeds the signal power at all wavenumbers for foot-
print diameters of 0.5 km and 1 km. Without additional
smoothing, the yg signal in the CCS model would therefore
be undetectable on any scales in SWOT data with these
two footprint sizes. For a larger footprint diameter of 2 km,
the yg noise spectrum exceeds the signal power only at
wavenumbers lower than about 0.005 cpkm (wavelengths
longer than about 200 km).

The signal and noise spectra for zg are shown in
Fig. E1d. The structures of the spectra of zg noise consist
of a blend of the structures of the spectra of ug and yg
noise because the expression (D2) for the geostrophically
computed vorticity involves derivatives in both the along-
track and the across-track dimensions. The spectral
power of the noise far exceeds the signal power for all
three footprint diameters. Even for the coarsest footprint
diameter of 2 km, the noise power is more than an order
of magnitude higher than the signal power at all wave-
numbers. Without additional smoothing in postprocess-
ing, the vorticity signal would therefore not be detectable
on any scales, even when computed from the SWOT data
with a footprint diameter of 2 km.
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