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ABSTRACT

A simpl e model for the bottom boundary 1 ayer on the continental shel f

is presented. The governi ng equati ons are developed for a strati fi ed,
turbulent Ekman layer in a combined wave and current flow over a moveable
sediment bed. An eddy diffusivity closure scheme that includes the
effect of suspended sediment, temperature, and salinity induced
stratification on the vertical turbulent diffusion of mass and momentum
coupl es the resul ti ng unsteady conservati on equati ons for fl ui d momentum,

fluid mass, and suspended sediment mass. The wave velocity, current
velocity, and suspended sediment concentration profiles predicted by the
simultaneous solution of the conservation equations require the physical

bottom roughness and a sediment reference concentrati on to be speci fi ed
as boundary conditions. The physical bottom roughness associated with
biologically generated bedforms, wave generated ripples, and near bed

sediment transport are cal cul ated as functi ons of the flow and sediment
conditions. Using expressions for the height of sediment transporting
layer and the sediment velocity, an expressi on for the sediment reference
concentrati on is developed by matching 1 aboratory measurements of
sediment transport rates in oscillatory flow. The model predicts that
the bottom flow fi e 1 d is hi gh ly dependent on (1) the non 1 i nea r wa ve and

current interaction, which increases the boundary shear stress and
enhances vertical turbulent diffusion, (2) the effect of the boundary
shear stress on a moveable sediment bed, which determines the physical
bottom roughness and the amount of sediment in suspensi on, and (3) the
effect of stable stratification, which inhibits vertical turbulent

transport and coupl es the flow to the suspended sediment and fl ui d

densi ty profi 1 es. The val i di ty of the theoreti ca 1 approach is supported
by model predictions that are in excellent agreement with high quality
data collected during two continental shelf bottom boundary layer

experiments for a wi de range of flow and bottom condi ti ons.
Thesis Supervisor: Dr. William D. Grant

Title: Associate Scientist
Woods Hole Oceanographic Institution
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1. INTRODUCTION

A quanti tati ve descripti on of the bottom boundary 1 ayer on the

conti nental shel f is necessary to understand a wi de range of coastal
oceanographic problems. The design of submarine structures, such as
pipelines, requires detailed knowledge of the near bottom flow field to

estimate real i sti ca lly the resul ti ng hydrodynami c forces on the
structures. Calculation of sediment transport rates require flow field
descripti ons that are most accurate near the bottom where sediment

concentrati ons are hi ghest. Predi cti on of shelf ci rcul ati on patterns
require specification of the magnitude, direction, and spatial

variability of the boundary shear stress associated with the near bottom

flow field. Estimates of wave attenuation rates due to bottom friction
requires the instantaneous boundary shear stress to be known. An
accurate model of the bottom boundary layer on the continental shelf will
significantly improve our ability to understand these problems.
A simpl e model for the bottom boundary 1 ayer on the continental shel f

is developed here. The model is desi gned to predict the vertical
structure of the bottom boundary 1 ayer at a poi nt on the conti nenta 1
shel f from a minimum number of input parameters. Important physical

processes influencing the bottom boundary layer structure include: (1)

the simul taneous presence of both surface waves and low frequency
currents, (2) moveable bed effects (ripple formation, near bed sediment
transport, and suspended sediment transport), (3) the stabilizing or
destabilizing effect of bioturbation, (4) self induced stratification of
the flow field by suspended sediment, (5) planetary rotation, (6)

- 20 -

temperature and salinity stratification, (7) internal waves, and (8) the

effect of bottom topography. Wi th the excepti on of i nterna 1 waves and
bottom topography, which are often second order or site specific
problems, the above physical processes are incorporated into a

conti nental shel f, bottom boundary 1 ayer model. Gi ven the wave
conditions (period, ampl itude, direction, and water depth), the current

condi ti ons (current speed and di recti on at a known hei ght above the

bottom), bottom condi ti ons (type of sediment, type of bedforms), and the

temperature and sal i ni ty profi 1 es, the bottom boundary 1 ayer model can be
used to calculate vertical velocity profiles for the wave and the
current, vertical concentrati on profi 1 es of suspended sediment, suspended

sediment transport rates, and the boundary shear stress.

Development of the bottom boundary layer model proceeds as follows.

A physical description of the important processes affecting the bottom

boundary layer is presented in Chapter 2. In Chapter 3, a theoretical

model for the near bottom flow in the absence of strati ficati on is
discussed. The Grant and Madsen (1979) combined wave and current model
and the Grant and Madsen (1982) moveabl e bed roughness in oscill atory flow

model are reviewed. A theoretical model for the near bottom flow that

i ncl udes suspended sediment induced strati fi cati on is developed in
Chapter 4. The effect of stratification is incorporated in the Grant and
Madsen (1979) combined wave and current model and a model is developed to
predict sediment reference concentrati ons. In Chapter 5, a theoretical
model for the full Ekman 1 ayer is developed. The near bottom, combi ned

wave and current model is extended by including the effects of planetary

- 21 -

rotation and stratification associated with suspended sediment,

temperature and salinity. Finally, velocity profiles predicted by the
near bottom model are compared in Chapter 6 to near bottom velocity

profil es measured duri ng two bottom boundary 1 ayer experiments on the
conti nenta 1 shelf.

2. PHYSICAL MODEL FOR THE BOTTOM BOUNDARY LAYER ON THE CONTINENTAL SHELF

The major physical processes affecti ng the bottom boundary 1 ayer will
be di scussed in thi s chapter. The processes i nvo 1 ved are the i nteracti on
of a wave boundary 1 ayer and a current boundary 1 ayer, the physical

bottom roughness associated with a bioturbated moveable bed,

stratification of the near bottom flow field by suspended sediment, and

stratification of the outer Ekman layer by temperature and salinity. In
subsequent chapters, mathematical model s for these physical processes
will be developed.

2.1 Wave and Current Interaction
The near bottom flow field on the continental shelf typically
has velocity components associated with surface gravity waves and

with tidal, wind generated, or density driven, low frequency

currents. Because of the contrasting time and length scales
associated with each component, two distinct boundary layers develop,
one associ ated with the current and one associ ated with the wave.

The.current boundary layer, or Ekman layer, is relatively steady with
a thickness 1 imi ted by water depth or Ekman 1 ayer height. For fully

- 22 -

rough turbulent flow, the current boundary layer can be divided into

an inner, near bottom, constant stress or logarithmic region and an

outer log deficit region. Planetary rotation causes the current
velocity vector in the Ekman layer to rotate in a clockwise direction
wi th di stance from the bottom in the Northern Hemi sphere. Ekman

turning of the velocity vector, however, is significant only in the

outer log defi ci t regi on. Above the current bounda ry 1 ayer, the
turbulent shear stress associated with the current is negligible. In
this geostrophic core region, the current is adequately described by

i nvi sci d theory.

Nested wi thi n the current boundary 1 ayer is a wave boundary
layer. In comparison, the wave boundary layer is oscillatory with a

typical thickness of 2 to 20 centimeters. For fully rough turbulent
flow, the wave boundary layer also can be divided into an inner

constant stress regi on and an outer log defi ci t regi on. Above the
wave boundary layer, the turbulent shear stress associated with the

wave is negligible. The wave above the wave boundary layer is also
adequately described by invi sci d theory. A typical bottom boundary

layer on the continental shelf is illustrated in Figure 2.1.

Maximum near bottom wave velocities on the continental shelf are

typi cally the same order of magni tude or greater than near bottom
current vel ociti es. The small scal e of the wave boundary 1 ayer

compared to the current boundary 1 ayer causes the boundary shear

stress associated with the wave to be much greater than that

associated with the current. Boundary shear stress, however, is a

nonl i near functi on of the instantaneous wave pl us current vel oci ty,
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FIGURE 2.1

Skematic of the continental shelf bottom boundary layer illustrating the
nested wave and current boundary 1 ayer structure.
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which varies in magnitude and direction over a wave period. The wave

and current therefore interact to generate a shear stress that al so
vari es in magni tude and di recti on and is di fferent from the shear
stress associated with each component individually. For example, the
constant stress experi enced by the time average current in the inner

region of the current boundary layer must be the time average of the
instantaneous boundary shear stress, whi ch is enhanced by the
presence of the waves.

In the constant stress regi on for the current, a
semi-logarithmic velocity profile is generated in the absence of
stratification by turbulent diffusion of low momentum fluid away from

the boundary. Above the wave boundary layer, in the potential flow
region for the wave, turbulent diffusion is associated with the time
average current only. Wi thi n the wave boundary 1 ayer, however,

turbulent diffusion is associated with the combined wave and current

flow. Because the diffusion of low momentum fluid within the wave
boundary layer is enhanced by the wave, current velocities in this

region are reduced. The resulting reduction in the current shear
wi thi n the wave boundary 1 ayer is simi 1 ar to that caused by enhanced
turbulent diffusion in the boundary layers behind upstream bumps.

Just as dissipation is increased behind stream bumps, the increased
dissipation in the wave boundary layer causes the current above the
wave boundary 1 ayer to appear to feel a much 1 arger bottom roughness

than physically exists.
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2.2 Physical Bottom Roughness

The boundary shear stress in a fully rough turbul ent flow al so
depends on the physical bottom roughness; a 1 arger bottom roughness

results in a larger shear stress. Because the moveable sediment bed

commonly found on the conti nental shel f can be modi fi ed by mari ne

organi sms or changi ng flow condi ti ons, the physical bottom roughness
is highly dependent on the sediment characteristics and the boundary
shear stress. The physical bottom roughness of a moveabl e bed is
often partitioned into components associated with three physical
processes; (1) drag on sediment grains in the bed, (2)

form drag on

bedforms, and (3) drag on sediment grains in the near bed transport

layer. Since the shear stress associated with the wave is usually
much greater than that associ ated wi th the current, moveabl e bed

effects are expected to be wave domi nated.

If the boundary shear stress is below that required to initiate

sediment moti on, the constant bottom roughness is associ ated wi th the
sediment grains in the bed and with existing bedforms. Existing

bedforms cnul d be rippl es formed duri ng previ ous hi gh flow events or
bedforms generated by benthic organi sms. If the boundary shear
stress is increased above that required to initiate sediment motion,

the bottom roughness becomes a function of the boundary shear stress
and is no longer a constant. Pre-exi sti ng Qedforms begi n to erode as

near bed sediment transport begins. As the boundary shear stress

conti nues to increase, near bed sediment transport also increases.
If the sediment is sand or silt, a flat bed is unstable and ripples
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will form. Ripples remain in equilibrium with the flow as the
boundary shear stress increases unti 1 a breakoff point is reached.

As the boundary shear stress increases past the breakoff poi nt,

ri ppl e heights decay unti 1 the bed is fl at but covered by an intense
near bed sediment transport 1 ayer. When sediment transport occurs,
the bottom roughness is associ ated wi th all three components;

sediment grains, bedforms, and near bed transport. The bedform
component, which is important for low flow situations when there is

1 i ttl e near bed transport, is found to depend on bedform geometry.
The transport component, which is important for high flow situations

when bedforms have been washed out, is found to depend on the.. hei ght
of the near bed transport 1 ayer.

2.3 Stratification
The bottom boundary layer on the continental shelf can also be

affected by stable stratification. Because stable stratification
inhibits the vertical turbulent transport of mass and momentum, less
low momentum fl ui d is transported up through the water col umn in a
strati fi ed flow. A strati fi ed flow wi 11 experi ence an increased

shear in the velocity profile compared to a neutral flow with the
same boundary shear stress. In the bottom boundary 1 ayer

strati fi cati on can be caused by verti ca 1 gradi ents of suspended
sediment, temperature, or sal i ni ty.
2.3.1 Suspended sediment induced stratification
Self induced stratification of the near bottom flow field can
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occur when the boundary shear stress is 1 arge enough to suspend

significant amounts of sediment in the water column. Since the
boundary shear stress associ ated wi th the wave is greater than that

associ ated wi th the current, waves are more effecti ve at suspending
sediment than currents. The effect of suspended sediment induced
strati ficati on therefore is expected to be greater for a combi ned

wave and current flow than for a pure current flow.

In the bottom boundary 1 ayer, the upward turbul ent di ffusi on of
sediment isba 1 anced by the sediment i s tendency to fallout of

suspensi on, resul ti ng in a concentrati on profi 1 e that decreases wi th
distance from the bottom. The vertical density gradient caused by
the decreasi ng sediment concentrati on can stably strati fy the flow

field if the sediment has the appropriate fall velocity. If the fall

vel oci ty is too 1 arge, very 1 i ttl e sediment wi 11 be suspended and the
resulting density gradient will be insignificant. If the fall
vel oci ty is too small, 1 arge amounts of sediment wi 11 be mi xed

uni formly throughout the water col umn, agai n resul ti ng in an

i nsi gnificant densi ty gradient. For the flow to be strati fi ed by
suspended sediment, the sediment fall velocity must be in an

i ntermedi ate range that causes 1 arge densi ty gradi ents.
For stratification to influence vertical turbulent diffusion,

there must be a significant density difference over the length scale
of the momentum transporti ng eddi es. Thi s suggests that suspended
sediment induced strati ficati on wi 11 not affect the enti re bottom

boundary 1 ayer. In the constant stress 1 ayer, the momentum
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transporting eddies scale with distance from the bottom. Close to
the bottom, the momentum tran spo rti ng eddi es are so small that the

density differences over the eddy length scale are also small. Away
from the bottom the eddy length scale is large, but there is so
little sediment in suspension that again there is little density

di fference. Strati fi cati on induced by suspended sediment therefore
is only expected to be significant in some regions of the bottom
bounda ry 1 ayer.

2.3.2 Temperature and salinity induced stratification
Vertical turbulent transport in the bottom boundary layer can also
be inhibited by stratification due to temperature and salinity;

gradi ents. Un 1 i ke the atmosphere, temperature and sa 1 i ni ty gradi ents

are not mai ntai ned by input from the bottom, but are caused by
advection or surface input. High turbulence levels and mixing rates
near the bottom will tend to smooth out any density differences due
to temperature or sal inity. Typical temperature and sal inity

profi 1 es on the conti nenta 1 shel f consi st of a bottom mi xed 1 ayer of
uniform density with significant density gradients above. If the
Ekman layer height exceeds the bottom mixed layer height, temperature

and sa 1 i ni ty strati fi cati on wi 11 tend to cap the Ekman 1 ayer,
inhibiting its vertical growth. In contrast to suspended sediment
induced stratification, which is important to the near bottom flow,

temperature and salinity stratification is usually expected to be
most important in the upper Ekman layer.

- 29 -

3. THEORETICAL MODEL FOR A NEUTRAL NEAR BOTTOM FLOW IN COMBINED WAVES
AND CURRENTS OVER A MOVEABLE BED

From the physical model presented in the preceding chapter, it is
cl ear that a bottom boundary 1 ayer model must account for the effects of
combi ned waves and currents over a bioturbated moveabl e bed in a possi bly

stratified Ekman layer. Existing theoretical models address several
aspects of thi s problem. Grant and Madsen (1979) and Smi th (1977) have

developed a combined wave and current model for the near bottom flow that

neglects the effect of stratification. Grant and Madsen (1982) have

modeled the roughness of a moveable bed in oscillatory flow. Rhoads et
ale (1978), Nowell et al (1981) and Grant et ale (1982) have examined the

effect of bi oturbati on on the i ni ti ati on of sediment moti on. Grant and
Gl enn (i n press) have model ed the effect of bi 01 ogi cally induced bedforms
on the near bottom flow. Smi th and McLean (1977; 1977) have i ncl uded the

effect of suspended sediment induced strati ficati on in a pure current

model. Long (1981) developed a temperature and salinity stratification
correcti on that appl i es throughout a pure current Ekman 1 ayer. El ements

of these models will be used in the bottom boundary layer model developed

here.
In this chapter, a model for the near bottom flow field on the

continental shelf in the absence of stratification is described. The
Grant and Madsen (1979) combi ned wave and current model, whi ch is the

fundamental component of the bottom boundary 1 ayer model, is revi ewed in
Section 3.1. A boundary condition required by the combined wave and
current model is that the velocity is zero at a height determined by the
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physical bottom roughness. A review of the Grant and Madsen (1982)
moveable bed roughness in oscillatory flow model is included in the
discussion of the physical bottom roughness model in Section 3.2.

Together, these models can be used to calculate near bottom velocity

profi 1 es for the wave and the current when strati fi cati on is negl i gi bl e.

3.1 Neutral Near Bottom Model
Grant and Madsen (1979) have developed a model that predicts the
near bottom flow field over a rough bottom in an unstratified fluid
due to the. combined presence of a wave and a current at arbitrary

angles. This model is reviewed here. The governing equations for
the problem are set up, a turbulent closure scheme is described, and

the resul ti ng equati ons are sol ved for the wave and the current

velocity profiles.
3.1.1 Governi ng equations
The equation governing the near bottom flow when suspended
sediment transport is negligible is the usual horizontal conservation

of fl ui d momentum equati on

Dt V a z
~ ~ ~ A 1 ~ ~2~ 2~

(3.1)

Du + 2 ~ k x u + 2 ~H x w k = - -p v p + 'J (V U + ~2)

where x, y, and z are the components of a Cartesian coordi nate system
-+

with z measured positive upward from the bottom, t is time, u = (u,v)
is the horizontal fluid velocity vector with components u and v, w is
-+

the vertical fluid velocity, ~H and ~v are the horizontal and
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vertical components of the Earthls angular velocity, k is the

vertical unit vector, p is the fluid density, p is the pressure, 'J is
the kinematic viscosity, and ~ = (a/ax, a/ay) is the horizontal
vector operator. For conveni ence, only hori zontal components are

wri tten in vector form.
Because the turbul ent flow consi dered here ; s due to a combi ned

wave and current, the fluid velocity and pressure are partitioned
into current, wave, and turbul ent contributions

~ ~ ~ ~

u = UC+ U
W + u.
w = W + W + Wi

( 3.2)

C W

p = pC+ P
W + pi
where the subscri pt c denotes the current, the SUbscript w denotes

the wave, and the prime denotes the turbul ent fl uctuati ons. After
substituting the partitioned variables for the velocity and pressure,
the governing equations are Reynol ds averaged over a time that is

short compared to the wave peri od, but long compared to the turbul ent
time scales. The governing equations then are simplified using the
following scaling arguments. The current is assumed to be quasi-

steady and horizontally homogeneous. Current and wave velocities are
assumed to be much 1 ess than the wave phase speed so that convective

accelerations can be neglected compared to the local acceleration of

the wave. Because the wave frequency is much greater than the
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Coriolis parameter, Coriolis acceleration of the wave also can be
negl ected compared to the local wave accel erati on. Vi scous stresses
can be negl ected compared to turbul ent Reynol ds stresses si nce rough

turbulent flow is expected. Since horizontal length scales are much
greater than vertical length scales, horizontal derivatives of the
Reynolds stresses are neglected compared to vertical derivatives.

The resulting equation governing the horizontal near bottom flow is

-+
at
a~w

A ~
f k x Uc =

(3.3)

-;v c w az u

1 ~\" (p + P ) + !. (_:i'w.)

where f = 2 ~V is the Coriolis parameter and the overbar represents
the Reynol ds average.

3.1.2 Turbulent closure scheme
To solve equation (3.3), Grant and Madsen (1979) adopt a
turbul ent closure scheme based on an eddy vi scosity model. The model
assumes that the verti ca 1 turbul ent momentum fl ux can be wri tten as a

turbulent eddy viscosity multiplied by the vertical gradient of the
Reyno 1 ds averaged hori zonta 1 vel oci ty

~ ,,~~

(3.4)

a ãi( Uc+ Uw)
- U.W .
= vt
where vt is the turbulent eddy viscosity. To model correctly the
flow in both the wave and the current boundary layer, the eddy

viscosity model must reflect the momentum transporting properties of

each boundary layer. In the constant stress region of the bottom

- 33 boundary 1 ayer, the proper 1 ength scal e for the momentum transporti ng

eddi es is the di stance from the bottom. Grant and Madsen (1979)

selected an eddy viscosity that varies linearly with z,

(3.5)

~

vt = K IU*I z

where K = 0.4 is von Karmanls constant and i~*i is the magnitude of

~ ~ 1/2 (3.6)

the characteristic shear velocity defined as

I u* I = ( ~ I / p )

where i:t lis the magni tude of the characteri sti c shear stress. The
characteri sti c shear vel oci ty is then requi red to represent the
velocity scale of the momentum transporting eddies in each boundary

layer. Characteristic shear velocities can be found by defining
characteri sti c shear stresses for each boundary 1 ayer usi ng the

expressi on for the instantaneous boundary shear stress.

Grant and Madsen (1979) use a quadratic drag 1 aw to defi ne the
-+

instantaneous boundary shear stress Tb for a combined wave and
current flow as

~ 1 f (u2 + v2) ( u 1/2 v 1/2) (3.7)

'b = Z P cw (2u 2)+v, U
(2 +v
2 )

where u and v are the x and y components of a combi ned wave and

current reference velocity and fcw is the combined wave and current

friction factor, which will be defined later. Assuming the x-axis is
aligned with the wave, u and v are defined as
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~

u =

IUb I

(-

I~a I

cos 6c + sin 9)

=

~
¡Ubi

(3.8)
gx

¡~b I

and

v =

~ I~a I

lub ¡¡~b
( -I s i nø c )

~
¡Ubi

=

(3.9)
gy

-+

where I ub iis the magni tude of the maximum bottom wave vel oci ty
-+

given by linear wave theory, ¡Ual is the magnitude of an unknown

-+ -+
current reference velocity, Øc is the angle between ua and ub'
9 = wt is the wave phase angl e, and w is the radi an wave frequency.

-+ -+
The rati 0 IUa I / ¡Ubi expresses the rel ati ve si gni fi cance of the
current in the definition of the shear stress. For the usual case on
the continental shelf of small currents and large waves, the relative

-+ -+
magnitude of the current IUal/¡Ublis small. Using the expressions
for u and v, the instantaneous boundary shear stress can be rewri tten

as

(3.10)
~b =
1 f"2
¡~ 12
P ((g4
cw +b g2x g2)1/2
x y (g2
, xg2 y
+ g4)1/2)
y
reflecting the dominating influence of the wave.
Above the wave boundary 1 ayer, the turbul ent shear stress is

associated with the time average current only. The characteristic

shear stress in thi s regi on is taken to be the time average of the
instantaneous boundary shear stress defi ned as

~
1p f cw
~ I ub2I (V 2x, V 2y)
T C ="2

(3.11)

- 35 whe re

ir + 9*
V2x
= 1-z
(I (g4
-9*+ Xg2g2)
X Y1/2 d9
and

2ir - 9*
1

ir + 9*

(3.12)
(g4 + g2g2)1/2d9J

x x y

(3.13)

v~ = J- f:' (9~9~ + 9;)1/2 d.

The time average of the x-component accounts for di recti on si nce the
shear stress is posi ti ve when -9* ~ 9 ~ ir + 9* and negati ve when

ir + 9* ~ 9 ~ 2ir - 9* where 9* is defined as

~ ~

~ ~

9* = sin-l (( IUa 1/ IUbl) cos tScJ for

( I ua I / IUbl ) cos Øc ~ 1

(3.14)

)0 ~

9* = ir/2

for (¡ual / ¡ubi) cos Øc ~ 1
-+

The time average shear stress T acts in the same di recti on as the
c

-+

near bottom current and the vertical gradi ent of T acts to bal ance

c
the forces drivi ng the current. Because the x-component keeps track
of di recti on, ic for a pure wave is zero. Equati on (3.11) can be
-+

used to fi nd the magni tude of T

c

~ 1 ~ 2

(3.15)

2 2 2

( 3.16)

It-cl =-ZP fcw ¡ubi V2
where

V2=V2x+V2y
-+

and the di recti on of T c

(3.17)
Øc = tan-1 (V2y/V2x)
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-+ -+

Øc and V2 are plotted as functions of ¡Ual/¡Ubl and Øc in

Figure 3.1 and Figure 3.2. For small currents relative to the waves

-+ -+ -

(small I ua 1/ I ubi)' V 2 and 6c can be approximated as

~ ~ /

V2 =; ( lual / ¡Ubi) (4 - 3 sin2 øcJl 2
and

( 3. 18)

(3.19)

1

tan Øc = ! tan ø c

Using (3.6) and (3.15), the characteristic shear velocity above the
wave boundary 1 ayer can be wri tten

~ 1 1/2 ~
IU*cl = (2 fcw V2) Iubl
-+

(3.20)

c c

The direction of u* , by definition, is the direction of t .

Within the wave boundary layer, the turbulent shear stress is
associated with the combined wave and current flow, which varies in

time. A characteri sti c shear stress that al so vari es in time resul ts
in a governing equation that has no simple analytical solution. To
avoid underestimating the eddy viscosity during the high velocity
porti on of the wave cycl e when most of the turbul ence is generated,

the maximum boundary shear stress is chosen as the time invari ant
characteri sti c shear stress for the wave boundary 1 ayer. The

magnitude of the maximum boundary shear stress is defined as

-+ 1 ~ 2

(3.21)

I TCW I ="2 p f cw I ub I ci

where

) ~ ~ ~

ci = 1 + 2 (I u a i / ¡ ubi ) :ç 0 s ø c + (I U a I / I u ~ ) 2

(3.22 )
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FIGURE 3.1
Direction Øc of the time average boundary shear stress given by (3.17)
and by the small current approximation (3.19) as a function of the

reference current rel ati ve magni tude ¡Ua I / IUb I and di recti on øc'
Grant and Madsen (1979).
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Using (3.6) and (3.21), the magnitude of the characteristic shear
velocity within the wave boundary layer can be written

~ 1 1/2 ~
iu*cwl=(!fcwci) lubl

(3.23 )

Wi th these defi ni ti ons of the characteri sti c shear vel oci ti es

-+ -+
¡u*c i and I u*cwl, Grant and Madsen (1979) adopt the foll owi ng
expressi ons for the eddy vi scosi ty profi 1 e

Vtc = K I t*d Z

z ) Öw

( 3.24)

z ( Öw

( 3. 25 )

~

and

vtcw = K I u*cwl z

where ö is the hei ght of the wave boundary 1 ayer. It shoul d be
w

noted that this eddy viscosity profile is discontinuous at z = ö .
w

The solution for a reasonable continuous eddy viscosity profile is

discussed in Appendix II. Substituting the eddy viscosity model
(3.4) for the momentum fl ux in the governi ng equati on (3.3), the

resul ti ng equati on for the combi ned wave and current flow is

~ ~

a Uw + f k x Uc =

a-

1(pc~+ pw)a+ãZ(vtãZ(uc
a ~ +~uw)J
-;v

(3.26 )

where the appropri ate eddy vi scosi ty is used for each boundary
layer. Because the assumed eddy viscosity profile is time invariant,
(3.26) can be separated into an equati on for the wave and an equati on
for the current by averagi ng over a wave peri ode

3.1.3 Solution for the wave
Averagi ng equati on (3.26) over a wave peri od and subtracti ng the

result from the original equation yields the following equation for
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the wave

~ ~ ~

(3.27)

a Uw 1 a a Uw
ãt = - P 'i Pw + ãZ ('Jt až)

Si nce the turbul ent momentum fl ux associ ated wi th the wave is small

above the wave boundary layer, the equation for the wave becomes
~

( 3 . 28 )

auw

ãt =

z ) Öw

1 ~
- - 'i P

p w

Equation (3.28) is just the linearized Euler equation which is

satisfied by the familiar linear wave theory solution. The

hori zontal wave vel oci ty above the wave boundary 1 ayer therefore can
be wri tten as
~

~

Uw =

ub cosh kz sin (kxx + kyY - wt)

( 3 . 29 )

z ) Öw

where k = (k2 + k2)1/2 is the wave number with components

x y

x y

k and k. Equati on (3.29) states that the hori zontal wave
velocity above the wave boundary layer is equal to the maximum
-+

potential flow bottom velocity ub multiplied by a vertical growth

term and a periodic term. Evaluating (3.29) at z = ö and x = y = 0
w

gi ves the vel oci ty at the top of the wave boundary 1 ayer as

~ ~

z = ö

Uw - ub sinwt

( 3. 30 )
w

-+

since cosh kö - 1.
w

Because lu*c! is expected to be the same

order of magnitude as the wave and the current velocities,
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substitution of equations (3.24) and (3.29) into (3.27) shows that
negl ect of the stress divergence term above the wave boundary 1 ayer

is equivalent to the linearization assumption that fluid velocities
are much 1 ess than the wave phase speed.
Wi thi n the wave boundary 1 ayer, the wave vel oci ty is governed by

~ ~

(3.27) with the eddy viscosity given by (3.25)
~

auw

1 íj a ~ a Uw

ai = - p Pw + ãZ (K I ~cwl z až)

(3.31)
z ( Öw

The current i nfl uences the wave through the eddy vi scosi ty which
depends on the maximum combined wave and current shear velocity. As

z approaches the top of the wave boundary 1 ayer, the di vergence of

~ ( 3.32)

the stress approaches zero and equation (3.31) approaches

a Uw 1 ~

ãt = - p íj Pw
-+

where u is given by (3.30). Introducing complex notation and
w

assumi ng that the physi cal sol uti on corresponds to the imagi nary

part, equation (3.30) can be written as
-+
uWoo

~.t

= ub e1w

( 3 . 33 )

where i = (_1)1/2. Making the usual boundary layer assumption that
the pressure gradi ent does not vary over the depth of the boundary

layer, equation (3.32) can be used to eliminate the pressure gradient

from equation (3.31). Defining the velocity deficit as

~ . t ~ ~

w e lw = U - U

W woo

(3.34)
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equation (3.31) can be written as
~
ô

~ ~

( 3.35)

K I U*CW I z ô w - i w = 0

w ôZ

ôz

Defi ni ng the verti ca 1 1 ength scale of the wave boundary 1 ayer as
( 3.36)

~

K I u*cwl

1 cw = w

and i ntroduci ng the nondimens i ona 1 verti ca 1 coordi nate

(3.37)
l; = z/l cw

equati on (3.35) can be rewri tten as
~

ô( l;ôl;
ô-) w- i ~
-ôl;
w = 0

( 3 . 38 )

The boundary conditions on (3.38) are that the velocity deficit
approaches zero as z approaches the top of the wave boundary 1 ayer

( 3.39)

~

w ~ 0

as l; ~ l;w = öw/l cw

and that the no slip condition is satisfied at the bottom

~ ~

w =-uw

at l; = l;o = zo/\w

( 3 . 40 )

where Zo = kb/30 and kb is the phy~ical bottom roughness.
The general solution to equation (3.38) is

(3.41)
w = A (Ber 2i;1/2 + i Bei 2i;1/2) + B (Ker 2i;1/2 + i Kei 21;1/2)

- 43 -

where Ber, Bei, Ker, and Kei are Kelvin functions of zeroth order.

Since Ber and Bei grow exponentially while Ker and Kei decay
exponentially as l; increases, (3.39) requires that A = O. The
boundary condition (3.40) then requires that

B=w
~
- u

( 3.42)

Ker 2 l; 01/2 + i Kei 2i;o1/2
-+

Solving (3.34) for Uw and using (3.33), (3.41) and (3.42) gives the

sol uti on for the wave as

~ ~ Ker
1/2 + i Kei 2i;1/2
u
= 22l;ub
Jei wt
w Ker
l; 1/2 +(1
. K . 2l; 1/2

o i ei 0

( 3.43 )
z ( Öw

Equation (3.43) states that the horizontal wave velocity within the
wave boundary 1 ayer is equal to the maxi mum potenti a 1 flow bottom
-+

velocity ub multiplied by a vertical decay term and a periodic

term. The top of the wave boundary 1 ayer is found by 1 etti ng u-+
w

given by (3.43) approach the free stream wave velocity given by

(3.33). Since

o 0

Ker 2 l; 1/2 + i Kei 2 l; 1/2

Ker 2 l; 1/2 + i Kei 2 l; 1/2

(3.44)
(( 1

for values Ofi; ~ 2, the wave boundary layer thickness is assumed to be
Öw = 2 1 cw

( 3.45)

Using the small argument expressions for Ker and Kei, equation (3.43)

can be wri tten for small l; as

~ ~ .
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( 3 . 46 )

Uw = ub (1 + 0.5 (lni;+ 1.154 + i ir/2) ) e1wt

(Ker 2 l;o 1/2 + i Kei 2 l; 0)1/2
which shows that the wave velocity profile is logarithmic near the

bottom.
Equation (3.46) and the eddy viscosity given by (3.25) can then be
used to define the maximum boundary shear stress due to the enhanced

wave moti on as

(3.47)

~

~
TW,

auw

max = 1 im

z~o

p

(vt (ãZ)

~

max)

=

K

!u*cwl

~

ubl; 01/2 K

where
K =

1

( 3. 48)

1

2 l;o 1/2

(Ker2 2 l;o

1/2

+ Kei 2

2 l;)0 1/2

To find an expression for the combined wave and current friction
factor, Grant and Madsen (1979) assume that the maximum shear stress

associated with the combined wave and current can be partitioned into
the time average shear stress associ ated wi th the enhanced current
and the maximum shear stress associ ated wi th the enhanced wave,

~ ~ ~

( 3. 49 )

I T cw I = ¡ T C + T w, max I
After substituting (3.11), (3.21), and (3.47) into (3.49), the
equation for

to be

the combined wave and current friction factor is found
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k
k
b f cw b

(0.097 ( ~ ) 1/2 ~3/4)2 + 2 (0.097 ( ~ ) 1/2
= ci

( 3. 50 )

K V2
--3/4) (--1/4) cos øc=

f cw 2ci

3/2

V2

4

4ci 1/2

2

where Ab is the bottom excursion amplitude for the wave defined as

(3.51)

~

Ab W = !Ub I

and it is assumed that K = 0.4. The friction factor f is plotted
cw
in Figure 3.3 as a function of the relative current magnitude

-+ -+

IUa 1/ lubl and the relative roughness kb/Ab for 6c = 00 and
o

øc = 90 .
3.1.4 Solution for the current
Averaging equation (3.26) over a wave period yields the following
governi ng equati on for the current
~

A ~
f k x Uc

(3.52)

1 ~ a a Uc
= - P 'i Pc + ã- (vt -a)

In the constant stress regi on for the current, the turbul ent stress
term in parentheses is equal to the time average stress associ ated

with the time average current
~

vt a
-- u= ~
LC

at

~

~

( 3.53)

= lu*cl u*c

Using the eddy viscosity profile given by (3.24) and (3.25), (3.53)
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FIGURE 3.3 -+-+
Friction factor fcW in (3.50) as a function of ¡Ual / IUbl and
kb/Ab for Øc = 00 lsolid line) and for Øc = 900 (dashed line).

Grant and Madsen (1979).

- 47 can be

rewri tten as
~
a Uc

~

=

az

(3.54 )

u*c

Z)

ö

KZ

w

and
~
a Uc

-~

=

~

IU*c I

az

(3.55 )

u*c

Z(

Öw

KZ

~

IU*cwl

The wave i nfl uences the current shear above the wave boundary 1 ayer

-+ ( -+
through the time average shear stress. Since I u*cl
I u*cwl' the
current shear wi thi n the wave boundary 1 ayer is reduced.

Integrating (3.55) and applying the no slip boundary condition at

Zo ,
~

( 3 . 56 )

at

Uc = 0

z = Zo = kb/30

the solution for the current velocity in the wave boundary layer

becomes

~
~
Uc = u*c
K

~

( 3. 57)

!u*cl

1 n ZZo

Z ( Öw

I~*cwl

Integrating equation (3.54) and applying the boundary condition that

the current velocity appears to go to zero at z ,

oc

~

Uc = 0

at

( 3 . 58 )

Z = zoc = kbc/30

where kbc is the apparent bottom roughness, the sol ution for the
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current velocity above the wave boundary layer becomes

~
~
U = u*c
c

K

(3.59 )

ln zoc
~

z ) 5
W

Since Coriolis acceleration of the current is negligible in the
constant stress 1 ayer, the current vel oci ty vector is in the

direction of the mean shear stress Øc in this region. An
expressi on for the apparent bottom roughness fel t by the current

above the wave boundary layer can be found by matching (3.57) and

( 3 . 59) at z = öw ,

~ ~
Zoc ö

( 3 . 60 )

(1 - \u*cl / IU*cwl )

Zo - (~)
Zo
The apparent bottom roughness is hi ghly dependent on wave

w oc

characteri stics. zoc increases as the wave boundary 1 ayer

thickness ö increases, however, z is always constrained to be

-+ -+

less than öw' Since the ratio !u*cl/ \u*cw \ decreases as the
rel ative magni tude of the current decreases, the rati 0 zoc/zo is

greatest for small currents and large waves. The ratio of the
apparent bottom roughness kbc to the physical bottom roughness kb
is plotted in Figure 3.4 as a function of the relative current

-+ -+
magni tude IUa 1/ IUb I and the rel ative roughness kb/Ab for

Øc = 00.
3.1.5 So 1 uti on procedure

To calculate near bottom velocity profiles for the wave and
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FIGURE 3.4
Apparent bottom roughness kbc/Ab given by (3.60) as a function of

kb/ Ab and jUa i / IUb I for Øc = O. Grant and Madsen (1979 .
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current, the neutral near bottom model developed by Grant and Madsen
-+

(1979) requires as input the maximum bottom orbital velocity ¡ubi
-+

and excursion amplitude Ab for the wave, the current speed IUrl
and di recti on wi th respect to the wave ø at a known hei ght above
c

the bottom zr' and the physical bottom roughness kb. Because the
near bottom model applies only to the current constant stress layer,

zr also is required to be in the constant stress region. Using the
-+

wave variables IUb I and Ab as master velocity and length scales,
these conditi ons can be arranged into four dimensi onl ess input

parameters,
~

¡Url
~

lubl

Zr kb

b b

A: ' Øc ' and A: .

The relative angle l need only be specified within the range

c

00 ( ¡; ( 900 since 1 inear wave theory has been used to describe

- c-

the wave.

To sol ve for the vel oci ty profi 1 es, an i terati ve procedure is
adopted in which a value is initially guessed for the relative

-+ -+

magni tude of the current IUal / ¡Ubi in the defi ni ti on of the
-+ -+

boundary shear stress. The assumed val ue of lual / ¡Ubi is used to
calculate Øc from (3.17), (3.19) or Figure 3.1. The parameters ci
and V2 can then be calculated; ci from (3.22) and V2 from (3.16),

(3.18) or Figure 3.2. The friction factor f is found using
cw
(3.50) or Figure 3.3. The characteristic shear velocities ~*c¡
-+

and IU*cw I follow from (3.20) and (3.23). The wave boundary layer
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height ö is given by (3.45) and the apparent bottom roughness can
w

be found using (3.60) or Figure 3.4. The current velocity is then

r-+

r
r
w
w r

calculated at z from (3.57) if z (ö or from (3.59) if
z ) ö. If the calculated magnitude of the current at z does

-+ -+ '+

not match the known value, the procedure is repeated wi th a new value

of I u~ / I u~. Once the proper val ue of I ua 1/ I ub I has been
found, the near bottom current velocity profile is given by (3.57)

and (3.59) and the wave velocity profile is given by (3.43) and

-+ -+

(3.29) . An effi ci ent method to fi nd the proper value of I ua 1/ I ubi
is descri bed in Appendi x I.

3.2 Physical Bottom Roughness Model
To calculate the instantaneous boundary shear stress as defined by
Grant and Madsen (1979) in the previ ous secti on, the fri cti on factor

must be found by evaluating equation (3.50) for an independently

specified value of the physical bottom roughness kb. As discussed
in Chapter 2, the physical bottom roughness of a moveable sediment
bed can be parti ti oned into components associ ated wi th drag on

sediment grains in the bed, form drag on bedforms, and drag on

sediment grai ns in the near bed transport 1 ayer. In thi s secti on,
mathematical model s for the three bottom roughness components will be

discussed. It is found that the relative contribution of each
component is a functi on of the boundary shear stress and the sediment
characteri stics.
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3.2.1 Sediment grain roughness, skin friction, and initiation of

moti on
The component of the roughness associated with drag on individual
sediment grai ns in the bed is the Ni kuradse sand grain roughness

kbN based on the sediment di ameter d,

(3.61)

kbN = d

If the bed is flat and there is no sediment transport, the total

physi cal bottom roughness is equal to kbN. The boundary shear
stress acting on the sediment grains in the bed, labeled skin

friction, is found by evaluating the friction factor using kbN. If
bedforms exi st or sediment is bei ng transported, the total boundary

shear stress felt by the flow is calculated using the total kb, but
the skin friction component is still calculated using kbN.

For sediment transport to occu r, the ski n fri cti on must exceed
the cri ti cal val ue for i ni ti ati on of moti on. Madsen and Grant (1976)
have shown that Shields criterion for the initiation of sediment

motion can be applied to oscillatory flow. The maximum Shields

parameter based on ski n fri cti on ~mi therefore must exceed the
critical Shields parameter for initiation of motion ~c for sediment

to be transported. The maximum Shields parameter is defined as
~

m bm

~. = TI

p (s- 1) gd

where T1bm is the magnitude of the maximum skin friction, g is

( 3.62)
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the acceleration of gravity, s = p /p is the relative sediment

s

density, and p is the sediment density. The critical Shields

s

parameter for a clean, non-cohesi ve, uni form sediment can be obtained
from the modi fi ed Shi e 1 ds di agram in Fi gure 3.5 as a functi on of a

dimensi onl ess sediment parameter S* defi ned as

S* = d (( s- i) gdJ
4V

1/2 (3.63)

Grant et ale (1982) have shown that the critical Shields parameter
for a bioturbated sediment can be as much as twice the value given by

Shields diagram. The actual increase in the critical Shields
parameter is found to vary with the type of marine organisms present
and wi th the season of the year.

3.2.2 Roughness associated with general bedforms
The ocean bottom on the conti nental shel f is rarely fl at.

Bedforms usually are generated by the flow or by marine organisms.

Because the physi ca 1 bottom roughness associ ated wi th bedforms is
often orders of magni tude greater than the Ni kuradse roughness, a

method to determine the roughness due to general, three-dimensional,

mi cro-topography is necessary.
Most bedforms on the continental shelf act as distributed
roughness elements characterized by the formation of eddies behind

each element and reattachment of the flow between elements. This
type of bottom roughness can be expected to depend both on the hei ght
and the concentration of the el ements. Usi n9 the resul ts of Woodi ng
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FIGURE 3.5
Modified Shields diagram with the critical Shields parameter ~c plotted
as a functi on of S*.
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et ale (1973), Grant and Madsen (1982) suggest that the physical

bottom roughness associated with distributed roughness elements can
be written as

kh kw kh kh

( 3 . 64 )

kbB - 30 kh (k k J f (~, ~)

L W 1 w

where kh is the height, kw the cross-stream width, and ki the
streamwise length of the roughness element; kW is the cross-stream
wi dth and kL is the s treamwi se 1 ength of the fl at bottom a rea

associated with the roughness element; and f (kh/ki' kh/kw)
is an aspect rati 0 functi on. The concentrati on is defi ned as the

rati 0 of the frontal area of the roughness el ement to the area of the

flat bottom associated with the element, (khkw/kLkWJ.

Wooding et ale (1973) do not investigate the dependence on the height
to cross-stream width ratio since kh/kw is always small in their

data. Based on their data, Wooding et ale (1973) estimates the
aspect ratio function as

(3.65 )

f (kh/ki' kh/kw) - (kh/ki)a

where a = 0.38 for 1/3 ( k ~k 1 ( 2.
Using equations (3.64) and (3.65), the physical

bottom roughness for

a two-dimensional (kw =. kw) roughness element with a streamwise
length equal to its height (ki = kh) is approximately (Grant and

Glenn, in press)
kbB - 30 kh (kh/kL)

( 3. 66 )
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3.2.3 Roughness associated with wave generated ripples
If the skin friction is large enough to initiate sediment motion
and the sediment is a sand or 1 arge sil t that can be transported as

bedload, a flat bed is unstable and ripples will form. Since the
boundary shear stress in a combi ned wave and current flow is usually

dominated by the wave, ripples are expected to be wave dominated.
Ripples generated by waves are symmetrical and nearly two-dimensional.

The height and streamwise length of the ripple peak are approximately

equal, but both are much smaller than the ripple wave length. The
expressions for ripple geometry and the bottom roughness associated

with ripples developed by Grant et ale (in prep.) and Grant and
Madsen (1982) for pure oscillatory flow will be discussed here.
Depending on the val ue of the maximum Shi el ds parameter based on

skin friction ~.m' Grant et ale (in prep.) find that ripples are

ei ther in an equi 1 i bri um range or a breakoff range. The transi ti on

poi nt between the two ranges is 1 abel ed the breakoff poi nt and can be
obtained from the empirical relation.

( ~ B /~ c) = 1 .8 S* 0.6

( 3 . 67 )

where ~B is the Shields parameter at the breakoff point. If
~c ( ~Im ( ~B' ripples are in the equil ibrium range. The

ripple length À scales with the bottom excursion amplitude of the

wave Ab, while the ripple steepness n/À, where n is the ripple

hei ght, is approximately constant and equal to a maximum. Grant et
ale (in prep) find that ripple geometry in the equilibrium range can
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be estimated by the empirical relationships

~l'b
= 0.22 m
(~I /~
c)- 0.16
and

~ c ( ~. m ( ~b

( 3.68)

À m c

~ = 0.16 (~I /~ )- 0.04

If ~Im) ~B' ripples are in the breakoff range. Ripple length is
no longer strongly correl ated with the bottom excursi on ampl itude and

the ripple height decays. Grant et ale (in prep.) find that ripple
geometry in the breakoff range can be estimated by the empirical

rel ati onshi ps

0.8 - 1.5
and

r b= 0.48 S* ( ~I m/ ~ c)

0.6 - 1.0

~I ) ~

m B

(3.69)

~ - O. 28 S* ( ~ i ml ~ c )

Because ri ppl es act as di stributed roughness el ements as
di scussed in the previ ous secti on, the physi ca 1 bottom roughness

associated with ripples is expected to depend on the ripple height,
concentrati on, and aspect rati O. Assumi ng the rippl es are nearly

two-dimensional, the ripple concentration reduces to the ripple

steepness. Assumi ng the hei ght and streamwi se 1 ength of the rippl e
peak are approximately equal, the effect of the aspect ratio can be
negl ected. Wi th these assumpti ons, Grant and Madsen (1982) use

standard law-of-the-wall arguments to derive the following expression
for the physical bottom roughness associated with wave formed ripples,
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kbB = 27.7 11 11/À

( 3.70)

an expression similar to equation (3.66).

Using equations (3.68), (3.69) and (3.70), the relative roughness

kb/ Ab associ ated wi th the ri pp 1 es is found to be 1 argest when the
skin friction just exceeds the critical shear stress for initiation
of moti on. As the ski n fri cti on increases, the rel ati ve roughness

decreases slowly unti 1 the breakoff poi nt is reached. Once the

breakoff poi nt is passed, further increases in skin fri cti on cause
rapi d decreases in the rel ati ve roughness. The rapi d decrease in the
roughness is associated mainly with the decay in ripple height as

ri ppl es are washed out. Wave generated rippl es therefore have the
greatest effect on the relative roughness when the boundary shear
stress is small.

3.2.4 Roughness associated with near bed transport in

osci 11 atory flow
If the skin friction exceeds the critical shear stress for
initiation of motion, near bed transport of sediment also begins.
Owen (1964) hypothesi zed that the turbul ence associ ated wi th the wake

structure around individual sediment grains in the near bed layer
causes the flow to feel a bottom roughness proporti onal to the hei ght
of the 1 ayer. As the shear stress increases, the 1 ayer hei ght and

the resul ti ng bottom roughness also increase. As wi th ri ppl es, near
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bed transport effects depend on the boundary shear stress, which is
time dependent and usually wave domi nated. Si nce the maximum

dissipation occurs when the shear stress is highest, Grant and Madsen
(1982) argue that the bottom roughness can be related to the maximum

hei ght of the near bed transport 1 ayer. A method to predi ct the
height of the near bed layer and the associated bottom roughness is

presented here.
Grant and Madsen (1982) argue that particles moving along the bed
are deflected upwards by collisions with particles in the bed.

Particles that lose little velocity in the collision and leave the

bed vertically will determine the height of the near bed layer. This
height can be estimated by balancing the initial kinetic energy of

the particle as it leaves the bed with its final potential energy at
the top of its trajectory. The resul ti ng hei ght of the near bed

+
2
(3.71)
(s - 1) ~

transport 1 ayer hT is

hT = (s cm) w 0

where wo is the initial particle speed and cm is the mass
coefficient for the particle (cm = 1/2 for a sphere).
The maximum hei ght of the near bed transport 1 ayer is found by

setting wo equal to the maximum horizontal particle velocity.

Assuming no significant variation in the forces acting on particle
during the time it takes to accelerate, Grant and Madsen (1982) find
the maximum horizontal particle velocity by neglecting the horizontal
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inertia force and balancing the maximum horizontal fluid drag with
the maximum hori zontal fri cti on force between the parti cl e and the

bed. The resul ti ng expressi on for the maximum hori zontal parti cl e
velocity in the near bed transport layer is

~ c m c

u = e ((s _ 1)gdJl/2 ~ 1/2 ((~I /~ )1/2 - bJ

~ 1 ) ~

mc

( 3.72)

where e = 9.2 and b = 0.7 were determined from data. Substituting
i

(3.72) into (3.71), the maximum height of the near bed transport
1 ayer for spheri ca 1 parti cl es is

hTm = 42 (s + 1/2) d ~c (( ~lm/~c)1/2 - 0.7J2

~ 1 ) ~

mc

( 3.73)

Using (3.73) to predict the maximum layer height and data from
Carsten iS et al. (1969) osci 11 atory flow over a moveabl e bed

experiment, Grant and Madsen (1982) fi nd that the bottom roughness
associ ated wi th near bed transport is

(3.74 )
kbT = 3.8 hTm

3.2.5 Total roughness in a combi ned wave and current flow
The total physi caT bottom roughness is found by addi ng the
components associ ated wi th sediment grai ns, bedforms, and near bed

transport,
kb = kbN + kbB + kbT

Si nce kbN (( kbB or kbT for most cases of interest on the

(3.75 )
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continental shelf, the Nikuradse roughness given by (3.61) is usually

negl ected. The bottom roughness associ ated wi th bedforms, whi ch is
most important when the shear stress is low, is given by (3.64) for

general bedforms and (3.70) for wave generated ripples. If ripple
geometry is not known, it can be estimated from equati ons (3.68) or

(3.69). The bottom roughness associated with near bed transport,
which is most important when the shear stress is high, is given by

equations (3.73) and (3.74).
Because the expression for ripple geometry, ripple roughnes~ and

near bed transport roughness were developed usi ng 1 aboratory data for
oscillatory flow over a clean, uniform sand with dimensionless
sediment parameters S* of order 1-15, they should be applied with

some degree of caution to general fi el d conditi ons on the conti nental
shelf. For very fine silts with S* ( 0.375, equation (3.67)
predicts that ~B ( ~c' implying that equilibrium range ripples do
not form and the physi cal bottom roughness is domi nated by near bed
transport. Si nce rippl es are not expected to form in very fi ne

sediment, thi s resul t seems reasonabl e but is untested. Because the
available data used to develop equations (3.68) and (3.69) was for
predomi nently osci 11 atory flow only, these equati ons shoul d be used

cautiously if the current has a significant infl uence on the boundary

-+ -+
shear stress (iuai/iubl - 0 (1)). With no additional data
available to generalize the existing theory, equations (3.68) and
(3.69) for ripple geometry will be adopted for the full range of

sediment and flow conditions until new information is available. If

- 62 rippl es are not actively bei ng generated by the ambi ent flow,

however, the equati ons for rippl e geometry do not apply and the
ri pp 1 es shoul d be treated as general bedforms.
Sediment on the conti nental shel f typically is a bi oturbated

mixture of particles with different sizes and densities. To use
equations (3.68), (3.69), and (3.73), the sediment class that
domi nates the bottom roughness must be chosen. If the sediment si ze

and density distribution is not narrow and unimodal, the bottom

roughness is usually domi nated by the 1 a rger sediment that ; s
transported as bedload, since the smaller sediment is often forced

into suspension. Using (3.68) or (3.69) to predict ripple geometry
in this case assumes that enough sediment is available in the proper

size class to form full size ripples. Equations (3.68), (3.69), and
(3.73) also depend on the critical Shields parameter for initiation

of moti on, whi ch, for a bi oturbated sediment mi xture, can be di fferent
from the clean, uniform sediment value given by Shields diagram.

3.2.6 Solution procedure

The neutral near bottom model di scussed in Secti on 3.1 requi res the
relative roughness kb/Ab to be specified as an input parameter.

The value of kb is supplied by the physical bottom roughness model.

If sediment is not being transported by the flow, the constant bottom

roughness associated with general bedforms given by (3.64) can be.
specified directly. If ripple geometry (n/Ab, n/À) is known, the

bottom roughness associ ated wi th ri pp 1 es can be ca 1 cul ated from
(3.70). If ripple geometry or the roughness associated with near bed
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transport must be calculated, however, the neutral near bottom model

must supply a value for the ski n fri cti on.
Additional dimensionless input parameters required to calculate
ripple geometry or the height of the near bed transport layer are

d

A'b

s,

S*,

and

((s-1) gdJ1/2

ub

The iterative procedure adopted is similar to that discussed in

-+ -+
Section 3.1.5. The assumed value of IUal/lubl is used to
calculate Øc' ci, and v2. Since kb/Ab is not yet known,

equation (3.50) cannot be evaluated for f . The skin friction
cw
factor fl , however, can be found from (3.50) if the relative
cw
sediment grain diameter d/Ab is substituted for the relative

roughness kb/Ab. The maximum skin friction T1 cw can be
calculated from fl cw and (3.21), which can be used to find the

maximum Shields parameter ~Im from ((s-l) 9dJl/2/I~bland (3.62).

The critical Shields parameter ~c and the breakoff Shields parameter

~B can be found from S*, Figure 3.5 and equation (3.67). Ripple
geometry can be calculated from (3.68) or (3.69) and the maximum
hei ght of the near bed transport 1 ayer can be cal cul ated from (3.73).

The total physical bottom roughness, given by (3.61), (3.70), (3.74)

and (3.75), then can be used in (3.50) to find the total friction

factor f cwo Conti nui ng as in Secti on 3.1.5, the characteri sti c

shear vel oci ti es are found and the cal cul ated current velocity at z

is compared to the gi ven current vel oci ty at zr' Once the proper
-+ -+
value of ¡Uai/iubl is found, near bottom velocity profiles for
the wave and the current can be constructed as before.

r

-644. THEORETICAL MODEL FOR A STRATIFIED NEAR BOTTOM FLOW IN COMBINED WAVES
AND CURRENTS OVER A MOVEABLE BED
The bottom boundary 1 ayer on the conti nental shel f is often affected

by stable stratification. Since the ocean bottom does not act as a heat
sink or salinity source, the high mixing rates associated with the near
bottom turbulence will smooth out any density differences due to

temperature and salinity, forming a bottom mixed layer of nearly constant

fluid density. Temperature and salinity induced stratification therefore

is not expected to i nfl uence the near bottom flow for most cases of
interest on the conti nenta 1 shelf.

If the boundary shear stress is sufficiently large, significant

amounts of sediment can be suspended by the flow. Unl i ke temperature and
sa 1 i ni ty, suspended sediment is not mi xed uni formly throughout the near
bottom flow field. The upward turbulent diffusion of sediment is
bal anced by the tendency of the sediment to fallout of suspensi on,

producing a concentration profile that decreases with height. Since the
total densi ty of the fl ui d-sediment suspensi on al so decreases wi th

hei ght, suspended sediment can stably stratify the near bottom flow

field. Stable stratification inhibits vertical turbulent transport by

decreasi ng the correl ati on between vertical and hori zonta 1 turbul ent
fl uctuati ons. Si nce the turbul ent fl uxes of mass and momentum can be

modi fied by suspended sediment induced strati ficati on, the eddy vi scosity

used to model the fluxes must also be modified.

In this chapter, a model for the near bottom flow that includes

stratification is developed. The Grant and Madsen (1979) combined wave

-65and current model is modi fi ed for the effects of suspended sediment

induced stratification in Section 4.1. Just as the neutral model required
a boundary condition to be specified for the fluid velocity, the
stratified model will require boundary conditions on both the fluid

velocity and the sediment concentration. The usual boundary conditions
for rough turbulent flow are that the fluid velocity is zero and the

sediment concentrati on is known at Zo = kb/30. A sediment reference
concentrati on model that specifi es the sediment concentrati on at z

o
therefore is developed in Section 4.2. The stratified combined wave and

current model then can be run in conjunction with the physical bottom

roughness model and the reference concentrati on model to cal cul ate near
bottom fluid velocity and sediment concentration profiles. Sample model

runs are di scussed in Secti on 4.3.

4.1 Strati fi ed Combi ned Wave and Current Model

The effect of suspended sediment induced strati fication in

combined waves and currents will be modeled by the usual method

applied to small sediment concentrations. The sediment is initially
treated as di sti nct parti cl es and the conservation of momentum

equation for each particle is solved to find the particle velocity in

terms of the fl ui d vel oci ty. The conti nuum hypothesi s is then
invoked and the conservati on of sediment mass, fl ui d mass, and fl ui d
momentum equations are solved for the fluid velocity and sediment

concentration profiles. This method has been applied to steady flow
by Hunt (1954, 1969), Taylor and Dyer (1977), and Smith and McLean
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( 1977, 1977), and to osci 11 atory flow by Kennedy and Loucher (1972).
An approach s imi 1 a r to Smi th and McLean i s (1977, 1977) wi 11 be used
here to modi fy the Grant and Madsen (1979) combi ned wave and current

model for the effects of suspended sediment.
4.1.1 Governi ng equati ons

The equati ons governi ng the flow of a suspensi on of sediment are

greatly simpl ified if sediment concentrations are low and particle

interactions are neglected. Lumley (1978) suggests that particle
interacti ons can be safely negl ected for vol umetric sediment

concentrations less than 3x10-3, which for quartz is equivalent to
a mass concentrati on of 8xl03 mi 11 i grams/l iter. Except in the

immediate vicinity of the bed, maximum volumetric concentrations on

the conti nental shel f are expected to be of order 10-3. Parti cl e

i nteracti ons therefore are negl ected and the governi ng equati ons are
developed assuming sediment concentrations are small.

Conservation of momentum can be applied to a single particle in

a turbulent flow as described by Soo (1967) or Hinze (1959). If the
particle diameter and response time are much smaller than the
turbul ent 1 ength and time scales, the conservati on of momentum

equation for a single particle reduces to

~ ~

(4.1)

un = u
wn = w - wfn
-+

where u and ware the horizontal and vertical particle
-+
velocities, u and ware the horizontal and vertical fluid velocities,

n n

-67and wfn is the particle fall velocity. The particle fall velocity
is found by balancing the submerged particle weight with the fluid

drag force on the particle. The nondimensional fall velocity for a
spherical particle is plotted in Figure 4.1 as a function of the

nondimensional sediment parameter S* (Madsen and Grant, 1976). For
S* ( 1, Stokes drag law applies and the nondimensional fall

vel oci ty is gi ven by

Wfn 2

(4.2)
S* ( 1

((5-1) gdJ1/2 = ~ S*
Grant and Madsen (1982) have shown that the response time of a
particle with diameter d in turbulent flow is approximately d/u*.
In the constant stress layer, the large energetic eddies responsible
for the momentum flux have a length scale z and a time scale z/u*.

Because suspended sediment induced stratification is expected to be
important when the boundary shear stress is high, the physical bottom
roughness is expected to be domi nated by near bed transport and Zo

will be much greater than d. Since d (( z throughout the boundary
layer, equation (4.1) is assumed to be valid for the momentum

transporting eddies. That (4.1) may not be valid for the small
dissipation scale eddies is not important for this application.
Because di ssipati on merely adjusts to bal ance the combi ned effects of

turbulent production and buoyancy, dissipation scale eddies do not
effect the momentum fl ux. Si nce the effects of suspended sediment

induced stratification on vertical turbulent momentum transport is
being modeled here, equation (4.1) is considered an adequate
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FIGURE 4.1
Dimensionless particle fall velocity plotted as a function of S* for

spherical parti cl eso

For S* ( 1,
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-69approximati on for the parti cl e vel oci ty.
As discussed by Lumley (1978), the fluid-sediment suspension then

is treated as a conti nuum. The sediment is di vi ded into si ze and
densi ty cl asses and each sediment cl ass is treated as a di sti nct

phase. Conservati on equati ons then can be wri tten for sediment mass

in each sediment cl ass n,

aCn ~

n+ íJ.

~ a

(4.3)

(Cnun) + ãZ (Cnwn) = 0

for fluid mass,

(4.4)
~~ + ;. (C ~) + ~z (C w) = 0

~
~
nt v H w

and for fl ui d momentum

P az

Du + 2 ~ k x ~ + 2 ~ x k = - -1íJ P~+ ~2
~ +2~
'J (íJ U
~)

(4.5)

where Cis the vol umetri c concentrati on of sediment in cl ass nand
n

C is the volumetric concentration of fluid. The relation between C

and C is simply
n

( 4.6)

C+2:C
n n =1

Assumi n9 that the sediment vel oci ty in cl ass n is gi ven by (4.1),

conservati on of sediment mass can be rewri tten

aC~~
--+íJ ( )

a (Cnw)
at . Cn U + ãi

( 4. 7)

wfna Cn
dZ-- 0

Using (4.6) and (4.7), conservation of fluid mass becomes
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~ a C

\ . az n az

~ U + ~ - l wfn -. = 0

(4.8)

For the small sediment concentrati ons expected on the conti nental
shelf, the vertical fluid velocity induced by the sediment falling
out of suspension (= ~. wfn Cn) is small and the usual continuity
equati on

~ ~

'I. +u aw
az - 0

(4.9)

is recovered.

The fluid velocity and pressure again can be partitioned into
current, wave, and tu rbul ent components as in equation (3.2). The

concentrati ons can be pa rti ti oned into mean, peri odi c and turbul ent
components
Cn = Cnm + Cnp + Cn i

(4.10)

C = C + C + CI

mp

where the subscri pt m denotes the mean concentrati on associ ated wi th

the wave and current, the subscript p denotes the peri odi c
concentration associated with the wave, and the prime denotes the

turbulent concentration fluctuation. The partitioned variables are
then substituted into the conservati on equati ons whi ch are Reynol ds

averaged as before.

The governing equations can be simplified using scaling arguments
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simi 1 ar to those used in the neutral case. The current and mean
be quasi-steady and horizontally

concentration are assumed to

homogeneous. Coriolis acceleration of the wave is neglected compared

to the local accel erati on of the wave. Vi scous stresses are
negl ected compared to Reynol ds stresses si nce rough turbul ent flow is

expected. Suspended sediment induced stratification is expected to
be most important when the boundary shear stress is 1 arge enough to

suspend si gni fi cant amounts of sediment. When the boundary shear
stress is large, it is anticipated that ripples will be washed out
and the domi nant hori zonta 1 1 ength scale is the 1 ength of the wave.

Horizontal derivatives of the turbulent fluxes then can be neglected

compared to vertical derivatives. In the momentum equation, the
remaining nonlinear convective accelerations can be neglected
compared to the local accel erati on if the magni tude of the wave and

current vel ociti es are much 1 ess than the wave phase speed. A
similar argument can be applied to the sediment mass equation. The
order of magnitude of nonlinear terms involving the periodic

concentrati 00 are

~ ~ ~ C

c w . v np Àw

(4.11)

(u + U ) \7 C - 0 (u -.)

and

Ww a C np _ 0 (~ C np )

a z Àw z

-+ -+
where u is the magni tude of Uc or uw' Àw is the wave 1 ength,

(4.12)
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and the conti nui ty equati on has been used to estimate w. The
w

order of magnitude of the local time derivative of the periodic
concentrati on is

at --

(4.13)

a Cnp _ 0 (~)

where Tis the wave peri ode

Si nce the wave phase speed is defi ned as
(4.14 )

Cw = Àw/T

the terms in (4.11) and (4.12) can be neglected compared to (4.13) if
u (( c. The resul ti ng equati ons governing the near bottom flow are
w

~ ~

auw + f k x Uc =

ãt

1~~

(4.15)

--'V
p (p+p)
C W +~(-Ulw.)
az

a Cnp w a Cnm w a a
w fn
(C +nmC np
) + az
- (~)n =
at +az
- ãZ

0

(4.16)

Equation (4.15) is the same conservation of momemtum equation derived

by Grant and Madsen (1979). To thi s, the unsteady conservati on of
sediment mass equation given by (4.16) has been added.

4.1.2 Turbulent closure scheme

A turbul ent closure scheme simi 1 ar to the eddy vi scosi ty model
used by Grant and Madsen (1979), but modi fied for the effects of

stratification, is used to solve (4.15) and (4.16). The closure
scheme assumes that the vertical turbul ent fl uxes can be written as

an eddy diffusivity multiplied by the vertical gradient of the

appropri ate Reynol ds averaged quantity,
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~. I,,~~
a ( + )

(4.17)

- U W = 'Jtm ãZ Uc uw

(4018)
- c~w~ = vts ~z (Cnm + Cnp)

(4.19)
- 'C = 'Jtf ~z (Cm + Cp)

where 'Jtm, vts' and 'Jtf are the eddy diffusivities of momentum,

sediment mass, and fluid mass. From the assumed sediment velocity in
equation (4.1), it follows that Wi n = Wi and

( 4.20)

- 'C
.L (c
C )
n =ts'J az
nm+ np
Equation (4.6) can be used to show that C. = - ï: C. and

n n

m p n nm n

(C + C ) = 1 - ï: (C +c p), Substi tuti ng these expressi ons

into (4.19) and comparing the result with (4.20), it follows that the

eddy diffusivities of sediment mass and fluid mass are equal. In a
thermally stratified turbulent flow such as the atmospheric boundarY

layer, heat is diffused with fluid mass. Since the eddy diffusivities
of heat and fluid mass are equal, it is postulated that temperature
and suspended sediment induced stratification have similar effects on
the eddy diffusivities.

By analogy with atmospheric surface layer models, the eddy

diffusivities for a stably stratified ocean bottom boundary layer are
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defi ned as
'Jtm

'Jt

(4.21)

=r
m

and
Vt

'Jts

(4.22 )

= i:
s
where 'Jt is the neutral eddy viscosity, 6m is the nondimensional

velocity gradient, and 6 is the nondimensional concentration

ms

s

gradi ent. ø and ø are defi ned as

ø = i + ß z/L

( 4. 23 )

m

and
ø = y + ß z/L
s

(4.24 )

where y and ß are constants, L is the Monin-Obukov length, and z/L is

the stability parameter. For stable conditions, Businger et ale
(1971) determine that ß - 4.7 and y - 0.74 using atmospheric boundary

1 ayer data.
The Moni n-Obukov 1 ength, defi ned as

~ 3

L =

!u*i -p

(4.25 )

Kg Pw
where pis the Reynol ds averaged densi ty and p. is the turbul ent
density fluctuation, can be used to write the stability parameter as
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( 4.26)

Z 'J t 9. ¡;

c= ~ 4 lu* I p

The Ri chardson fl ux number, defi ned as the rati 0 of the amount of

turbul ent ki neti c energy absorbed by buoyancy to that produced by the
mean shear
( 4. 27)

Rf =(g~pIWI/j;)
4
(I u* I l'Jtm)
is rel ated to the stabi 1 i ty parameter by

Rf = 1r zr

(4.28)

m

or

z Rf

(4.29 )

r = 1 - ß Rf

As stable stratification decreases and Rf ~ 0, the preceeding

equations require z/L ~ 0, 'Jtm ~ 'Jt, and 'Jts ~ vt/y. The
eddy di ffusi vi ty of momentum approaches the neutral eddy vi scosi ty
and assuming y ( 1, the eddy diffusivity of mass approaches a larger

value. As stable stratification increases and Rf ~ l/ß, the

preceedi ng equa ti ons requi re z/L ~ 00, and 'J tm _ 'J ts ~ O. The
eddy diffusivities are approximately equal but very small, implying
that stable stratification inhibits vertical turbulent transport.

-76The ratio of the eddy diffusivities varies in the range l/y )

Vtm/VtS) 1. The Businger et ale (1971) value of y = 0.74
corresponds to an upper limit of 1.35. Hunt (1968) quotes two
suspended sediment experiments that find 1.5 ) vtm/vts ) 1.2.

The Businger et ale (1971) values for y and ß therefore appear
reasonable and will be used until better data is available.
Suspended sediment induced strati ficati on in the ocean bottom

boundary layer will be modeled similar to thermal stratification in
the atmospheri c surface 1 ayer. Defi ni ng the total densi ty of the

fl ui d-sediment suspensi on as
PT = P (1 + ~ (sn-l) CnJ

( 4. 30 )

n

and substituting partitioned variables for PT and Cn, it is found
that after Reynol ds averagi ng

(4.31)
PT = P (1 + ~ (sn-1) (Cnm + Cnp)J - P

and

PT = P ~ (sn-l) C~

( 4.32)

The stabi 1 i ty parameter for suspended sediment induced strati fi cati on

then can be wri tten

z vt ~

r = ~ 4 n g (sn -1) C'n w'
I *1

( 4.33)

-77As in the neutral case, the eddy diffusivities must reflect the
mass and momentum transporti ng properti es of both the wave and the
current boundary 1 ayers. The characteri sti c shear stress above the
wave boundary 1 ayer agai n is assumed to be the time average defi ned

by (3.15) and the characteristic shear stress within the wave

boundary layer is assumed to be the maximum defined by (3.21). The

neutral eddy vi scosi ty profi 1 e will be that adopted by Grant and
Madsen (1979),
"tc =

K I ~*c I z
-+

and

'Jtcw = K I u*cw I z
-+

where

(4.34 )

z ) Öw

(4.35 )

z ( Öw

-+

IU*c I and IU*cwl are defi ned by (3.20) and (3.23) .

The

eddy diffusivity model also requires characteristic stratification
corrections to be defined for each boundary layer.

Above the wave boundary i ayer, turbul ent di ffusi on is associ ated
with the time average current only. Just as the turbul ent momentum
flux associated with the wave velocity gradient is negligible above
the wave boundary 1 ayer, the turbul ent concentration fl ux associ aten

with the wave generated periodic concentration gradient in (4.20) is

negligible. Substituting equation (4.20) for the turbulent
concentration flux in (4.33), the characteristic stability parameter
above the wave boundary 1 ayer becomes

z
r=
c

~ n4n tsôZ

'Jtc ¿ g (s _ 1) (_ " ô Cnm)

IU*c I

( 4.36 )
z ) Öw

-78where 'Jtc is given by (4.34).

Within the wave boundary layer, turbulent diffusion is associated

with the combined wave and current flow. The total turbulent
concentrati on fl ux is expected to be the same order of magn i tude

throughout the wave boundary 1 ayer due to the enhanced di ffusi on
associated with the wave. Since the neutral eddy viscosity increases
linearly with z, the stability parameter is expected to be negligible
near the bottom and greatest near the top of the wave boundary

1 ayer. The concentra ti on fl ux as soc i ated wi th the peri odi c

concentrati on gradi ent decreases rapi dly as the top of the wave
boundary layer is approached. Because the stratification correction
is greatest in the regi on where the concentrati on fl ux is domi nated

by the mean concentrati on gradi ent, the characteri sti c stabi 1 i ty
parameter wi thi n the wave boundary 1 ayer is assumed to be

r=
z

cw

(4.37)

'Jtcw í: 3 Cnm

z ( Ö W

~ 4 n g (s n - 1 ) (- 'J ts 3 Z )
iu*cwl

where 'Jt is given by (4.35).
cw
With characteristic eddy diffusivities now defined for each
boundary layer, (4.17) and (4.20) can be substituted for the

turbulent fluxes in the governing equations (4.15) and (4.16) to give

~

--

(4.38 )
~

3 Uw + f k x uc =

1 ~
'V

p

c + W +:z

3 ~ ~

( P P) -- ('Jtm --3 z (uc + uw) J

-79and

3 Cnp + W 3 C
3 t w 3 ~m - w f n : z ( C nm + C n p )

(4.39 )

- :z ('Jts :z (Cnm + Cnp)J = 0

where the appropriate eddy diffusivities are used for each boundary

layer. Because the eddy diffusivities are again constant in time,
(4.38) and (4.39) can be averaged over a wave period to give separate

wave, current, mean concentration, and periodic concentration

equati ons.
4.1.3 Solution for the mean concentration
Averaging (4.39) over a wave period, the equation governing the
mean concentrati on becomes

3 3 Cnm

( 4. 40)

- ãZ (Vts 3Z + Wfn CnmJ = 0
This can be integrated to give at any height z,

Vts 3 Cnm + wfn Cnm = constant

(4.41)

3Z

Because both 3 Cnm/3Z and Cnm go to zero as z approaches the top
of the current boundary 1 ayer, the above constant is zero.

Substituting for the eddy diffusivity of sediment mass defined by
(4.22) and (4.24), equation (4.41) becomes
3 Cnm
+

3Z

y + ß z/L wfn Cnm = 0

'Jt

(4.42 )

-80Because the second term in (4.42) is always positive, the mean
concentration gradient is always negative, requiring the mean

concentrati on for each sediment cl ass to decrease wi th hei ght.
With the characteristic neutral eddy viscosities defined by (4.~4)

and (4.35) and the characteristic stability parameters defined by
(4.36) and (4.37), the mean concentrati on equati on can be wri tten as
a Cnm

az

+ (Y wfn
~ Zl-+

az

y wfn

+(

ß wfn
l- +

z

~

cw

K IU*cwl

within the wave bounda ry 1 ayer and

~

z ( Öw

f-) Cnm = 0

)-

K IU*cw I

a Cnm

( 4.43)

ß wfn

as
( 4. 44 )

l-)
Lc

Cnm = 0

z ) Öw

K lu*cl

K IU*c i

above the wave boundary layer. The solution to (4.43) and (4.44) for

the mean concentrati on profi 1 e wi thi n the wave boundary 1 ayer is

y wf

(- ~n)

( 4.45)
ß wfn

Cnm (z) = Cnm (zo) (!.) K I U*cw 1 ex p (Zo

f Z dz)

Zo Lcw

~

z ( Öw

K I u*cw I

and above the wave boundary 1 ayer is

( 4 . 46)

(_ Y w:n )
Cnm (z) = C nm (öw) (~w)

K I u*c I exp (_

ß wfn
~

K IU*c I

z
f dz)

Öç

z ) Öw

w

In (4.46), the mean concentrati on at the top of the wave boundary

-81layer, Cnm (öw)' can be found by evaluating (4.45) at z = öw'
In (4.45), the mean concentration at z , C m (z ), is labelled

o n 0

the reference concentrati on and is a boundary condi ti on that must be

speci fi ed independently.
Equations (4.45) and (4.46) for the mean concentration profile

consi st of a concentrati on speci fi ed at the bottom of each 1 ayer

mul ti pl i ed by two factors that decay wi th hei ght. The fi rst factor
gives the mean concentration decay rate in the absence of

stratification. It depends on the characteristics of the sediment in
class n only and is independent of the amount of sediment in

suspension. The second factor gives the mean concentration decay
rate associated with suspended sediment induced stratification. This
decay rate increases as suspended sediment concentrati ons increase.

Since it depends on the total mean concentration distribution, all

the mean concentrati on equati ons are coupl ed through thi s term.
Stratification caused by any sediment class inhibits vertical
turbul ent transport and therefore affects all sediment cl asses.

Both decay terms depend on the rati 0 of the sediment fall

velocity to the characteristic shear velocity. If this ratio is
small, both decay terms are small and stratification has little

i nfl uence on the mean concentrati on profi 1 e. Si nce by defi ni ti on

-+ -+

wfn/iu*cwl ( wfn/lu*cl' the decay rates are smaller within

the wave boundary 1 ayer due to the enhanced turbul ent di ffusi on
associated with the wave. This also suggests that stratification

effects may be ins i gni fi cant wi thi n the wave boundary 1 ayer, a

-82possi bi 1 i ty that wi 11 be i nvesti gated in the next secti on.
4.1.4 Simplification of the stability parameter

The characteri stic stabi 1 ity parameters can now be simpl i fi ed
using the mean concentration solution. Substituting (4.41) with the
constant set equal to zero into (4.36) and (4.37), the characteristic

stabi 1 i ty parameters can be rewri tten as

z 'Jtc i.

r- = -- n 9 (sn- 1) wfn Cnm

c ~ 4

(4.47)
z ) Öw

\u*cl

and
( 4 . 48 )

z 'Jtcw

L ni.= g~ (sn-;w
4 1) wfn Cnm

z ( Öw

!u*cwl

Si nce the Moni n-Obukov 1 ength is assumed to be constant in the

atmospheric surface layer, the atmospheric stability parameter

increases linearly with z. In this case, the neutral eddy viscosity

increases linearly with z but the mean concentration decreases. The

suspended sediment induced strati fi cati on correcti on therefore may

not always increase with z.
For suspended sediment induced stratification to affect the flow,
the part of the stability parameter associated with buoyancy,

n n nm

nE g (s -1) wf C , must be the same order of magni tude or

-+ 4

greater than the part associ ated wi th producti on, I u*c i /'Jtc or
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cw cw

Lu* 14/Vt . Large suspended sediment concentrati ons, however,

are not suffi ci ent to ensure a 1 arge buoyancy term. The buoyancy
part of the stability parameter is large only when the fall velocity,

mean concentration product is large. This is a physically reasonable
result considering that sediment will be mixed uniformly throughout
the near bottom region if the fall veloCity is very small and little
sediment will be in suspension if the fall velocity is very large.

Si nce both of these cases resul tin densi ty gradients too weak to
stratify the near bottom flow, only an intermediate range of sediment

fall velocities result in a large stratification correction. For
this reason, it is important not only to know how much sediment is in
suspension, but what type of sediment is in suspension to determine
if a flow is stratified.

Substituting (4.34) and (4.35) for the neutral eddy viscosities
and (4.45) and (4.46) for the mean concentrations, the characteristic
stability parameters can be written
~

z

K IU*cl Z

ç = ~ 4

( 4.49)

lu*cl

Y wf

(- ~ n)
Klu*cl
~ 9 (sn - 1) wfn Cnm (öw) (~)
Öw

ß wfn

ex p (- ~
K lu*c I

z

f dz

Öw n

Z ) Öw
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and

r=
z

cw

K I U*CW I z .

~ 4

( 4. 50 )

K~I u*cw I

Y wf

(- ~ n)
~ g (sn-l) wfn Cnm (zo) (~o)

K IU*cw I exp

- ß wfn f

z

( ~ z
K I u*cwl

o

dz )
Lcw

z ( Öw

The vertical structure of the stabil ity parameter above the wave

boundary

1 ayer is contro 11 ed by

two

factors,

y wfn

(1 z

~)

ß wfn

and

exp ( -

~

K lu*c I

K IU*c I

f
Ö

z

W

dz)

Lc

(4.51)

If wfn ~ K I U*c ¡ / y, the contri buti on to the stabi 1 i ty parameter
-+

for sediment cl ass n decreases wi th hei ght. If wfn ( K I u*d /y,

however, the contribution to the stability parameter for sediment
class n increases with height until the exponential decay factor

limits the increase. Since the exponential decay factor depends on
the integral of the stability parameter over depth, the exponential
decay rate associ ated wi th sediment class n stays 1 arge once it

becomes large. The contribution to the stability parameter for each
sediment class n therefore is self-limiting.

The vertical structure of the stability parameter within the wave

1 ed by two factors

boundary 1 ayer is al so control

y wfn

z

(1 -~ )
K ¡ u*cwl

and

ß wfn z
exp (- f
~

K lu*cwl Zo

~)
Lcw

( 4.52)

-85At z = z , the stability parameter is negligible for any case of
o

practical interest because z is so small. The stability parameter
-+

remai ns negl i gi bl e in the wave boundary 1 ayer if wf ) K iu* I /y.

n - cw

-+

For wfn ( K IU*cwl/Y, the stability parameter increases with z

until limited by the exponential decay term. The maximum value of

the stabi 1 i ty parameter wi thi n the wave boundary 1 ayer therefore can
be estimated by ignoring the exponential decay factor and evaluating
the stabil i ty parameter at the top of the wave boundary 1 ayer for
-+

values of wfn ( K IU*cw Ih,

~

(~)
Lcw max

K \u*cwl öw

( ~

4

I: öw

- Y wf

( n~ )

(4.53 )

K IU*cw I

n g (sn-l) wfn Cnm (zo) (i-)
o

!u*cwl
Taking the derivative of (4.53) with respect to wfn and setting the
result equal to zero, the fall velocity that has the largest

contribution to the stability parameter is found to be

K~1

(4.54 )

wfn - y IU*cw I 1 n öw/zo

where the inequality öw ) e Zo must be satisfied. If all the
sediment is assumed to have the fall velocity given by (4.54), an
estimate of the maximum stabil ity parameter in the wave boundary

1 ayer is
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- 1

2

( ö)

ö

(~)
~ (sy -1)
~ C (z)
Lcw (max
n
~ 2nm 0

I u*cwl

1
ö

(4.55)

ö
ln Zo~
(~)
Zo

1 n .J

Zo

For a typical case on the conti nental shel f when suspended sediment

induced strati fi cati on is expected to be important,nm
C (z)
0 =
-+

cw w 0

0.001, \u* I = 5 cm/sec, ö = 10 cm, z = 1 cm, s = 2.65, g =
980 cm/sec, K= 0.4, and y = 0.74, the maximum stability parameter in
the wave boundary 1 ayer is

(4.56)

(L cw
z)max( 0.012

Since the stratification correction, ß z/L where ß = 4.7, must be
o (1) to effect the turbul ent fl uxes, suspended sediment induced

strati fi cati on is expected to have a negl i gi b 1 e effect in the wave
boundary layer. The stratification correction therefore will be
ignored within the wave boundary layer. Equation (4.45) for the mean
sediment concentrati on in the wave boundary 1 ayer then can be

rewri tten as

(4.57)
(- y wfn
~

Cnm (z) = Cnm (zo) (~ )
o

K iu*cwl

4.1.5 Solution for the wave
Averaging equation (4.38) over a wave period and subtracting the
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~ ~ ~

result from the original equation gives the equation for the wave as

auw 1 + a ( auw

( 4 . 58 )

a- = - p íJ Pw ãi 'Jtm ãZ)

Above the wave boundary 1 ayer, the turbul ent momentum fl ux associ ated
wi th the wave is negl i gi b 1 e and the resul ti ng equati on for the wave
is (3.28). Within the wave boundary layer, the stratification

correct; on is negl i gi bl e and the resul ti ng equati on for the wave is
(3.31). Suspended sediment induced stratification therefore does not

effect the wave directly. The solution for the wave velocity profile
is the same as the neutral solution given by (3.29) and (3.43). The
wave boundary layer height is again given by (3.45) and the combined

wave and current friction factor by (3.50). Using equations (4.9)
and (3.29), the vertical wave velocity above the wave boundary layer
is found to be
~

Ww = IUb I sinh kz cos (kxx + kyY - wt)

(4.59 )

4.1.6 Solution for the periodic concentration
Subtracting (4.40) from (4.39), the equation for the periodic
concentrati on becomes

a Cnp + Ww a Cnm _ wfn a Cnp _ l- ('Jts a~) = 0

at az az az az

( 4. 60 )

The turbulent diffusion associated with the periodic concentration is
negligible above the wave boundary layer and (4.60) can be written
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a cnp waC nm

(4.61)

wf a Cnp = 0

z ) ö

n az

at + w az

w

Away from the wave boundary 1 ayer, w is the same order of
w

magnitude or greater than wfn' If it is assumed that

np nm

a C /az (( a C /az, equation (4.61) is approximately

(4.62 )

a Cnp + ww a Cnm = 0

at az

z )) ö

w

Equati on (4.62) states that the peri odi c concentrati on far above the

wave boundary 1 ayer is caused by advecti on of the mean concentrati on

gradient by the vertical wave velocity.

Because Cis constant in
nm

time, the solution for the periodic concentration away from the wave
boundary 1 ayer is

(4.63)
Cnp = Ab sinh kz a Cnm sin (kxx + kyY - wt)

z )) Öw

az
where (4.59) was used for w. Taking the derivative of (4.63) with
w

respect to z, the peri odi c concentrati on gradi ent becomes

az (4.64)

a Cnp =

a C a Cnm
(Ab k cosh kz aznm + Ab sinh kz 2 ) sin (kxx + kyY - wt) z)) Öw
2

az
Equations (4.63) and (4.64) can be scaled for both kz (( 1 and kz - 0 (1).

-89When kz (( 1, it follows that sinh kz - 0 (z/Àw) and a/az - 0 (l/z).
When kz - 0 (1), it follows that sinh kz - 0 (1) and a/az - 0 (l/À ).
w

Because cosh kz - 0 (1) and Ab - 0 (ubT) in either case, scaling
(4.62) and (4.63) gives

C - 0 ub C

np (e- nm)

a Cnp ub a Cnm
and

w

az - 0 (e-w az )

(4.65)

where cis the wave phase vel oci ty defi ned by (4.14). Si nce the
w

1 i nea ri zati on assumpti ons requi re ub (( cw' it fo 11 ows that

Cnp
(( C ,nm
a C /az
(( a C
/az, and (4.62) is valid for
np
nm
Ww ~ 0 (wfn).

Near the wave boundary layer, it is possible that w ((
w

wfn' If both the periodic and the mean concentration gradients are
the same order of magnitude, equation (4.61) becomes

a Cnp w a Cnp _
at - fn az - 0

(4.66 )
z ~ Öw

Thi s equati on requi res the sediment to fallout of suspensi on unti 1

the periodic concentration gradient is small and

wfn a Cnp/az - 0 (ww a Cnm/az). The periodic concentration
gradi ent therefore is always much small er than the mean concentrati on

gradient above the wave boundary layer.

In the wave boundary layer, the vertical wave velocity is

negligible, the stratification correction can be neglected, and

equati on (4.60) can be rewri tten
(4.67 )

a Cnp a (vt a Cnp + wfn Cnp) = 0

at - ãZ y az

z ( Öw

-90Whereas the periodic concentration above the wave boundary layer was

dominated by verti ca 1 advecti on of the mean concentrati on gradi ent by
the wave, the periodic concentration within the wave boundary layer
is associated with turbulent diffusion and is not coupled directly to

the mean concentrati on. Suspended sediment induced strati fi cati on

therefore has no di rect i nfl uence on the peri odi c concentrati on,

though it does i nfl uence the peri odi c concentrati on above the wave
boundary 1 ayer i ndi rectly through the mean concentrati on.
The boundary condition for equation (4.67) at the bottom is
Cnp (zo) = Cn (zo) - Cnm (zo)

( 4 . 68 )

where C (z) is the instantaneous reference concentrati on and

n 0

Cnp (zo) is the peri odi c reference concentrati on. Because
C (z) i s expected to depend on the absolute value of the

n 0

instantaneous shear stress, C (z) does not behave as a simpl e

np 0

periodic function and (4.67) must be solved numerically. The order
of magni tude of the peri odi c concentrati on in the wave boundary 1 ayer

still can be established from (4.67) and (4.68). Since all terms in
(4.68) are the same order of magnitude, periodic and mean
concentrati ons are expected to be the same order of magni tude near

the bed. Near the top of the wave boundary 1 ayer, however, the
solution satisfying (4.67) and (4.61) must approach each other,

requi ri ng peri odi c concentrati ons to be much 1 ess than mean
concentrati ons for Z ~ Ö .
w

In the momentum equati on, the nonl inear convecti ve accel erati ons

-91where negl ected compared to the local accel erati on in the equati on

for the wave,
)- )-

uw .'i

~ ~ ~

(4.69)

Uw +w Wa -a
Uw ((
a Uw
-a

To show that the convecti ve accel erati ons do not contri bute to the

current equati on, these terms can be averaged over a wave peri od.
-+

-+ -+

Since u is 900 out
w

of phase with 'i u and w is 900 out of

w w

phase with a uw!az, the nonlinear convective accelerations average

to zero over a wave period. Simi 1 arly, the nonl i near peri odi c terms

in the concentrati on equati on were negl ected compared to the time
deri vati ve

peri odi c concentrati on
(4.70 )

~

)-

u

of the

w

. 'i

C

pn

+ ww

a Cpn

az

a Cpn

(( at

The nonlinear periodic terms also can be averaged over a wave period
to see if they contri bute to the mean concentrati on equati on. For

z ) öw and Ww ~ 0 (wfn), the solution for the wave and the

np w n

-+

peri odi c concentrati on i ndi cate that u is 900 out of phase wi th
-+

w

'i C and w is 900 out of phase with a C p/az. The nonlinear

peri odi c terms therefore average to zero in thi s regi on.

wnw

For w (( wf or z ( ö , an expl ici t sol uti on for the
periodic concentration was not found. For these cases, simple scaling
arguments can be used to estimate the order of magni tude of the non-

1 i near terms. Si nce the conti nui ty equati on was used in Secti on 4.1.1
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to show that the nonl i near peri odi c terms are the same order of

w np nm

magnitude, only waC /az will be compared to wf a C /az in
the mean concentrati on equati on. The case bei ng cons i dered above the
wave boundary layer is Ww (( wfn'

Since a Cnp/az (( a Cnm/az

in this region, it follows that

(4.71)

ww aazCnp
Cnm
(( wfna az

In the wave boundary 1 ayer, w decreases from a very small val ue at
w

the top to zero at the bed, while the periodic concentration gradient
increases from a very small val ue at the top to a val ue the same

order of magni tude as the mean concentration gradient at the bed.

np nm

Near the top of the wave boundary layer, a C /az (( 3 C /3Z, so
(4.71) is satisfied. Near the bed 3 Cnp/3Z - 0 (3 Cnm/3Z), but

w ~ 0, so (4.71) again is satisfied. The nonlinear periodic terms
w

therefore do not contri bute to the mean concentrati on equati on

throughout the bottom boundary 1 ayer.
4.1.7 Solution for the current
Averaging (4.38) over a wave period, the governing equation for
the current is found to be
~

~

f k x Uc

(4.72)

1 ~ + ~ 3 Uc

= - p"i Pc az (vtm --)

In the constant stress 1 ayer for the current, the turbul ent stress
term in parenthesi s agai n is equal to the time average shear stress

associated with the current
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~

'Jt

a Uc =

r

( 4. 73 )

~

!u*cl

az

1 + ß Z

~

u*c

where (4.21) and (4.23) have been substituted for 'Jtm. Using
(4.34) and (4.35) for the neutral eddy viscosity and (4.36) and
(4.37) for the stability parameter, (4.73) can be written above the

wave boundary 1 ayer as
~
~
a Uc = u*c

az

(4.74 )

1 + ß C)

Z ) Öw

c

KZ

and wi thi n the wave boundary 1 ayer as

~ ~

~

a u

(4.75)

c = IU*c I u*c

Z ( Öw

~

az

IU*cwl KZ

where the stratification correction has been neglected within the wave
-+

boundary layer. For a given IU*cl ' stratification increases the
current shear above the wave boundary layer. The current within the
wave boundary layer, however, is not affected directly by

strati fication.
Integrating equati on (4.75) and applying the no-sl ip boundary

condi ti on at zo , the sol uti on for the current velocity in the wave
boundary layer is the same as in the neutral case,

~ ~
U = u*c
c

~

!u*cl

K

I~*cwl

( 4.76)

1 n zZo

z ( Öw

-94Integrati ng (4.74) and applyi ng the apparent no-sl i p boundary

condi ti on at zoc' the sol uti on for the current vel oci ty above the
wave boundary 1 ayer is
~
Uc

~

= u*c
K

(4.77)

z

On zoc
~+ß

f dz)
Öw
ç

z ) Öw

By matchi ng the current vel oci ti es at z = ö , the equati on for the
w

apparent bottom roughness fel t by the current above the wave boundary
1 ayer ,

~ ~
zoc (öw)
Zo - Zo

(4.78)

(1 - IU*cl / IU*cwl )

is the same as in the neutral case. The current velocity profile is

coupl ed to the mean sediment concentrati on through the stabi 1 ity
parameter, whi 1 e the mean concentration profi 1 e is coupl ed to the

current through the characteristic shear velocities. The current and

mean concentrati on equati ons therefore must be sol ved simul taneously
in the bottom boundary layer.

4.1.8 Solution procedure
The stratified near bottom model solution procedure is similar to

the method used for the neutral near bottom model. Because the

strati fi ed model i ncl udes the effect of buoyancy, the accel erati on of
-+

gravity must be included as an input variable. Again, using ¡Ubi
and Ab as master velocity and length scales, the basic dimensionless

input parameters for the strati fi ed model are
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~

lurl
~

Zr ø kb
~ ' c, JÇ'

g Ab

and

~ 2

lubl

IUb I

The new input parameter is just the acceleration of gravity divided
by the potential flow solution for the local wave acceleration at the

bottom. Additional dimensionless input parameters required for each
sediment cl ass n are
Sn' S*n'

((sn-l) 9dnJl/2 ,
~

and Cnm (z
0).

IUb I

The i terati ve procedure used to sol ve the strati fi ed near bottom
model equations is as described in Section 3.1.5, except that (4.77)
instead of (3.59) is used to calculate the current velocity above the

wave boundary layer. To evaluate (4.77), the stability parameter
profile must be evaluated from (4.47) and (4.46). First the sediment
fall velocity wfn is found from S*n and Figure 4.1, and the mean
concentrati on at the top of the wave boundary 1 ayer Cnm (öw) is

calculated from (4.57). It is initially assumed that z/Lc = 0 and
(4.46) is solved for the mean concentration profile Cnm (z). A new
stability parameter profile then can be found using Cnm (z) and

(4.47). The process is repeated unti 1 the correct stabi 1 i ty
parameter profile is established. If z ) ö , equation (4.77)

r r

r w

for the current above the wave boundary 1 ayer can be eval uated at

z and the resul t compared to the known current at z. When the

-96-+ -+
proper value of ¡Ual/¡Ubl is finally found, the wave velocity
profile is given be (3.43) and (3.29), the near bottom current
velocity profile by (4.76) and (4.77), and the near bottom

w w

concentrati on profi 1 es by (4.57) and (4.46) for z (ö and z ) ö

respecti vely.

4.2 Sediment Reference Concentrati on Model

The sol uti on for the velocity and sediment concentrati on profil es
in Section 4.1 require independently specified values of the physical

bottom roughness kb and the mean reference concentrati ons Cnm (zo)'
The bottom roughness model discussed in Section 3.2 can be used to

. nm 0

Predict kb' A mathematical model to predict C (z) is

developed in thi s secti on by general i zi ng a model proposed for steady
flow to combi ned wave and current flows.

4.2.1 Combi ned wave and current reference concentrati on
Smi th and McLean (1977) suggest that the steady flow reference
concentrati on at z be wri tten for each sediment cl ass as
o

(4.79)

YoSn

Cns (zo) = Cnb 1 + S

Yo n

where C (z) is the steady flow reference concentrati on for

ns 0

class n, Cnb is the maximum allowable concentration taken as the
bed concentrati on of sediment in cl ass n, Y is a constant of order
o

10-3 that must be determined from data, and S is the normalized
n

excess shear stress for cl ass n. Sn is defined as
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\

~

~

S

n

=

T

( 4. 80 )

T

-

cn

cn

where Tb is the magni tude of the boundary shear stress and Tis
cn

the magnitude of the critical shear stress for initiation of motion

for sediment in class n. The form of (4.79) was chosen so that

reference concentrati ons behave reasonably for a wi de range of shear
stresses. When S is small, the reference concentration increases
n

linearly with the normalized excess shear stress. As S ~oo,
n

however, the reference concentration is 1 imi ted to not exceed the bed
concentration. Because the maximum allowable concentration for all
size classes is assumed to be the bed concentration, (4.79) neglects

the effect of armoring in sediment mixtures. Armoring of the bed by

the course sediment in some cases can reduce the amount of fi ne
sediment available for suspension and further limit the maximum
allowable concentration.

Grant and Madsen (1982) have shown that the sediment response time,

o (d/u*), is much less than the wave period for most cases of
interest on the conti nental shel f. The unsteady combi ned wave and

current flow therefore appears quasi-steady to the sediment particles.

Madsen and Grant (1976) have demonstrated that steady flow sediment

transport rel ati onships can be used to predict instantaneous sediment
transport rates in unsteady oscillatory flow if the shear stress is

taken as the instantaneous skin friction. Following this approach, it

-98is proposed that the instantaneous reference concentrati on at Zo in
a combi ned wave and current flow be defined as

YoSL n
Cn (zo) = Cnb i + S.
Yo n

SI ) 0

Cn (zo) = 0

SIn -(0

n

(4.81)

SI is the instantaneous normalized excess skin friction defined as
n

S.

n

=

~
Ti
I bn I~

--

~

( 4.82 )

~I

¡Tcnl

n

- 1

~cn

¡Tcnl

where I,~I bn lis the magni tude of the instantaneous skin fri cti on
-+

for class n, I\n I is the magnitude of the critical shear stress

for initiation of motion for sediment in class n, ~I is the skin
n

fri cti on component of the instantaneous Shi el ds parameter based on
skin friction for class n, and ~cn is the critical Shields
parameter for cl ass n. The instantaneous reference concentrati on is

then averaged over a wave peri od to fi nd the mean reference
concentrati on Cnm (zo)
1

f

Cnm (zo) = -i

2ir

( 4. 83 )

Cn (zo)

d9

o

4.2.2 Determination of the reference concentration constant
To use (4.83) to estimate sediment reference concentrations, the

reference concentration constant y must first be determined from
o

data. The best method to determine if (4.83) is a reasonable form
and to cal cul ate y is to match predi cted sediment concentrati on
o
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profi 1 es to profi 1 es measured in a combi ned wave and current flow
over a non-bi oturbated moveabl e bed. Thi s shoul d be done for

different types of uniform sediment to minimize errors in the

i niti ati on of moti on cri teri a and the suspended sediment
concentrati on measurements and for mixtures of sediment to

i nvesti gate the effect of armoring on the sediment reference

concentrati on. Because no data of thi s type exi sts, two al ternate
approaches were used to determi ne the reference concentrati on
constant. The fi rst method i nvol ves usi ng instantaneous sediment

concentrati ons and vel oci ti es in the near bed transport 1 ayer to

estimate sediment transport rates and matching the resul ts to
oscillatory flow transport rates measured by Kalkanis (1964) and

Abou-Sei da (1965) in the 1 aboratory. The second method is to match
predi cted sediment concentrati ons to concentrati ons measured by

Cacchione and Drake (1982) 2 meters above a highly bioturbated sandy
silt bottom in a combined wave and current flow on the continental
she 1 f.

In the experimentss performed by Kal kani s (1964) and Abou-Sedi a

(1965), a plate of sediment with a sediment trap in the center was

osci 11 ated si nusoi dally . Equal amounts of sediment were caught in
the trap during the forward and backward motion of the plate. Using
the experimental data, Madsen and Grant (1976) computed the average

vol umetric sediment transport rate defined as
Qs

qs =

Ps g bt

( 4 . 84 )

- 100where Q is the total dry wei ght of the sediment caught in the

s

trap, ps is the sediment density, g is the acceleration of gravity,

b is the wi dth of the sediment trap, and tis the total time the trap

was in motion. Madsen and Grant (1976) then developed expressions
that relate the maximum Shields parameter based on skin friction *1

m

to the average dimensi onl ess sediment transport functi on defi ned as

( 4 . 85 )

qs
ø = wfu
:where wf is the particle fall velocity and d is the particle

diameter. The data collected by Kalkanis (1964) and Abou-Seida (1965)
and analyzed by Madsen and Grant (1976) is plotted in Figure 4.2.
Assumi n9 that the sediment caught by the trap was transported

primarily as bedload, it is proposed that the average volumetric
transport rate can also be expressed as

2ir

1

qs = ~

f

(4.86 )

).

CT ¡uTI hT d9

o

-+

where CT and uT are the instantaneous sediment concentrati on and

ve loci ty in the near bed transport 1 ayer, hT is the instantaneous
height of the layer, and the average is taken over a wave period.
Because uT changes di recti on for ir ( 9 ( 2ir so that the net
-+

transport is zero over wave peri od, the magni tude of uT is used in

(4.86) to calculate the amount of sediment caught by the trap during

both the forward and backward parts of the cycl e.

Si nce z is
o
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FIGURE 4.2
Di mensi onl ess sediment transport functi on ø as a functi on of ~ 1m

calculated from (4.85) and (4.86) (for d = 1 rn and d = 0.1 mm with
s = 2.65) compared to the data of Kalkanis (1964) and Abou-Seida (1965).

- 102within the near bed transport layer, the instantaneous reference
concentration given by (4.81) will be used to estimate CT'
-+

Expressions for uT and hT are derived as Grant and Madsen (1982)

derived (3.72) and (3.73) for the maximum particle velocity and layer

hei ght.
Grant and Madsen (1982) deri ved an expression for the maximum

horizontal particle velocity in the near bed transport layer by
considering the balance between the maximum horizontal inertia, drag,

and friction forces on a sediment particle. Neglecting the inertia
force compared to the drag force, equati on (3.72) for the maximum

particle velocity is found by balancing the maximum drag force with

the maximum friction force. Because the inertia force can be
negl ected compared to the instantaneous drag force over most of the

wave cycle, an expression for the instantaneous particle velocity can
be found by balancing the instantaneous drag force with the
-+

instantaneous friction force. The resulting expressions for uT and
hT are identical to (3.72) and (3.73) with the maximum Shields

parameter~.mrepl aced by the instantaneous Shi el ds parameter ~.
-+

based on skin friction. Though these expressions for uT and hT
are not expected to be valid as the oscillatory particle velocity
goes through zero and the i nerti a force domi nates the drag force, the

sediment concentrati on is zero once ~I (~ and the exact forms of
c

UT and hT are not required. Using equation (4.86), the

cal cul ated dimensi onl ess sediment transport functi on agrees best wi th
the data of Kalkanis (1964) and Abou-Seida (1965) when the reference

o 0
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concentration constant y is approximately 0.003. Assuming y =
0.003 and s = 2.65, the dimensionless sediment transport function is

plotted in Figure 4.2 for d = 0.1 mm and d = 1.0 mm. The agreement
with the data suggests that (4.81) is a reasonable form for the

instantaneous reference concentrati on.
The reference concentrati on constant can also be determi ned by

matchi ng the predi cted sediment concentrati ons wi th those measured by
Cacchione and Drake. A major problem with this method is that only
concentrati ons 2 meters above the bed, rather than concentrati on

profil es, where measured. Because sediment concentrati ons can decay

by orders of magnitude between Zo and 2 meters, a small error in
the concentrati on measurement at 2 meters can resul tin a 1 arge error

in the predi cted reference concentrati on. The measured sediment

concentrati ons at 2 meters were domi nated by the fi ne sil ts, so 1 i ttl e
is known about the other sediment classes. Because the fall velocity
of the fine silt is so small, the silt concentration may not be in

local equilibrium and may be dominated by advection. As described by
Grant et al (1982), not only is the value of the critical Shields

parameter for a very fi ne non-cohesi ve sediment in questi on, but
bioturbation can increase the critical Shields parameter by as much

as a factor of 2. When a critical Shields parameter twice the value
given by Shields diagram for a non-cohesive sediment was used, Yo

was found to be approximately 0.0005. Because the fi ne sand coul d
have armored the bed and i nhi bi ted the suspensi on of si 1 t, the
calculated value of y would be too low if armoring had occurred.
o

- 104With the many uncertainties in the data, this value of y at best
o
can be consi dered an order of magni tude estimate and is probably too
low. The analysi s of the data coll ected by Cacchi one and Drake that

1 ed to thi s estimate is di scussed in Chapter 7.
In summary, two di fferent methods determi ned that the reference

concentration constant is probably in the range of 0.0005 to 0.003.

The strati fi ed wave and current model has been run wi th the reference
concentrati on model for a range of reference concentrati on constants

larger than 0.0005 ~ Yo ~ 0.003. It was found that an order of
magnitude difference in Yo can significantly change the velocity
profi 1 es whi 1 e factors of 2-3 di fference i n yo cause very 1 i ttl e

change in the velocity profiles. An average value of y = 0.002
o
therefore wi 11 be adopted for use in the reference concentrati on

model until better data is available.

4.2.3 Solution procedure

The strati fi ed near bottom model requi res mean reference
concentrations to be specified for each sediment cl ass. Since these
concentrations usually are not known, they can be calculated using

the reference concentrati on model. Additi onal dimensionl ess input
parameters requi red for each sediment cl ass n are the rel ative

sediment grai n di ameter dn/Ab, which is necessary to cal cul ate

ski n fricti on, and the concentrati on of sediment in the bed Cnb.

Usi ng (3.50) to fi nd the ski n fri cti on factor for each sediment
class, the instantaneous skin friction for each class 'Ibn can be
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found from (3.10). The instantaneous normal i zed excess skin fri cti on
S 1 is given by (4.82) and the instantaneous reference
n

concentration by (4.81). The mean reference concentration is found
by averaging (4.81) over a wave period as in (4.83).

4.3 Near Bottom Model Runs
The effects of surface waves and a moveabl e sediment bed on the

near bottom flow field are illustrated in this section using the

model s di scussed in Chapters 3 and 4. The neutral near bottom model
is used to calculate the neutral current velocity profile and the

strati fi ed near bottom model is used to cal cul ate the strati fi ed
current and the suspended sediment concentration profiles. Ripple
geometry, hei ght of the near bed transport 1 ayer, and the associ ated

bottom roughness are calculated by the physical bottom roughness

model. The mean sediment concentration at Zo is calculated by the
reference concentration model. To use these model s, several wave,

current, and bottom conditions must be specified. Since the physical

bottom roughness model has not been general i zed to sediment mixtures,
the following examples are run for uniform sediments.

For the examples to be discussed here, the input conditions are
taken from typical data collected by Cacchione and Drake during a

winter storm on the northern California continental shelf. The wave

orbi tal vel oci ty and excursi on ampl i tude at the bottom are assumed to
-+

be IUb 1= 50 cm/sec and Ab = 120 cm, corresponding roughly to a 15

second wave with a height of 6.5 meters in 100 meters of water. The
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-+

specified current speed and direction are taken as lurl = 50 cm/sec

- 0

and ø = a at z = 100 cm above the bottom. The bottom sediment
is assumed to be fine quartz sand with a grain diameter d = 0.01 cm,

a relative density s = 2.65, and a porosity of 0.4. The kinematic
viscosity of seawater and the acceleration of gravity are taken as
v = 0.013 cm2/sec and g = 980 cm/sec2.

With this information, all the input parameters necessary to run

the models can be speCified. The resulting neutral current velocity

and strati fi ed current vel oci ty profi 1 es cal cul ated by the model s are
compared in Fi gure 4.3 and the suspended sediment concentrati on

profile is shown in Figure 4.4. The kink in the profiles co~r,esponds
to the top of the wave boundary 1 ayer. In the wave boundary 1 ayer,
the increased vertical turbul ent transport associ ated wi th the

combi ned wave and current decreases both the current shear and the

suspended sediment concentration vertical decay rate. Above the wave
boundary layer, vertical turbulent transport is associated with the
enhanced current only, so the current shear and the vertical decay

rate for suspended sediment increase. Suspended sediment induced
stratification, which acts to inhibit vertical turbulent transport,
al so increases the current shear and sediment concentrati on decay

rate. Important model parameters for both the neutral and the
stratified model runs are listed in Table 4.1 for comparison.
Because the maximum Shields parameter based on skin friction ~.
m

is above the critical value for initiation of motion, sediment is

transported and ripples form. The contribution to the physical
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FIGURE 4.3
Current velocity profiles for the fine sand, medium wave case, predicted

by the strati fi ed (sol i d 1 i ne) and the neutral (dotted 1 i ne) near bottom
model s.

-108--

103

102

101

E
(.

N
10°

10-1

10-2
10-7

10-6

10-5 10-4

10-3

10-2

CONCE NTRATION

FIGURE 4.4
Sediment concentration profile for the fine sand, medium

predicted by the stratified near bottom model.
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case,
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-110bottom roughness from ripples and near bed transport are both

significant because ~Im is above the breakoff point and ripples are

partially washed out. The total physical bottom roughness is a
factor of 500 greater than the sediment grai n di ameter. Due to the

wave-current i nteracti on, the apparent bottom roughness experienced
by the current above the wave boundary 1 ayer is a factor of 10

greater then the physical bottom roughness. If the wave-current

i nteracti on is negl ected, the moveable bed effects are negl ected, and
the fl at bed bottom roughness is taken as the sediment grai n

di ameter, the roughness 1 ength above the wave boundary 1 ayer in thi s
case is under-predi cted by a factor of 5000.

For a given shear velocity, stratification increases the current

shear. To match the specified current velocity at z = 100 cm,

r

lower shear velocities are required for the stratified case.
Stratification therefore reduces the current velocity below z .

r

Because the shear velocities are lower, the skin friction is lower

and ~I is closer to the breakoff point. Sediment transport is
m

reduced and the ri pp 1 es a re eroded 1 ess. Because the ri pp 1 e
roughness increases more than the near bed transport roughness

decreases, the total physical bottom roughness increases for the

strati fi ed case.
Thi s exampl e shows that the wave-current i nteracti on, the physical

bottom roughness associ ated wi th a moveabl e bed, and the suspended
sediment stratification correction significantly influence the
structure of the near bottom flow fi el d. To further ill ustrate

-111how the moveabl e sediment bed and the wave affect the near bottom

ve 1 oc i ty profi 1 es, the models wi 11 be rerun for the same condi ti ons

but wi th di fferent types of bottom sediment or wi th di fferent wave
condi ti ons.

To ill ustrate the moveabl e bed effects, the wave and current
conditions are held constant while the bottom sediment is first
assumed to be silt with a diameter d = 0.002 cm (1/5 the fine sand

di ameter) and then assumed to be a medi um sand wi th a di ameter d =
0.05 cm ( 5 times the fine sand diameter). Assuming spherical
sediment particles, the fall velocity for the silt is 0.028 cm/sec,
for the fine sand is 0.69 cm/sec, and for the medium sand is 6.6 cm/sec.

For the silt bed, the resulting neutral velocity profile is

compared to the stratified velocity profile in Figure 4.5. The
sediment concentration profile plotted in Figure 4.6 shows that
because the silt fall velocity is so small, it is mixed almost

uniformly throughout the near bottom flow field. Even though there
is much more sediment in suspension compared to the fine sand case,

the vertical density gradient induced by the silt is so small that
the resulting stratification correction is almost negligible below 2
-+

meters. Because the current velocity IUrl was specified at i meter,
there is 1 ittl e di fference between the neutral and strati fi ed model

parameters listed in Table 4.1 for this type of bottom sediment.
For the sil t bottom, the maximum Shiel ds parameter based on skin

friction is well above the breakoff point, so ripples are nearly

washed out and the bottom roughness is dominated by near bed
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FIGURE 4.5
Current velocity profiles for the silt, medium wave case, predicted by
the stratified (solid line) and the neutral (dotted line) near bottom
model s.
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transport. Because strati fi cati on reduces the ski n fri cti on only
slightly, the effect on the bottom roughness lengths is negligible.

Compared to the fine sand case, however, the roughness lengths Zo

and z are decreased by factors of 2-3 and the shear velocities
oc

are reduced by 20-25 percent.

The silt in this case is so fine (S* ( 0.375) that the breakoff
point Shields parameter calculated from (3.67) is below the critical

Shields parameter for initiation of motion, so equilibrium range
rippl es are not expected to form. Though the rippl e geometry theory

has only been tested in coarser sediments, this is a realistic result

in agreement wi th observati on. Another probl em with very fine
sediment is the uncertainty in the critical Shields parameter. As
discussed by Grant et ale (1982), Shields diagram is considered an

overestimate of the critical Shields parameter for fine non-cohesive

sediments. Because a lower critical Shields parameter will only
enhance the trends illustrated by this example, Shields curve was
used to avoid choosing a value too low.

For the medi um sand bed and the same wave and current condi ti ons,
the neutral and stratified velocity profiles are compared in Figure
4.7 and the sediment concentration profile is shown in Figure 4.8.

Because the medium sand fall velocity is so large, the suspended

sediment concentrati on decreases rapi dly wi th di stance from the

bottom. Compared to the fi ne sand case, much 1 ess sediment is in

suspension. The resulting vertical density gradient is so small that
the stratification correction again is almost negligible. The model
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FIGURE 4.7
Current velocity profiles for the medium sand, medium wave case,
predicted by the stratified (solid line) and the neutral (dotted line)
near bottom model s.
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parameters 1 i sted in Table 4.1 show 1 i ttl e change between the neutral
and stratified model runs.
The maximum Shi el ds parameter based on ski n fricti on for the

medi um sand case is below the breakoff poi nt. La rge equi 1 i bri um

range rippl es are formed and there is very 1 ittl e near bed
1
transport. Since large ripples are effective roughness elements, the
resulting physical bottom roughness is very large. Stratification
again only slightly reduces the skin friction, so there is little

effect on the bottom roughness. Compared to the fi ne sand case, the
roughness 1 engths are orders of magni tude 1 a rger and the shea r
velocities are doubled.
Thi s seri es of examples ill ustrates the effect di fferent moveabl e

sediment beds have on a combined wave and current flow field. For
these wave and current condi ti ons, the physical bottom roughness

decreases as the sediment grai n diameter decreases. The medi um sand

roughness was domi nated by ri pp 1 es, the fi ne sand roughness was due
to both ri ppl es and near bed transport, and the si 1 t roughness was

domi nated by near bed transport. Si nee the bottom roughness

decreases, the shear velocity al so decreases with decreasing sediment

size. In Section 4.1, it was shown that the near bottom suspended
sediment induced stratification correction is only significant when

the fall velocity, sediment concentration product is large. The
medium sand fall velocity was so large that there was very little

sediment in suspension. Suspended silt concentrations were
significant but the silt fall velocity was too small. For the fine

- 1 18sand, however, the fall velocity and the suspended sediment
concentrati ons were 1 arge enough that strati fi cati on had a

significant effect on the current velocity profile.
To ill ustrate the effect of the wave on the near bottom flow over
a moveabl e bed, the current and the sediment parameters are hel d

constant while the wave height is varied. The sediment again is
assumed to be fine sand with a diameter d = 0.01 em. The solution
for a 6.5 meter hi gh, 15 second wave in 100 meters of water shown in

Figures 4.3 and 4.4 will be compared to wave heights first decreased

and then increased by 1/2.
If the wave height is reduced by 1/2, the resulting wave
-+

parameters are ¡Ubi = 25 cm/sec and Ab = 60 cm/sec. The neutral
and stratified velocity profiles are shown in Figure 4.9 and the

concentration profile in Figure 4.10. Model parameters for this case
are listed in Table 4.2. Compared to the initial example, the lower
wave height resul ts in a reduced skin friction, so the sediment

reference concentrati on is reduced by a factor of 3-4. The resul ti ng
stratification correction is much less significant because there is
not enough sediment in suspensi on to effectively strati fy the flow.

The maximum Shields parameter based on skin friction in this case

is just above the breakoff poi nt. There is very 1 i ttl e near bed
transport and the physical bottom roughness is dominated by ripples.
Because the wave is much weaker in thi s case, the apparent bottom

roughness is only a factor of 3 greater than the physical bottom

roughness. Compared to the medium wave case, the physical roughness
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z is increased by a factor of 3, but the apparent roughness z
is only increased by 30 percent.

If the wave height is increased by 1/2, the wave conditions become
-+

I ub I = 75 cm/ sec and Ab = 180 cm/ sec. The resul ti ng neutral and

strati fi ed vel oci ty profi 1 es a re compared in Fi gure 4.11 and the
sediment concentration profile is plotted in Figure 4.12. In this
case, sufficient sediment is in suspension to significantly stratify

the near bottom flow. Model parameters for thi s exampl e are 1 i sted
in Tabl e 4.2. Compared to the medi um wave case, the 1 arger wave

results in a larger skin friction, which increases the sediment

reference concentrati on by a factor of 2-3. Even though there is
more sediment in suspensi on very near the bottom for the 1 arge wave

case, away from the bottom there is less sediment in suspension.

This occurs because the stratification correction also increases the
sediment concentrati on vertical decay rate above the wave boundary

layer. While the increased skin friction acts to increase sediment
concentrati ons in the wave boundary 1 ayer, the increased

stratification correction acts to confine the suspended sediment
close to the bottom.
For the neutral, 1 arge wave model run, the maximum Shi el ds

parameter based on skin friction is well above the breakoff point.

Ri ppl es are washed out and the bottom roughness is domi nated by near
bed transport. For the stratified case, however, the skin friction
is reduced so the rippl e roughness and near bed transport roughness

are the same order of magnitude. Since the ripple roughness increases
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FIGURE 4.11

Current vel oci ty profi 1 es for the fi ne sand, 1 argewave case, predi cted
by the stratified (solid line) and the neutral (dotted line)
near bottom model s.
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- 125by nearly the same amount as the transport roughness decreases, the
total physical bottom roughness is approximately the same for both

the neutral and stratified cases. While the apparent roughness for
the neutral model is a factor of 13 greater than the physical bottom

roughness, the apparent roughness for the strati fi ed model is a
factor of 24 greater. In thi s case, stratification acts to enhance
the effect of the wave on the current.
Compared to the neutral, 1 arge wave model run, stratification

changes the characteristics of the physical bottom roughness,

increases the apparent bottom roughness, and reduces the shear

vel oci ty fel t by the current above the wave boundary 1 ayer by 35

percent. The resul ti ng current vel oci ty at the top of the wave
boundary 1 ayer is drasti cally reduced from 30 cm/sec to 13.5 cm/sec,

demonstrati ng that under the proper condi ti ons, suspended sediment

induced strati fi cati on can si gni fi cantly i nfl uence the near bottom
flow field.

Thi s fi na 1 seri es of examples ill u strates the effect of the wave
on the near bottom flow. As the wave height increases, the wave
dominated skin friction also increases, reducing the ripple
roughness, increasing the near bed transport roughness, and

increasing the amount of sediment in suspension. The bottom roughness
for the small wave is dominated by the ripples, for the medium wave
is due to rippl es and near bed transport, and for the neutral, 1 arge

wave case is domi nated by near bed transport. As suspended sediment

- 126concentrati ons for thi s sediment increase, suspended sediment induced

strati fication effects are enhanced. The stratifi cati on correcti on
increases the current shear, so current velocities below the height

zr' shear velocities, and skin friction are reduced. Stratification
also increases the sediment concentration vertical decay rate, so
sediment is confi ned close to the bottom.

- 127 -

5. THEORETICAL MODEL FOR A STRATIFIED EKMAN LAYER IN COMBINED WAVES AND
CURRENTS OVER A MOVEABLE BED

Currents in the ocean are often i nfl uenced by Coriol is accel erati on

due to the earth iS rotati on or strati ficati on induced by vertical
temperature and sal i nity gradi ents, effects that were negl ected by the

near bottom model s. The near bottom model s apply only to the current

constant stress 1 ayer where Cori 01 is accel erati on has 1 ittl e effect on
the velocity profiles. Temperature and salinity induced stratification
was neglected because typical density profiles on the continental shelf

indicate that the near bottom flow is usually well mixed. Coriolis
acceleration, however, must be included in the governing momentum
equation if velocity profiles are desired above the constant stress
1 ayer. If Ekman 1 ayer hei ght exceeds the mi xed 1 ayer hei ght, the effect

of temperature and salinity induced stratification also must be included
in the eddy diffusivity model for the turbulent fluxeso

In this chapter a model is developed for a stratified Ekman layer in

a combined wave and current flow over a moveable bottomo The stratified,
near bottom model developed in Section 4.1 is extended by including the
effects of planetary rotation and stratification induced by temperature

and salinity gradients. As before, boundary conditions on the velocity
and sediment concentration profiles can be applied using the physical
bottom roughness model di scussed in Section 3.2 and the reference

concentration model developed in Section 4.2. The temperature and
salinity profiles are assumed to be given. Sample Ekman layer model runs

are discussed in Section 5.2.
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5. 1 Ekman Layer Model

The Ekman layer model will be developed following the usual
approach for small sediment concentrati ons as in the strati fi ed, near

bottom model. Conservati on of momentum is appl i ed to each sediment
particle to find the sediment velocity in terms of the fluid

velocity. The continuum hypothesis again is invoked to write
conservation equations for sediment mass, fluid mass, and fluid

momentum. The turbul ent fl uxes are represented by an eddy
diffusivity model similar to a model developed by Long (1981), and

the resul ti ng equati ons are sol ved for the fl ui d vel oci ty and
sediment concentration profiles.

5.1.1 Governi ng equati ons
For small sediment concentrati ons, the sediment momentum equati ons

reduce to (4.1) assuming d (( z and neglecting particle

interactions. Invoking the continuum assumption, conservation of
sediment mass is written as (4.3) for each sediment class. By the
Boussi nesq approximati on, the conservati on of fl ui d momentum equati on

is given by (4.5). Because the fluid density is a function of
temperature and salinity, conservation of fluid mass must be written

ãt az

aC
~(pCu)
~ + a-- (pCw) = 0
p + V .

(5.1)

Assuming the fluid flow is incompressible,
Dp

TI = 0

(5.2)
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and the conservation of fluid mass equation reduces to (4.4). For
the small sediment concentrations expected, the vertical fluid
velocity induced by the falling sediment can be neglected and the

usua 1 conti nui ty equati on gi ven by (4.9) is recovered.
The fluid velocity and pressure can be partitioned into current,
wave, and turbul ent components as in (3.2) and the concentrati ons can

be parti ti oned into mean, peri odi c, and turbul ent components as in
(4.10). The fluid density similarly can be partitioned into mean,
periodic, and turbulent components

p = pm
+P
p + pi

(5.3)

The partitioned variables can be substituted into the governing

equations which are Reynolds averaged. The resulting equations then
can be simplified by the usual scaling arguments.

The current, mean concentrations, and mean fluid density are

assumed to be hori zonta lly homogeneous. Nonl i near convecti ve terms
containing derivatives of periodic variables are neglected compared

to the local time derivatives of the periodic variables. Coriolis
acceleration of the wave is neglected compared to the local wave

acceleration. Viscous stresses are neglected compared to Reynolds
stresses and horizontal derivatives of turbulent fluxes are neglected

compared to vertical derivatives. With these simplifying
assumpti ons, the resul ti ng equati ons governi ng the flow in the Ekman

1 ayer become
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a~~~

at( Uc+ U
w ) + f k x Uc =

1~~

(5.4)

- ~ (UIWI)
-;íJ c(p +wp) az

(5.5)
a Cnm
:t (Cnm + Cnp)

+ W
W

az - wfn :z (Cnm + Cnp) + ~z (C~ wi) = 0

a Pm a

~t (Pm + pp)

+ww az
-+az

(¡;) = 0

(5.6)

where the quasi -steady assumpti on has not yet been invoked for the

current, mean concentration, and mean density.

5.1.2 Turbulent closure scheme
As in Section 4.1.2, an eddy diffusivity model is adopted for

turbulent closure. Along with equations (4.17) and (4.20) for the

fl ui d momentum and sediment mass fl uxes must be i ncl uded an

expressi on for the fl ui d densi ty fl ux

(5.7)
- pr = 'Jtf ~z (Pm + pp)

where 'Jtf = 'Jts by the assumed sediment velocity. The eddy
diffusivities again can be written in terms of the neutral eddy
viscosities and stratification corrections given by (4.21) through

(4.24). As before, the remaining task is to define characteristic
eddy viscosities and stratification corrections in and above the wave

boundary 1 ayer.
In the wave boundary layer, the neutral eddy viscosity is assumed

- 131 -

to be the usual linear function of z given by (4.35). Since the near
bottom flow is expected to be well mixed, it is assumed that
temperature and salinity stratification do not influence turbulent

diffusion in the wave boundary layer. Because the stratification
correction for suspended sediment was shown to be negligible in the
wave boundary layer, the characteristic stability parameter is
assumed to be zero for z ( ö .
w

Above the wave boundary layer, the eddy viscosity and stability
parameter must apply not only to the constant stress 1 ayer but to the

full Ekman layer. Ellison (1956) and Businger and Ayra (1974)
suggest that the neutral eddy viscosity for a pure current Ekman
1 ayer is well represented by a 1 inear functi on of z modul ated by an

exponenti a 1 decay

~ - z/h

(5.8)

'Jt = K I u* I z e

where his a hei ght to be determi ned.

Equation (5.8) increases

linearly for small z, reaches a maximum at z = h and decays
exponenti ally for 1 arge z. Long (1981) sol ves the neutral pure

current Ekman layer equations using the eddy viscosity given by (5.8)
-+

and finds that for large lu*l/f zo'
~

h -10iu*rI
Long (1981) also generalizes the constant stress layer stability
parameter by model i ng the terms in the turbul ent ki neti c energy

(5.9)

- 132 -

equation. The generalized stability parameter for a stratified pure
current Ekman layer derived by Long (1981) can be written

'Jt
l; =

~

I ~*12

( 5.10)

L
- pr
p

i -ulw.1
-+

where 'Jt is the neutral eddy viscosity given by (5.8) and p I-UIWI I

is the magnitude of the local turbulent shear stress. In the

constant1
stress
1-+1
ayer, 'Jt ~ I~I
K u* Z, -1-+12
U W ~ u* , and
it follows that l; ~ z/L, consistent with the earlier definition of
the stabi 1 i ty parameter. Long (1981) has demonstrated that thi s form
for the generalized stability parameter agrees well with data.
Us i ng Long iS (1981) resul ts, a characteri sti c eddy vi scosi ty and

stabil ity parameter can be defi ned above the wave boundary 1 ayer for

a combined wave and current Ekman layer. Defining the characteristic
1 ength scal e of the Ekman 1 ayer as

(5.11)

~

1 c = K 1 u*c I

f
the neutral eddy viscosity above the wave boundary layer can be written
~

'Jtc = K I u*c I z e

- 2.4 z/l c

(5.12)
z ) Öw

The characteri sti c stabi 1 i ty parameter above the wave boundary 1 ayer
becomes

- 133 -

'Jtc
l; =

c

)- )-

( 5 .13)

.L
-

P'Tw'

PT

z ) Öw

I u*c I 2 1- u i Wi I

The modulated eddy viscosity given by (5.12) is compared to the
linear eddy viscosity given by (3.24) in Figure 5.1.

The buoyancy term in the stability parameter in this case must be
found for a suspension of sediment in a fluid with variable density.
The total densi ty of the suspensi on can be wri tten approximately as

( 5.14)
PT = P + ~ (psn - p) Cn - P + Pb ~ (sn-1) Cn

where P is the fluid density which is a function of z, Pb is the

constant fluid density in the bottom mixed layer where suspended

sediment concentrati ons are expected to be si gni fi cant, and
sn = Psn/Pb' Since the difference between P and Pb above the
mi xed 1 ayer is expected to be 0 (10-3) and maximum sed iment

concentrati ons are 0 (10-3), the use of Pb rather than pin the

suspended sediment term above the mi xed 1 ayer resul ts in a negl i gi bl e
error. Substituting partitioned variables for PT' P, and Cn, it
is found that after Reynol ds averaging

PT P Pb

( 5.15)

and
pIT = pi + Pb ~ (sn-1) C~

(5.16)
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FIGURE 5.1
Dimensionless eddy viscosity 'Jtc/u*c lc in the current boundary
layer as a function of z/lc; linear eddy viscosity (dashed line) given
by (3.24) compared to modulated eddy viscosity (solid line) given by
( 5 . 12) .

0.8
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Substituting (5.15) and (5.16) into (5.13), the generalized stability
parameter can be written

(5.17)
z ) ö

c ~ 2 ;- P

l; = 'J tc (~ P I W I + ~ 9 (S n - 1) C ~ w 1 J

w

I u*c I 1- u i W i I

Equations (4.17), (4.20) and (5.7) then can be substituted for the

turbul ent fl uxes in (5.17). Assumi ng P - P and si nce the
m

turbulent flux components associated with the periodic variables are
negligible above the wave boundary layer, (5.17) becomes

(J a Pm a Cnm

'Jtc
l;

c

Pm a z n n a z

(l+ßl;c)

=

~

~ 2

z ) ö

(y + ß l;c)

a Uc

IU*c I

( 5 . 18 )

(- L --- ¿ g (s -1)

w

I-a I

or
l;c (y + ß

l;c) ,

( 5.19)

(1 + ß l;c) = R

where

~ a Pm a C nm
Vtc

R =-

Pm

~ 2

IU*c I

( 5 . 20 )

(- --az - n¿ 9 (sn-l) az J
~
a Uc

I--I

Solving (5.19) for the generalized stability parameter gives

1 1 2 R 1/2

c 4 ß ß

l; = -2 (R - 1.ß) + (- (R - 1.) +-J

(5.21)
z ~ Öw
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Substituting the eddy diffusivity model for the turbulent fluxes
in the governing equations, (5.4), (5.5) and (5.6) can be written

a~~~

ãt (uc + uw) + f k x Uc =

( 5. 22 )

- -1
P

~
íl

'J a ~ ~

(pc + pw) + ~z (tm ãi (uc + uw) J

a w a Cnm w a

+ C )np
+ Waz
- fnaz
- (Cnm
+ Cnp)
at(C nm

(5.23 )

a (- aC (+C)J-0
-az 'Jts az nm np -

a w a Pm a
ãt (Pm + pw) + w -- - ãi ('Jtf :z (Pm + pp) J = 0

(5.24 )

where the' appropriate eddy viscosity and stability parameter are used

for each boundary layer. Because the eddy diffusivities are constant
in time and assuming there is little variation in the current, mean
concentration, and mean density over a wave period, (5.22), (5.23)
and (5.24) again can be separated by averaging over a wave period.

Si nce the resul ti ng equati ons for the wave and the peri odi c

concentrati on are the same as before, the sol uti ons di scussed in
Sections 3.1.3 and 4.1.6 remain valid.

5.1.3 Solution for the periodic fluid density
Averaging (5.24) over a wave period and subtracting the averaged
equation from the original gives the equation for the periodic
density above the wave boundary 1 ayer as
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(5.25)

~ + W a Pm _

at w az - 0

z ) Öw

since turbulent diffusion associated with the periodic density is

negligible in this region. Similar to the periodic sediment
concentration above the wave boundary 1 ayer, the periodic density

change is associated with the vertical advection of the mean density

gradient by the wave. Solving (5.25) for the periodic density gives
( 5.26)

Pp = Ab sinh kz a Pm sin (kxx + kyY - wt)
az

Because the mean fl ui d densi ty gradi ent is assumed to be
approximately zero in the bottom mixed layer, the periodic

concentrati on al so is approximately zero in thi s regi on. By the same
scaling arguments used in Section 4.1.6, the periodic density is much

less than the mean density and p - p. Equation (5.26) also can be
m

used to show that the nonl inear convective terms associated with the

~~~

periodic density gradient,
( 5 . 27 )

Uw . v Pp + Ww at

-+

do not contribute to the mean density equation because u is 900
w

-+

out of phase with v Pp and Ww is 900 out of phase with ap/az.

Since the wave boundary layer is expected to be very well mixed,
the periodic density is assumed to be zero for z ( Ö .
W

- 138 5.1.4 Quasi-steady

assumptions

Averaging (5.22), (5.23) and (5.24) over a wave period gives the
following equations for the current, mean sediment concentrations,
and mean fluid density,
~
a Uc

-a
a Cnm

at

~

+f

~

k x Uc

a a Uc

1 ~
=--íJ

Pc + ã- ('J tm --)

P

('J
-a
az- ts

a Cnm

( 5.28)

+ wfn

az

C

( 5 . 29 )

nm) = 0

a Pm a 'J a Pm

( 5 . 30 )

-a - ã- ( tf --) = 0

Whereas the mean concentrati on equati on has a term associ ated wi th
the sediment fa 11 vel oci ty to bal ance the upward turbul ent di ffusi on
of sediment so that a concentration gradient can exist in equilibrium,
the mean density equation has no such term. Above the Ekman 1 ayer,

the turbulent fluxes are negligible and P is constant in time. In
m

the Ekman 1 ayer, however, pis requi red to conti nua 11 y change wi th
m

time unti 1 the fl ui d densi ty gradi ent ; s zero. Changes in the mean
density profile cause the stability parameter to vary. Since all
three equations are coupled through the stability parameter, the
Ekman layer does not reach a steady state until the fluid density is
uni form throughout the Ekman 1 ayer.

To find the evolution in time of the velocity, concentration, and
density profiles, (5.28), (5.29) and (5.30) must be solved

simultaneously. Since these equations involve both time and space
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derivatives, they can be solved by a numerical implicit difference

method using central differencing in the vertical and forward

differencing in time. The boundary conditions required to solve this
-+

problem are that uc' Cnm, and Pm be known for all z at time
-+

c nm m

t = 0, and that u , C , and P be known at two val ues of z for
all time. This solution technique, with its complex boundary
conditions, however, is not in the spirit of the original objective,

which was to develop a simple model for the bottom boundary layer

that requires a minimum number of input parameters. Because the
equations are complicated by the time derivatives, the problem would
be greatly simpl i fi ed if it coul d be consi dered quasi -steady.

The Ekman 1 ayer can be regarded as quasi -steady if the unsteady

terms do not affect the dominant balance in (5.28) and (5.29), that
is, if

a uc ~
~

(5.31)

-a (( f k x Uc

a Cnm w a Cnm
at (( fn az

( 5.32)

and if the stability parameter is approximately constant over the

time scale of the momentum transporting turbulent eddies. In the
usual case of interest on the continental shelf, the fluid density
profile consists of a bottom mixed layer of nearly constant density

with temperature and salinity induced density gradients above. If
the pressure gradient forcing the flow remains constant, the Ekman
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layer and mixed layer heights will grow with time until the Ekman
layer is no longer stratified by temperature and salinity and a

steady state is reached. Equations (5.28) and (5.29) are unsteady
because the stability parameter varies with time as the fluid density

field is modified by the flow. The time scale for velocity and

concentration changes, therefore, is the same as the time scal e for
changes in the stability parameter.

The time scal e for the

stability parameter can be estimated by scaling the fluid density

equation for a typical condition on the continental shelf. For a
typical I~*cl = 0 (1 cm/sec.) and f = 0 (lQ-4/sec), the scale
hei ght for the Ekman 1 ayer is 1 = 0 (40 meters). A typi ca 1 mi xed

c

layer height is zm = 0 (20 meters) and typical stability parameters
above the mixed 1 ayer are in the range 0 (1) ( l;c ( 0 (1000). The
order of magni tude of the local time deri vative of densi ty can be

estimated from (5.30) as

I~I
- 2.4
z/lc
!£
_
0
(K
*c
e åp)
å t y + ß l;c
åZ

( 5 .33 )

Si nce åp is the same 0 rder of magni tude on both sides (5.33) and
å Z - 0 (10 meters), the time scal e for changes in the density

profi 1 e for thi s case are
åt - 0 (105 sec)

The time scale for the right hand side of (5.31) is

( 5 . 34 )
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àt - 0 (~) - 0 (104 sec)

(5.35)

For a small fall velocity wfn - 0 (0.1 cm/sec), the time scale for
the left hand side of (5.32) is

àt - 0 (!!) - 0 (104 sec)

( 5 .36)

wfn

The time scal e for the momentum transporting turbul ent eddi es is

à t - 0 ( vtm) - 0 (102 sec)

( 5.37 )

~ 2
!u*cl
As long as the current and mean concentrati ons do not change by more

than an order of magnitude as the fluid density profile is mixed, the
quasi -steady assumpti on can be appl i ed for thi s case and the time

derivatives in (5.28) and (5.29) can be neglected. By specifying the
quasi-steady fluid density distribution, the quasi-steady stability
parameter can be found and (5.28') and (5.29) can be solved for the

quasi -steady current and mean concentrati on profi 1 es.
5.1.5 Sol uti on for the mean concentrati on

If the Ekman layer can be considered quasi-steady, the equation

for the mean sediment concentrati on is the same as (4.40). Because
the eddy diffusivity is unchanged within the wave boundary layer, the

solution for the mean concentration given by (4.57) still applies for

Z (öw. Above the wave boundary layer, the neutral eddy viscosity
is given by (5.12) and the stability parameter by (5.21). The quasi-
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steady, mean concentrati on equation becomes

y + ß l;cwfnCnm

a Cnm

az

~ - 2. 4 z/l c

+

= 0

( 5 . 38 )

z ) Öw

K I u*c I z e

The solution to (5.38) is

z e 2.4 z/l c ( 5.39)

Cnm( z) ()
= Cnm
exp fn
~
( ( _Öw
y \'1
K IU*cl
- ß wfn

. (exp ~

u*c

r

z

e
l;c Z

r z dz ) J .
Öw

2.4 z/l c

dz) J

Öw

After eva 1 uati ng the integral, the fi rst decay factor in (5.39)

can be written as

lc c

2 4 2.4 Ö

- y w fn

expt ~

( 5.40)

(Ei (' z) - Ei ( 1 w) J J

K IU*c I

where Ei(x) is the exponential integral function. The series

expansi on of Ei (x) gi ven by Abramowi tz and Stegun (1972) ; s

(5.41)

co

Ei (x) = .57721 + ln x + X
n = 1

xn
n n~

where the initial constant is Euler1s constant. Since Öw (( lc'
co

it follows that i: (2.4 Ö /1 )n/n n~ (( 1 and the first

n=i w c

decay factor can be wri tten
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- y wf
~

(~)
Öw

( 5.42)

n)

K IU*cl

exp (-

y wfn
~

~ (2.4 z/l c) n)
n = 1

K lu*d

n n~

This is ,equivalent to the constant stress layer decay rate multiplied
by an exponential decay rate that increases rapidly for z ~ 0 (lc/2.4).

The second decay factor in (5.39) is associated with the stability
parameter, so temperature and salinity induced stratification also

acts to reduce sediment concentrations above the mixed layer. In the

constant stress 1 ayer, l; c ~ z/l c' e 2.4 z/l c ~ 1, and the
second decay factor is the same as in (4.46). The mean sediment

concentrati on profi 1 e gi ven by (5.39) therefore is very simi 1 ar to
(4.46) in the constant stress layer.

5.1.6 Simplification of the stability parameter
The rapid decrease in mean sediment concentrations for z ) 0 (1/2.4)

c
suggests that suspended sediment may not affect the stabil ity

parameter in the upper Ekman layer. The vertical structure of the
stability parameter in the constant stress layer is governed by the

two factors in (4.51). The fi rst factor causes the stabi 1 i ty
parameter to increase wi th z whil e the second factor 1 imi ts the
growth, causi ng the stabi 1 i ty parameter to approach a constant as z
increases. When the additional decay rate above the constant stress
layer associated with the exponential term in (5.42) is included in

the stability parameter, however, the stability parameter decreases
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above the constant stress 1 ayer. Temperature and sal inity induced
stratification al so 1 imit the amount of sediment in suspension above
the mi xed 1 ayer, further reduci ng the suspended sediment contri buti on

to the stabil ity parameter. Suspended sediment induced
stratification therefore is expected to be negligible above the mixed
layer where stratification is dominated by temperature and salinity.

In the mixed layer, fluid density gradients are very small. While
uniform mixing of the Ekman layer requires a decrease in the mixed

layer fluid density with time, fluid density gradients and the induced
stratification are expected to remain small in this region.

Strati fi cati on in the mi xed 1 ayer therefore is expected to be
domi nated by suspended sediment.
It therefore is proposed that the stabi 1 i ty parameter gi ven by

(5.21) usually can be approximated by considering only the dominant
source of strati fi cati on in each regi on. Above the mi xed 1 ayer, R in

(5021) is assumed to include temperature and salinity stratification
only and can be written
( 5 . 43 )

N2

R = 'Jtc

~ 2
lu*c!

a ~c

I az

where 'Jtc is given by (5.12) and N is the Brunt-Vaisala frequency

defi ned as
a Pm
t~2 = -..
Pm

az

(5.44)
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Though any density distribution can be used to define the
Brunt-Vaisala frequency, approximating N as a constant above the

mi xed 1 ayer is suffi ci ent inmost cases. I n the mi xed 1 ayer, R is

assumed to be domi nated by suspended sediment induced strati fi cati on
and can be wri tten
_ L: g

'Jtc

n

R =

a Cnm

(5.45 )

az

~
a Uc

~ 2
IU*cl

Si nce N

(sn-l)

I--I

in ( 5 . 43) i s as sumed to be given, the i terati ve procedure to

-+ .

find l; above the mixed layer is to initially assume R=O, calculate

c

a u /az, and evaluate (5.43) to find the next guess for R. In

c

nm c
-+

(5.45), however, both a C /az and a u /az are unknown. The
iterative procedure to find l;c in the mixed layer is to initially
-+

assume R=O, calculate a Cnm/az and a uc/ az, and then evaluate

(5.45) to find the next guess for R. Because (5.45) has unknowns in
both the numerator and denomi nator, the convergence rate is much
slower in the mixed layer.

To improve the convergence rate, it is proposed that the stability
parameter can further be approximated in the mixed layer using the
-+

constant stress 1 ayer approximati ons to 'Jtc' - C i n Wi and - u I Wi
in (5.17). The resulting stability parameter can be written as
~

l; z = K I u*c I z
c = r

c

~ 4
IU*cl

( 5.46)
~ g (sn-l) Wfn Cmn

- 146 where Cmn is gi ven by (4.46).

Because (5.46) is independent of

-+

-+

a uc/az , gi ven

IU*cl' (5.46) and (4.46) can be solved

iteratively for l; in considerably less time than (5.21) and

c

(5.45). Using (4.46) of course wi 11 over-predi ct the sediment
concentrati ons above the constant stress 1 ayer, but sediment

concentrations in this region are usually insignificant for most

~

appl icati ons. Even though Cis overestimated above the constant
mn

stress layer, the local momentum flux p l-u'WII is also overestimated
-+

by the constant stress 1 ayer momentum fl ux p jU*c1. The stabil ity

parameter given by (5.46) and (4.46) therefore remains the correct
order of magni tude unless zm is very 1 a rge. Because it is most

important to properly model the stability parameter in the constant
stress layer where vertical gradients are large, using (5.46) rather

than the general i zed stabi 1 i ty parameter throughout the mi xed 1 ayer

has 1 i ttl e effect on the current profil es. Equati on (5.46) therefore
is a useful approximation for the stability parameter in the mixed

1 ayer.
5.1.7 Solution for the current
For a quasi-steady Ekman layer, equation (5.28) for the current
can be wri tten in component form as

(5.47)
- f v

c

a Pc a('J
a Uc
= -1
p -ax +az- tm
3Z-)
( 5 . 48 )

f Uc

1 a Pc a a Vc
= - P -- + ã- ('Jtm --)
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The current in the wave boundary 1 ayer is in the constant stress

layer where the stress divergence terms in (5.47) and (5.48) dominate

the pressure and Coriolis terms. Assuming the time average bottom
stress is in the x-direction, equations (5.47) and (5.48) for the
current in the wave boundary 1 ayer can be wri tten

'Jtcw

-

a Vc =

'Jtcw

z(

1~c1

az

and

(5.49 )

~ 2

a Uc =

Öw

(5.50)
z ( Öw

0

az

Usi ng (4.35) for the neutral eddy vi scosi ty and applyi ng the no sl ip
boundary condition at z , the solution for the current in the wave
o
boundary 1 ayer is as before

~ ).

(5.51)

Uc = i u*cl lu*cl z
1n

and

vc = 0

z ( Öw

K I~*cw I Zo
Above the Ekman 1 ayer, the stress di vergence terms are negl i gi bl e
and the current is in geostrophic balance with the pressure gradient,

- f v

g

=

f u =
g

----1 a Pc

p

ax

i a Pc

p

ay

( 5.52)
z ) Öc

( 5 . 53 )

z ) Öc

where (ug, vg) is the geostrophic current velocity and Öc is
the height of the current boundary 1 ayer. Making the usual boundary
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1 ayer assumpti on that the pressure gradients do not vary over the

depth of the Ekman layer, (5.52) and (5.53) can be used to rewrite
(5.47) and (5.48) as

- f (vc -g v)
a
- az

( 5. 54 )
('Jtm :z (uc - ug)J

( 5.55)

f (uc - Ug) - ~z ('Jtm :z (vc - vg)J

Equations (5.54) and (5.55) must be solved for the current velocity
in the regi on Öw ~ z ~ öc' The boundary condi ti ons on these

equations are that the current velocity approach the geostrophic
vel oci ty at the top of the Ekman 1 ayer

Uc ~ ug and v c ~ v g

( 5. 56 )

as z ~ Öc

and that the mean shear stress is conti nuous across the wave boundary

1 ayer

( 5.57)

au ~ 2 av

az az

'Jtm -E = I u*c I and 'Jtm -. = 0 at
z = ö

w

Because equations (5.54) and (5.55) subject to the boundary
conditions (5.56) and (5.57) must be solved numerically for the

general eddy diffusivity profile considered here, the equations and
boundary conditions will be rearranged into convenient forms for

numerical solution. The complex velocity w can be defined as

c g c g

w = (u - U ) + i (v - v )

( 5 .58 )
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and the eddy diffusivity can be written as
~

( 5.59)

'J tm = K I u*c I z F (z)

where
- 2.4 z/lc

F (z)

( 5 . 60 )

e

=

y + ß 1;c

The momentum equati ons (5.54) and (5.55) become
~

(5.61)

L Kc zlu*
F (z)I.. a- iw = 0

az f az

Öw ~ z ~ Öc

and the respective boundary conditions (5.57) and (5.56) become
-+

Z F (z) ~az
= IU*c
KI

( 5.62)

at z = Ö
W

and
w ~ 0

as z ~ Öc

( 5 . 63 )

Defining a non-dimensional vertical coordinate ç as

f
F; =

~

K ¡u*cl

( 5 . 64 )

z = z

~

equations (5.61), (5.62) and (5.63) can be written in the nondimensional coordinate system as
l- F; F (F;) aw - i w = 0

aF; aF;

wc

F; (F;(F;

( 5.65)
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( 5.66)

~

-=-

IU*c!

F; F (F;) aawF;

at F;

= F;

K

as F;

W ~ 0

W

( 5. 67)

~ F;c

where F;w and F;c are the non-dimensional wave boundary 1 ayer and

current boundary 1 ayer hei ghts defi ned as
F; w = öw/l c

( 5 . 68 )

F; c = ö /1 c

( 5.69)

and

Because the solution to (5.65) is expected to exhibit approximately
logarithmic behavior in the near bottom region, a new vertical
coordinate x is defined as

( 5.70 )

x= ln~=
Öwlni.
F; w
The momentum equation (5.65) and boundary conditions (5.66) and
(5.67) in the logarithmic coordinate system become

(5.71)

a 2w 1 a F a w . F; w eX
2 + F (x) ãX ãX - i F (x) w = 0
ax

Xw ~ x ~ Xc

( 5.72)

~

:~ = F t x) I u*c I

at x = x = 0
w

K

F; c

w ~ 0

asX~Xc=lnr
w

( 5. 73)

- 151 After transformati on, F (x) becomes

(5.74)

F (x) = exp (- 2.4 F;w eX)

i + ß l;c
Several forms for the stability parameter in (5.74) are available.

For the simplest case of a neutral Ekman layer, l; =0. In the most

c
general case when stratification is caused by temperature, salinity,

and suspended sediment throughout the Ekman 1 ayer, the stabi 1 i ty

parameter is

c ~ ß ~ ß ß

( 5.75)

l; = L (R - .1) + (i (R _ .1)2 + ~J1I2

where Rafter transformati on is gi ven by

R = K
~

w w

(ö eX)2 exp (- 2.4 F; eX)

IU*c I

(5.76)

n n w

(N2 - ¿ g (s -1) (ö l)-l

au 2 av 2 1/2

a Cnm

aXJ

((--)
(--) J
ax +ax

If the Ekman 1 ayer can be di vi ded into an upper 1 ayer where
strati fi cati on is domi nated by temperature and sa 1 i ni ty and a lower

mixed layer where stratification is dominated by suspended sediment,

R in the upper 1 ayer is found by negl ecti ng

n n w nm

¿ g (s -1) (ö eX )-1 a C /ax in (5.76) while R in the

mixed layer is found by neglecting N2 in (5.76). If only the
velocity profile and not the actual suspended sediment concentrations
are requi red above the constant stress 1 ayer, or if the constant
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stress layer and mixed layer heights are approximately equal, a

convenient approximation to the mixed layer stability parameter after
transformati on is
~

l;
c =zL = K IU*cl öweXn 1:
g (sn-l) wfn Cnm (x)
c

( 5 . 77)

~ 4

¡u*cl

The numerical impl icit difference method used to solve this boundary

va 1 ue problem is descri bed in Appendi x I.
If F (X) = 1, corresponding to a linear eddy viscosity profile

with no exponential modulation and no stratification correction, an

analytic solution to the above boundary value problem exists. Since
the momentum fluxes are being modeled by an eddy viscosity multiplied

by a vertical velocity gradient, it is most important to model the

eddy viscosity correctly where velocity gradients are large. For a
neutral flow, F (X) - 1 in the constant stress layer where velocity

gradients are large. F (x) is significantly less than i only in the
upper part of the Ekman 1 ayer where vel oci ty gradi ents are small.

The analytic solution for F (x) = 1 therefore is discussed here since
it is expected to exhibit the same qualitative features as the
numerical sol uti on for the general eddy di ffusivity profil e.

Assuming F (F;) = 1, the analytic solution to (5.65) is

( 5.78 )

w = A (Ber 2F;1/2 + i Bei 2F;1/2) + B (Ker 2F; 1/2 + i Kei 2F; 1/2)
which is similar to the wave solution in the wave boundary layer.
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Applying boundary condition (5.67) requires that A = O. The

resul ti ng sol uti on for the compl ex vel oci ty found by applyi ng

boundary condition (5.66) with F (F;) = 1 is
~

w =

Iu*c~wIKer
1: -221/2
1/2
2 1:2~1/2
++ ii Kei
Kerl
F;F;
1/2
Kei'
F; 1/2

w w

K

( 5.79)

where Ker, Kei, Kerl, and Kei i are zeroth order Kel vin functions and

their derivatives. Mathematically, w ~ 0 for values of F; between 2

and 4. Using the actual F (F;) instead of F (F;) = 1 will cause w ~ 0
for even lower val ues of F;.
Using the small argument approximations found in Abramowitz and
Stegun (1972) for the Kelvin functions in (5.79), the near bottom
complex velocity can be written

~ ( 5 . 80 )

I ~c I (1 n
( u - u ) + i (v - v ) = F; + 10 1544 + i ~ / 2 )

c g c g K

The geostrophic velocity can be found by matching (5.80) and (5.51)
at the top of the wave boundary layer. Solving for the geostrophic
velocity gives

~ ~
Ug

lu*cllu*cl
Öw
InK I~*cwl
zo

=

( 5.81)

~

IU*c1(ln F; + 1.1544)

K W

and
~

vg =

( 5. 82 )

_ I u*c I ~
K

2"
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Note that both ug and v g are properly scal ed by I u*c I and that
u also depends on the non-dimensional wave boundary layer height
g
F; w'

Using (5.81) and (5.82) for the geostrophic velocities, the near
bottom current velocities above the wave boundary layer are found
from (5.80) to be
~

( 5.83)

Uc = IU*c! ln L

K zoc

and

v = 0
c

where

-+ -+
zoc (öw)

(5.84)

1 - !u*c1 / IU*cw I

Zo = Zo
For F (F;) = 1, the Ekman layer velocity profile remains logarithmic

near the bottom wi th the same defi ni ti on of zoc as in the near
bottom model s. The definition of zoc is not expected to change
when ei ther the exponenti a 1 modul ati on or the strati fi cati on

correction is included in the eddy diffusivity profile since the
neutral eddy viscosity will still be approximately linear near the
bottom and stratification has not affected any previous definitions
of zoc'

5.1.8 Solution procedure
Because the Ekman layer model includes the effects of Coriolis
acceleration as well as temperature and salinity stratification, the

- 155 -

Coriolis parameter and the Brunt-Vaisala frequency are included as
-+
input variables. Using the master velocity and length scales I ubi

and Ab, the basic dimensionless input parameters for the Ekman
layer model are
~

¡Ur i zr ør,

~ Ab'

kb g Ab
A: ' -- ,
b IUb 12

\Ub I

f Ab
)-

N Ab

and

IUb I

)-

¡Ubi

-+

where IUrl is the current speed specified at any height zr and

-+ -+
6r is the rel ati ve angl e between ur and ub. If zr is in the

current constant stress layer, ør - øc' Coriolis acceleration,

however, causes turni ng of the current vel oci ty vector above the
constant stress layer, so ør ~ Øc in general. Since the current
velocity vector always turns toward the left in the Northern
Hemi sphere as the bottom is approached, the value of l is

c

r - r-

different for positive and negative values of ø. Therefore,
r
unlike Øc' ø must be specified in the range _900 (Ø (900.
The two new input parameters are the Cori 01 i s parameter and the BruntVai sal a frequency nondimensi onal i zed by the wave frequency. If
suspended sediment induced stratification is to be included,

additional dimensionless input parameters required for each sediment

cl ass are as before

sn' *n' n 0

S ((sn-l) 9 dnJl/2, and C m (z )
~

lubl

- 156 The iterati ve procedure used to sol ve the Ekman 1 ayer model

equations again is similar to the method described in Section 3.1.5.

-+ -+ -+ -+ must be found. The initial guesses for lual /luJ and 'c' as

In this case, however, both lual / ¡ubi and Øc are unknowns that

-+ -+

usual, are used to find Øc' ci, V2' fcw' I u*cl' IU*cwl'

w oc

ö , and z . The Ekman 1 ayer equati ons (5.71), (5.72), and
(5.73) along with the desired stability parameter profile are then

solved simultaneously for the current velocity profile. If the

cal cul ated current speed and di recti on at z do not match the known

r

-+

val ues of IUr I and ør, the procedure is repeated for new val ues

-+ -+
of ¡Ual /iubl and 'c' An efficient procedure to find the proper

-+ -+ -

values of IUal/ ¡Ubi and 'c is discussed in Appendix 1.

For a known stability parameter profile, the Ekman layer equations

(5.71), (5.72) and (5.73) must be solved numerically. For the
simplist case of a neutral Ekman layer, ~c = 0 and the Ekman layer

equations need only be solved once. If the general stability
parameter (5.75) with R given by (5.76) is used, however, an
iterative solution is required since the velocity gradients in (5.76)

are not known yet. Initially assuming l; = 0, (5.39) is evaluated

c

for the mean concentration profile, (5.71) is solved numerically for
the current velocity profile, and a new stability parameter profile

is found from (5.75) and (5.76). These steps are repeated until the

correc t stabi 1 i ty pa rameter profi 1 e is estab 1 i shed . For the
generalized stability parameter, this solution technique is a time
consumi ng process that must be repeated every time new val ues of
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-+ -+
¡Ual/ ¡Ubi and Øc are guessed. It therefore is desi rabl e to

simpl i fy the stabi 1 i ty parameter as much as possi bl e.

The stabi 1 i ty parameter is simpl ifi ed if the Ekman 1 ayer can be
di vi ded into an upper 1 ayer where strati fi cati on is domi nated by
temperature and salinity and a lower mixed layer dominated by
suspended sediment induced stratificati on. Because the Brunt-Vai sal a

frequency is given, the only remaining unknown in the stability
parameter in the upper 1 ayer is the current vel oci ty gradi ent. In

the mi xed 1 ayer, however, both the mean sediment concentrati ons and
the current velocity gradients in the stability parameter remain

unknown, so there is little improvement in the convergence rate for

the mixed layer stability parameter. If the constant stress layer
approximation for the stability parameter can be used in the mixed

layer, however, the stability parameter can be calculated independent

of the current velocity profile. Equations (5.77) and (4.46)

therefore can be sol ved for the stabi 1 i ty parameter as in Secti on
4.1.8 before the Ekman 1 ayer equations are sol ved numerically for the

current velocity profile. This method saves considerable time since

i terati ons are requi red to fi nd the stabi 1 ity parameter in the upper
1 ayer only.

5.2 Ekman Layer Model Runs
The Ekman 1 ayer model descri bed in the previ ous secti on was run

for three cases to illustrate how the Ekman layer velocity profile
depends on the assumed form of the eddy vi scosi ty. The effect of the
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exponential decay factor in (5.12) and the temperature and salinity

stratification correction in (5.75) and (5.76) are discussed. The
dimensionless input parameters listed in Section 5.1.8 required to
run the Ekman layer model are calculated using typical data collected
by Grant and Wi 11 i ams on the northern Cali forni a shelf.

-+
r r0r
-+

Typical condi ti ons for the wave are I ubi = 10 cm/sec and Ab = 25 cm

and for the current are iu I = 10 cm/sec and ø = 0 at z = 100 cm.
The physical bottom roughness is assumed to be kb = 6 cm. The

accel erati on of gravity and the Cori 01 is parameter are taken as
g = 980 cm/sec2 and f = 0.0001 rad/sec. The Brunt-Vaisala
frequency is assumed to be N = 3 cycl es/hour = 0.005 rad/sec above

the mixed layer height zm = 15 meters and N=O below zm' These
values are used to calculate the necessary dimensionless input

parameters. For comparison, the typical Ekman layer height during
the experiment was of order 40 meters.
For the fi rst model run, strati fi cati on was negl ected and the

linear eddy viscosity given by (3.24) was used. This corresponds to
the analytic solution (5.79) of the Ekman layer equations. The
resulting Ekman layer velocity profile and turning angle are plotted

in Figures 5.2 and 5.3. For comparison, the solution predicted by

the neutral near bottom model is also plotted in Figure 5.2. For
this case, the Ekman layer model predicted the wave boundary layer
hei ght to be ö = 4.8 cm. Insi de the wave boundary 1 ayer, the
w

current velocity profile is characterized by the maximum shear
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FIGURE 5.2
Current velocity profile predicted by the Ekman layer model with linear
eddy viscosity and no stratification (solid line) compared to the neutral
near bottom model (dotted line).
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viscosity and no stratification.
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velocity IU*cwl = 2.4 cm/sec and the physical bottom roughness

z = 0.2 cm. Above the wave boundary 1 ayer, the current is
o

-+

characterized by the shear vel oci ty iu*c! = 0.94 cm/sec and the

apparent bottom roughness z = 1.4 cm. From (5.11), the scale
oc
height of the Ekman layer is 1 = 38 meters. From (5.81) and

c

(5.82), the magnitude and turning angle of the geostrophic velocity
-+

is lUg I = 16 cm/sec and 9g = - 130. The current velocity profil e

approachs the geostrophi c val ues for z = Öc - 80 meters. The Ekman

1 ayer vel oci ty profi 1 e does not begi n to devi ate from the near bottom
model solution until z - 4 m. The predicted turning angle below this
height is less than 30. Coriolis acceleration therefore has little

heights less than z - 0.1 lc'

effect on the velocity profiles for

whi ch is taken as the approximate hei ght of the constant stress 1 ayer.

For the second model run, stratification again was neglected but
the eddy viscosity given by (5.12) that includes the exponential

decay factor was used. The velocity profile and turning angle
predicted by the Ekman layer model are plotted in Figures 5.4 and

5.5. For comparison, the velocity profile and turning angle
predicted using a linear eddy viscosity are also plotted. Because
-+

the current speed ~rl was speci fi ed well wi thi n the constant

r c

stress layer (z (0.1 1 ) where (5.12) is still approximately
linear, there is negligible change in the parameters associated with
the near bottom velocity profile and in the scale height of the Ekman

layer. In the upper Ekman layer, however, the reduced vertical
turbulent momentum transport requires a larger geostrophic velocity
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to give the same boundary shear stress. The magnitude and turning
-+

angle of the geostrophic velocity are IUgl = 17 cm/sec and 9g = _ 180.
The Ekman 1 ayer hei ght is reduced to ö = 50 meters, the vel oci ty

c
and turning angle at any given height is increased, and the velocity
overshoot at the top of the Ekman 1 ayer is increased. Even though
the neutral eddy viscosity in the upper Ekman layer is drastically
reduced by the exponential decay factor as illustrated in Figure 5.1,

the velocity profile is changed by less than 10 percent. The most
significant difference caused by the exponential decay factor is the

increase in the turni ng angl e.
For the final model run, temperature and salinity stratification

was included with the neutral eddy viscosity given by (5.12). The
resulting velocity profile and turning angle are plotted in Figures

5.6 and 5.7 along with the results of the neutral model run. Since
the current speed was speci fi ed below the mi xed 1 ayer height, the

near bottom flow field and the scale height of the Ekman layer are

the same. Because stratification inhibits vertical turbulent
transport, the geostrophic velocity again must be increased to give

the same boundary shear stress. The magnitude and turning angle of
-+

the geostrophic velocity in this case are IUgl = 17.5 cm/sec and

9 = - 140. The turning angle again is increased throughout the
g

Ekman 1 ayer, but since the Ekman 1 ayer hei ght is reduced to Öc - 40

meters, the turning angle for the geostrophic velocity is reduced.

The strati fi cati on correcti on in thi s case was of order 10 for

- 165 -

z - ~ and of order 1000 for z - öc. Even a stabil ity parameter
this large changes the velocity at any height by less than 10 percent.

The major effect of stratification in this case is to reduce the
Ekman 1 ayer hei ght.
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- 1686. MODEL COMPARISON WITH CONTINENTAL SHELF, BOTTOM BOUNDARY LAYER DATA
Two data sets have been selected for comparison with the bottom
boundary 1 ayer model. Both were obtai ned duri ng the recent Coastal Ocean

Dynamics Experiment (CODE) on the northern California shelf between Point

Arena and Poi nt Reyes. The two data sets cover forci ng condi ti ons from
strong winds to a design storm, allowing model comparisons for a wide

range of flows. The first data set, designated CODE-I, contains detailed

flow and support measurements made duri ng strong wi nd condi ti ons. The
second data set, desi gnated CODE Wi nter Storm has 1 ess detai 1 ed flow and

fewer support measurements, but covers a wi der range of condi ti ons

i ncl udi ng a severe storm. The CODE-I data is from measurements made by
Grant and Wi 11 i ams and the Wi nter Storm data is from measurements made by
Cacchione and Drake. The data comparison discussed here is described in

detai 1 in Grant and Gl enn (i n press).

6.1 CODE-I Data
A bottom boundary 1 ayer experiment was conducted at the CODE site

in early June, 1981 in approximately 100 meters of water. During the
experiment, the current speed and direction was variable while the long

waves driving the oscillatory flow were relatively constant southern

ocean swell. Because the near bottom flow was not strong enough to
significantly modify the sediment bed, the CODE-I data provides a test

of the wave-current i nteracti on independent of the flow-sediment i nter-

acti on for a range of rel ative wave-current strengths and di recti ons.

-169During the CODE-I bottom boundary layer experiment, near bottom
velocity profiles were measured using a vertical array of four
acoustic travel time current meters mounted 30, 55, 105, and 205

centimeters above the bottom on a tripod. Designed and built by
Williams and Koehler (in prep.), the current meters measured the
average vel oci ty over a 15 centimeter averagi ng 1 ength wi th a

precision of 0.3 cm/sec and a sensitivity of 0.06 cm/sec. A pressure
sensor mounted 200 centimeters above the bottom was used as an

independent measure of wave characteristics and to determine the

water depth. Transmi ssometers mounted 75 and 175 centimeters above
the bed were used to measure 1 i ght attenuati on. Thermi sters mounted

50, 100, and 200 centimeters above the bottom were used to measure

the near bottom temperature profile. A compass, pitch and roll

sensor, and a bottom locater were used to determi ne the tri pod
location and orientation. All instruments on the tripod were sampled
simul taneously at a rate of 5 hertz. Bottom characteristics were
determined from bottom photographs, box cores, and side scan sonar.

ern profiles within 0.5 meter of the bottom were systematically taken

at the tri pod 1 ocati on to determi ne dens i ty profi 1 es throughout the
bottom boundary layer. The low frequency characteristics of the flow
were determi ned by nearby vertical arrays of vector measuri ng current

meters and a nearby NBIS acousti c current meter located 2.5 meters
above the bottom.
Measurements from a typi ca 1 15 hour time peri od were sel ected for

detailed analysis and comparison with the bottom boundary layer
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model. The correspondi ng time seri es of flow speed and di recti on
(sampled at 1 hertz and averaged over 3.33 minute intervals) measured

by the NBIS acoustic current meter is plotted in Figure 6.1. During
thi s time peri od, thermi sters on the tripod and CTD profi 1 es

i ndi cated the exi stence of a di sti nct bottom mi xed 1 ayer of nearly

constant densi ty whi ch vari ed in thi ckness from 15 to 30 meters.
Transmi ssometers and bottom photographs indicated that 1 ess than 2

mg/l of sediment was in suspensi on. The extensi ve si de scan coverage
revealed no large scale topographic features on the bottom at the

tripod location. In this case, the time averaged, near bottom
velocity profile for a neutral, turbulent flow over a topographically
simple bottom is expected to follow a logarithmic velocity law of the

form

(6.1)
u = u* 1 n z - öD

K Zo

where u is the mean velocity, u* and z are the shear velocity
o
and bottom roughness for the mean flow, and öD is the di sp 1 acement

thi ckness as defi ned by Jackson (1981). Equati on (6.1) therefore can
be used to calculate u* and z from the mean velocity profiles
o
measured by the acoustic current meters at the CODE site and the
resul ts compared to val ues predicted by the bottom boundary 1 ayer

model.
Before calculating mean velocity profiles, the velocity data was
rotated for spectral analysi s into a standard turbul ent coordi nate
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FIGURE 6.1
Measured CODE-I current velocities. Upper plots are current speed and

di recti on measured by the NBIS acousti c current meter 2.5 meters above
the bottom (sampl ed at 1 hertz and averaged over 3.33 mi nutes for 15

hours). Lower plots are current velocity profiles with log z on the
vertical axis and current speed on the horizontal axis. Velocity
measurements made by the acoustic current meters 28, 55, 103, and 203

centimeters above the bottom and averaged over 9.33 mi nutes are i ndi cated

by the (+). Also plotted are the best fit straight lines by a least

squares linear regression. The approximate time locations of the
profiles are indicated on the speed plot.

-172system such that
~

u = (u + ul, Vi, Wi)

(6.2)

where u is the time average vel oci ty and u I, Vi, W i are the turbul ent
fluctuations. Spectral analysis of the resulting velocity time
seri es reveal s that it is composed of fl uctuati ons associ ated wi th

hi gh frequency turbul ence, surface waves, internal waves, and low
frequency currents. Because the flow was not stati onary over time

periods comparable to the internal wave period, the mean velocity in
(6.2) was calculated by averaging for a time significantly greater
than the surface wave period but significantly less than the internal

wave peri ode
To find the mean velocity profiles, the velocity data from the
acoustic current meters was time averaged and plotted on a semi-

logarithmic scale. The best fit straight line using a least squares
linear regression was drawn through the points and the regression
coeffici ent r was cal cul ated. To construct the semi -1 ogari thmi c

plots, however, a time averaging interval for the velocity data must
be selected and the average location of the bottom around the tripod

must be estimated. Several averaging interval s much greater than the
surface wave period, but much less than the internal wave period,

were used to calculate the mean velocities. Averaging intervals
between 9 and 14 mi nutes consi stently gave the hi ghest r val ues.

Longer interval s resul ted in lower r val ues due to the non-

stati onarity of the flow fi el d. Because many turbul ent eddies must

-173be averaged to establish a logarithmic velocity profile (Townsend,
1970), and because the swell had a beat period of about 2 minutes,

shorter averagi ng interval s al so resul ted in lower r val ues. A
conveni ent averagi ng interval of about 9.77 minutes therefore was

used for the profile analysis to maximize the correlation coefficient.

Due to the 1 oca 1 mi crotopography, the maximum uncertainty in the

average bottom 1 ocati on around the tripod was estimated from the
bottom locater and bottom photographs to be about 5 centimeters. The
velocity measurements therefore were shifted up and down within the 5
centimeter range to remove any curvature in the velocity profile.

The di spl acement thi ckness öD was estimated to be of order 1

centimeter. Because thi s is much 1 ess than the uncertai nty in the
bottom 1 ocati on, the zero shi ft introduced by the di spl acement

thickness can be neglected. Since the profiles were not very
sensitive to zero shifts, the current meter heights were chosen by
maximizing the regression coefficient for the best fit straight 1 ine

to the velocity profile. The final current meter heights assumed for
the profile analysis were taken as 28, 53, 103, and 203 centimeters
above the bottom; a zero shift of 2 centimeters.

After the appropriate time averages and zero shifts were applied,
velocity profiles with r2 ) 0.992 and no systematic curvature were

selected for comparison with the model. The selected velocity
profiles and the best fit straight lines are plotted in Figure 6.1.

Notice that the velocity profiles appear highly logarithmic. Because
internal waves could not be removed by the averaging process, profiles
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that passed thi s cri teri a correspond to time peri ods when the
internal waves had little effect on the velocity profiles.

Neglecting the displacement thickness, the velocity profile given

by (6.1) can be wri tten as
(6.3)

1 og z =2 .K3 u*

U + log zo,

which is the equation for a straight line on a plot of log z versus

u. The slope and z intercept of the best fit straight line to the

vel oci ty profi 1 es therefore can be used to determi ne u* and z .
o

The resul ti ng val ues of u*, z and the 95 percent confi dence
o

intervals calculated by this method are listed in Table 6.1. Because
only highly logarithmic (r2 ) 0.992) velocity profiles where chosen
for analysi s, the error bars on the u* and zo estimates are

reasonably small (of order 20 percent for u* and a factor of 2 for

zo)' Velocity profiles with smaller r2 values result in

excessively large error bars on the estimates of u* and zoo This
suggests that velocity profiles with values of r2 less than

approximately 0.99 may not be truly logarithmic and the logarithmic

profi 1 e techni que shoul d not be used to estimate u* and zo'
To establish that the selected profiles were measured in the

constant stress 1 ayer and can be consi dered 1 ogari thmi c, the i nerti al
di ssi pati on techni que descri bed by Deacon (1956) was used to
calcul ate an independent estimate of the shear stress. Because it is
relatively uncontaminated by the wave, Grant and Glenn (in press) use
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the Wi spectra calculated from the acoustic current meter velocity

data to estimate the shear vel oci ty at the hei ght of each current
meter. For those profiles that the inertial dissipation technique

was appl i ed to, calcul ated shear vel oci ti es at each current meter
height where within the error bars on the estimates from the velocity

profi 1 es and vari ed between adjacent current meters by 1 ess than 10
percent. This confirms that for the selected profiles (r2) 0.992),
the velocity measurements were made in the current constant stress
1 ayer and that the assumed 1 ogari thmi c form for the current vel oci ty

profi 1 e is consi stent.
To compare the values of u* and z calculated from the
o
velocity profiles to those predicted by the neutral near bottom
model, the four model input parameters
~

jUri zr tic,

-;'A:b

IUb j

k

and b

:ç

must be speci fi ed for the time peri ods associ ated wi th each profi 1 e.

The input current condi ti ons are taken as the average current speed
-+

IUr I measured by the current meter located at zr = 103 cm for

each time period. Assuming a normal distribution for the directional
spreading function (Borgman, 1976), directional wave spectra were
calcul ated from the pressure and the two hori zontal components of

velocity measured by the top current meter to determine the relative

direction of the current ø with respect to the wave. One
c

dimensi onal wave spectra cal cul ated from the pressure sensor and

- 1 77-

transformed by 1 inear wave theory also agree well with wave spectra

calculated from the current meters. While the velocity records
contained fluctuations associated with turbulence, surface waves,

internal waves, and currents, the pressure record was dominated by

the surface waves. Wave input conditions therefore were determined

from the pressure record.
A typical pressure record is plotted in Figure 6.2. The wave
period is observed to be approximately constant while the amplitude

varies over a beating period of about 2 minutes. By keeping track of
zero crossi ngs in the pressure records, the average wave peri od was

calculated for each profile. Water depth was calculated from the

average pressure. Linear wave theory and the maximum pressure
-+
difference then was used to cal cul ate IUbl
and Ab. For

compari son, the period and pressure di fference was found for each
-+

wave so that lubl and Ab could be calculated on a wave by wave
basi s. The neutral near bottom model was run for each wave and the
resulting values of the shear velocity and bottom roughness were

averaged together. Compared to the shear vel oci ty and bottom
roughness calcul ated from the mean period and maximum pressure

difference, the average values calculated using the wave by wave
approach Changed the shear velocity by about 10-20 percent and the
bottom roughness by about 20-40 percent, havi ng 1 ittl e effect on the

velocity profile. This result is expected since the wave envelope is

rel ati vely fl at. The average wave period and the maximum pressure
-+
difference therefore was used for simpl i ci ty to cal cul ate I ubi
and

a:
a.

W

CJ
CJ

:i

w
a:

'-a.

CJ

-c:

..

153.0

A

1

case corresponds in time to profi 1 e d.

Typical CODE-I pressure record measured 2 meters above the bottom. This
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-179Ab for the model comparison.
The rema i ni ng input condi ti on that must be speci fi ed is the

physi cal bottom roughness kb. Bottom photographs and box cores at
the CODE site duri ng the experiment reveal that the bottom was hi ghly

bioturbated and sediment transport was negligible. The physical
bottom roughness associated with the animal generated mounds and
furrows therefore is expected to be constant and can be estimated by
the method discussed in Section 3.2.2 for general distributed

bedforms. The observed bed features were about 1-4 centimeters hi gh
and spaced about 10-20 centimeters apart. The roughness 1 ength Zo

associated with the bedforms is estimated from (3.66) to be in the

range

(6.4)

Zo - kh (kh/kL) - (0.1 - 0.5) cm.

The near bottom model was run for di fferent val ues of z in thi s
o
range. A value of Zo = 0.2 cm was selected for the model
compari son and hel d constant for all fi fteen profil es.

The input parameters for the neutral near bottom model runs are

listed in Table 6.1. In all cases, the wave boundary layer was found
to be less than 5 centimeters thick, well below the lowest current

meter. The scale height of the Ekman layer, calculated using (5.11)
and f = 9xlO-5 is found to be of order 20-40 meters, so the current

meters were within the predicted constant stress layer height of 2-4

meters. The parameters u* and z in (6.3) calculated from the
o

-+

velocity profiles therefore correspond to the model parameters IU*cl

- 180and z in equation (3.59) for the current velocity above the wave

oc

-+

boundary layer. The predicted values of IU*cl and zoc also are
listed in Table 6.1.

The values of u*, zo' and the 95 percent confi dence i nterva 1 s
estimated from the velocity profiles are plotted in Figure 6.3. Also
-+

plotted are the val ues of IU*c I and zoc predi cted by the neutral

near bottom model. The predicted shear velocity generally was within
10-15 percent of the estimated shear velocity and within the 95

percent confi dence interval s. Though estimates of the apparent
bottom roughness from velocity profiles are inherently noisy, the
model predictions are again in good agreement with the estimates.
The constant physi cal bottom roughness z = 0.2 is usually well
o

below the error bars on zoc' Because the side scan indicated there
were no 1 arge scale topographi c features, the increased magni tude and

variabil ity of the apparent bottom roughness cannot be explained by

upstream topography and vari abl e current di recti ons.
The usual nonlinear drag law used on the continental shelf to

predi ct the bottom stress is
T = P CD (ulOO)

2

(6.5)

where CD is the drag coefficient and ulOO is the current velocity

1 meter above the bottom. The drag coefficient is usually assumed to

be constant and equal to 1.5 x 10-3. The shear velocity was
calculated from (6.5) using CD = 1.5 x 10-3 and the current

measured at zr = 103 centimeters for ulOO' For compari son, the
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FIGURE 6.3

CODE-I data/model compari son, shear vel oci ty and bottom roughness
estimated from measured vel oci ty profjl es and predicted by the neutral

near bottom model. Also shown is the shear velocity calculated from
(6.5) with CD = 1.5 x 10-3.

-182resulting values of u* are plotted in Figure 6.3. Not only is it
immediately obvious that this drag coefficient is too low, but even

if CD is arbi trari ly increased, a constant drag coeffi ci ent sti 11
does not predict the observed variability in the shear velocity. The

only remai ni ng physical process that can account for the magnitude
and variability of the estimated shear velocity and apparent bottom

roughness is the surface waves. The ability of the neutral near
bottom model to predict the observed values within the estimate error
bars is strong support for the theoretical approach used to model a
combi ned wave and current flow fiel d. The actual drag coeffi ci ent

cal cul ated from the measured vel oci ty at z = 103 centimeters and

r

the value of u* estimated from the profiles is listed in Table 6.1.
CL early, the drag coeffi ci ent must be allowed to vary to refl ect the

i nfl uence of the waves when stress estimates are made on the

continental shelf.

6.2 CODE Winter Storm Data

Because there was 1 i ttl e sediment transport associ ated wi th the
CODE-I data analyzed in the previous section, confidence was gained
in the wave-current interaction portion of the theory independent of

the flow-sediment i nteracti on. During the 1981 wi nter storm at the
CODE site, however, significant sediment transport was nbserved. The
CODE Wi nter Storm data coll ected by Cacchi one and Drake therefore can

be compared to the model for the full wave-current-moveabl e bed

i nteracti on.

- 183-

Data both before and duri ng the storm was analyzed to provi de a
wide range of flow and sediment transport conditions for comparison.

Before the storm, waves and currents were rel atively weak, 1 i ttl e
sediment transport occurred, and the bottom micro-topography was

similar to the CODE-I animal generated bedforms. During the storm,

strong flow condi ti ons caused intense sediment transport and wave
generated ri ppl es domi nated the bottom mi cro-topography.
A detailed description of the data collected during the winter
storm usi ng the USGS GEOPROBE tri pod can be found in Cacchi one et al.

(in prep.). Using a vertical array of electromagnetic current

meters, the GEOPROBE measured the two components of hori zonta 1
velocity 20.3,51.4,66.7, and 98.4 centimeters above the bottom.

Pressure, temperature, and 1 i ght transmi ssi on were al so measured 2
meters above the bottom. Every two hours, the GEOPROBE coll ected 272
seconds of data sampl ed at 0.5 hertz and took a bottom photograph.

Box cores, water sampl es, hi gh frequency sei smi cs, and an underwater
television camera were also used to define the bottom and suspended
sediment characteristics.

The CODE Winter Storm data was analyzed similar to the CODE-I
data. Mean velocity profi 1 es were found by averagi ng the current

meter data over each 272 second burst and pl otti ng the resul t on a
semi -1 ogari thmi c scal e. Only data from the lowest three current
meters was used si nce the top current meter was not functi oni ng

properly duri ng the storm. Astra i ght 1 i ne was fi t to the data by a
1 i near 1 east squares regressi on and the regressi on coeffi ci ent was

- 184calculated. As with the CODE-I data, the uncertainty in the average
bottom 1 ocati on around the GEOPROBE was assumed to be 5 centimeters,

again, much greater than the displacement thickness. The data
therefore was zero shi fted in the 5 centimeter range to maximi ze the

regression coefficients for the best fit straight line. The final
hei ghts above the average bottom adopted for the lowest three current

meters were 17.8, 48.9, and 64.2 centimeters, a zero shift of 2.5

centimeters.
From the data suppl i ed by Cacchi one and Drake, 17 profi 1 es wi th
high regression coefficients (r2) 0.99) were selected for further
analysi s. Three of the profil es are from data bursts measured

approximately 12 hours before the storm (hours 43-47) and 14 profi 1 es
are from data bursts measured during the storm (hours 57-83). The
estimates of u* and Zo calculated from the best fit straight
lines to these profiles are listed in Table 6.2 along with the 90
percent confi dence interval s and the regressi on coeffici ents.

Suspended sediment concentrati ons measured by the transmi ssometer 2
meters above the bottom also are 1 i sted in Table 6.2. Even du ri ng

the storm peak (hours 65 and 67) when suspended sediment
concentrati ons were 1 a rgest, the hi gh regress; on coeffi ci ents

indicate that the velocity profiles were highly logarithmic. This
suggests that suspended sediment induced stratification, which is

expected to cause curvature in the velocity profiles, is not
significant in the region measured by the GEOPROBE.

Because all 17 vel oc i ty profi 1 es appear 1 oga ri thmi c, the data wi 11
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- 186be compared to the neutral near bottom model initially. As before,
input parameters for the neutral model are
~

IUrl
~

Zr

'A:'
b

lc, and kb

A:
.
b

IUb I

Current conditions for the model runs are specified by the current
-+

speed IUrl measured by the middle current meter at zr = 48.9

centimeters. As with the CODE-I data, linear wave theory and the
-+

pressure records were used to calculate the wave conditions ¡Ubi
and Ab from the average wave peri od and the maximum pressure

difference. Because the burst sampl es were so short, the rel ati ve
di recti on of the current wi th respect to the wave ø coul d not be
c

determi ned by the di recti onal spectral analysi s techni que used for
the CODE-I data. Instead, a hi stogram of the wave direction was made

for each crest and trough in the velocity record. The peak in the
histogram was taken as the direction of the wave, which was compared
to the di recti on of the current to fi nd ø. For all 17 1 ogari thmi c

c

vel oci ty profi 1 es, the peak in the wave di recti on hi stogram was
narrow and well defined. The non-logarithmic velocity profiles
(hours 49-55) correspond to data bursts with little or no peak in the

wave di recti on hi stogram, suggesti ng that other physical processes
may be i nfl uenc i ng these vel oc i ty measurements. The rema i ni ng
parameter that must be specified to run the neutral near bottom model
is the physi ca 1 bottom roughness kb.

Before the storm, bottom photographs indicated that the bottom was

-187covered with animal generated mounds and furrows as at the CODE-I
site. Box cores al so indicated that the same types of animal s were
present at each si te. The constant physi ca 1 bottom roughness used in

the CODE-I data analysis, z = 0.2 centimeters, therefore was used
o

for pre-storm model runs when 1 i ttl e sediment transport was

observed.
During the storm, the boundary shear stress was sufficient to
erode the bioturbated sandy-si 1 t bottom and force 1 arge amounts of

si 1 t into suspensi on.. Bottom photographs, however, reveal that fi ne

sand was transported mainly as bedload because ri ppl es were observed
to form. The physi cal bottom roughness duri ng the storm therefore

will be calculated using the expressions developed by Grant and

Madsen (1982) for the roughness associ ated wi th rippl es and near bed

transport.
Additional nondimensional input parameters required to calculate
rippl e geometry or the hei ght of the near bed transport 1 ayer are

d

~ ' s, S* and
b

((s-l) gdJ1/2
~

¡Ubi

From box cores, the sediment was found to have a bimodal si ze
distribution with a primary peak at about d = 0.003 centimeters
(silt) and a secondary peak at about d = 0.01 centimeters (fine

sand) . Assumi ng the fi ne sand domi nates the ri pp 1 es and near bed
transport, d is taken as 0.01 centimeters. Assuming the fine sand is

quartz, s = 2.65. For the observed bottom temperature of about

-188T = 12°C, the kinematic vi scosity of seawater is approximately

'J = 0.013 cm2/sec and (3.63) gives S* = 0.773.
Which form is used for the physical bottom roughness in the model
runs.

depends on the relative values of the maximum Shields parameter

based on skin friction ~I , and the critical Shields parameter for
m

initiation of motion ~c' For S* = 0.773, Shields diagram gives

~ = 0.11 for an aseptic sediment. Grant et ale (1982) show that a
c

factor of two increase i n ~ c . can occur in fi ne sand due to adhesion
induced by benthic organi sms. Si nce the sediment around the GEOPROBE

was highly bioturbated, the critical Shields parameter is expected to

be in the range 0.11 ( ~c ( 0.22.
For hours 43-47, the model was run assumi ng z = 0.2
o

centimeters. For these cases, it was found that ~I was well below
m

the assumed range for ~. For hours 63-83, the model was run
c
assumi ng the bottom roughness was due to rippl es and near bed

transport. For these cases, it was found that ~I generally was
m

well above the assumed range for ~c' Since ripple geometry and the
hei ght of the near bed transport 1 ayer al so depend on ~ , the

c

actual value of which is unknown, the model was run for different

values of ~c within the expected range. Although the model agreed

well with the data for all values of ~ in this range, the
c
agreement was best for a 20 percent increase in the aseptic val ue of

Shields parameter to ~ = 0.13. This increase approaches the error
c
bars on ~ for 1 aboratory studi es of asepti c fi ne sand as found by

c

Grant et ale (1982).

- 189For hours 59-61, the model was run for both types of bottom

c c

rouyhness. The value of ~I in both cases was in the expected
m

range for ~ , but was above the value ~ = 0.13 assumed for hours
-+

63-83. The predicted val ues of I u*cl and z agreed with the
oc

profi 1 e estimates best when the bottom roughness was based on
z = 0.2 cm for hour 59 and on ripples and near bed transport for
o
hour 61. Because hour 59 agrees better wi th the pre-storm
conditions, the critical Shields parameter for the fine sand may have
been as much as twice the aseptic val ue before the storm. The storm

flow condi ti ons, however, were strong enough to mi x the sediment and
disturb the biologically induced adhesion, probably causing the

critical Shields parameter to approach, with time, the aseptic value
for the fi ne sand.
-+

The values of lu*cl and zoc predicted by the model are'listed

in Table 6.2. Predicted ripple geometry is also listed for the storm
-+

conditions. For comparison, the model predictions of lu*cl and

z and the profile estimates are plotted in Figure 6.4. Even

oc

though the data was sampl ed for a rel atively short time and only

three velocity measurements were used to define the profil es, the

regressi on coeffi ci ents were high enough that reasonabl e error bars
could be placed on the estimates. Since the model predictions
generally are within the 90 percent confidence intervals for both the

pre-storm and the design storm condi ti ons, thi s model compari son is

strong evi dence for the appl i cabi 1 i ty of the theory to a wi de range

of conditions on the continental shelf.
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FIGURE 6.4
CODE Winter Storm data/model comparison, shear velocity and bottom

roughness estimated from measured vel oci ty profi 1 es and predi cted by the
neutral near bottom model.
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Si nce sediment concentrations were al so measured by a
transmi ssometer 2 meters above the bottom, a model compari son coul d

be attempted for the stratified near bottom model. Initial runs of
the stratified model indicate that even for the high flow conditions,

the larger fine sand concentrations decrease rapidly above the bottom

while the silt is mixed almost uniformly throughout the near bottom

flow field. Neither type of sediment is predicted to affect the flow
measured by the GEOPROBE because too 1 i ttl e fi ne sand is in

suspension and the silt is uniformly mixed.
The strati fied model predicts that sediment concentrati ons

measured by the transmissometer are dominated by the silts, which

have a fall velocity of order 0.05 cm/sec. Since the silts can be
suspended very high in the water column, the sediment concentration

profile takes considerable time to adjust to changing conditions as
it is advected long di stances by the mean current. Because advecti on

of the si 1 t coul d be an important factor in determi ni ng the sediment
concentration measured by the transmissometer, local flow conditions

may not be the domi nant i nfl uence. Except for the storm peak (hours
65 and 67), changes in the value of the skin friction, which controls
local resuspension and deposition of sediment, are not at all

correlated with changes in the measured sediment concentration.
Therefore, to try to mi nimi ze the effect of advecti on, only hours 65

and 67 will be compared to the stratified model.

Consi deri ng that the importance of advecti on is unknown and that
for mixtures of fine sediments, transmissometer data is not an

-192accurate measure of sediment concentrati ons, the sediment wi 11 only

be divided into two size classes corresponding to the peaks in the

si ze di stri buti on. The sediment is assumed to be 20 percent fi ne
sand (d = 0.01 cm, s = 2.65) and 80 percent silt

(d = 0.003 cm, s = 2.65). Assuming a typical porosity of the bed of
about 0.4, the bed concentration for the fine sand is 0.12 and for

the silt is 0.48. The actual value of the critical Shields
parameter, however, is unknown. It therefore is assumed that ~ c

before the storm is twice the aseptic value given by Shields diagram

and that sediment does not begi n to approach the asepti c ~ c unti 1
it has been eroded from the bed at 1 east once. Si nce hours 65 and 67

correspond to increasing flow conditions early in the storm when
sediment was actively bei ng eroded from the bed for the fi rst time,

~c is taken as twi ce the asepti c value for the model runs.
Si nce the concentrati ons were measured at one hei ght only, the

stratifi ed model can be used to determi ne the reference concentrati on

constant by matchi ng the observed concentrati ons. For these
conditions and a value of Yo = 0.0005, the concentration predicted

by the model for hour 65 is sl i ghtly low (3 x 10-5) and for hour 67

is sl i ghtly hi gh (6 x 10-5). The effect of strati fi cati on on
-+

IU*cl and zoc' however, is predicted to be negligible. Even when
the critical Shields parameters are assumed to be 20 percent above
the aseptic values and the adopted value for the reference
concentrati on constant y = 0.002 is used, the predicted val ue of
o
-+

IU*c iis changed by only 5 percent and zoc by only 10 percent.

-193Though the predicted sediment concentrati ons are a factor of 10 too

hi gh, thi s is not excessi ve consi deri ng the many assumpti ons and that
the reference concentrati on negl ects the effect of armori ng on the

bed. At a hei ght of 2 meters, the si 1 t concentrati on is an order of
magni tude greater than the fi ne sand concentrati on. Armori ng of the

bed by the fine sand will reduce the amount of silt available for
resuspensi on, thereby reduci ng the si 1 t concentrati on at 2 meters.

For either value of Yo or ~c' the suspended sediment

strati fi cati on correcti on is consi dered to have a negl i gi bl e effect
on the CODE Winter Storm velocity profiles. It therefore is
consistent with the stratified model results to assume that the

measured velocity profiles are logarithmic and that the profile
techni ques can be used to estimate u* and Zo for compari son wi th

the neutral model.
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The continental shelf bottom boundary layer model developed here

consi ders the i nteracti on of waves, currents, and a moveabl e bed in a
stratified Ekman layer. A physical description of these processes and
how they affect the structure of the bottom boundary 1 ayer was presented

in Chapter 2. The small scale of the wave boundary layer nested within
the Ekman 1 ayer resul ts in a 1 arge boundarY shear stress, increasing the

vertical turbulent transport of mass and momentum. Marine organisms and
changing flow conditions can significantly modify a moveable .sediment

bed, changing the physical roughness of the bottom. Stable stratification

associ ated wi th sediment suspended by the flow or wi th verti cal fl ui d
densi ty gradi ents can modi fy the flow by i nhi bi ti ng verti ca 1 turbul ent
transport. Mathematical model s for the bottom boundary 1 ayer that

i nc 1 uded these phys i ca 1 processes were developed in Chapters 3, 4, and 5.
The neutral, near bottom model developed by Grant and Madsen (1979)
adopts a quadratic drag 1 aw for the boundary shear stress that depends on
a combi ned wave and current fri cti on factor and on the instantaneous wave

plus current velocity. The time average shear stress, the gradient of
which balances the forces driving the current, therefore is enhanced by

the wave. The unsteady momentum equati on is sol ved usi ng a time
invariant eddy viscosity that varies linearly with distance from the
bottom and depends on the characteristic shear velocity in each boundarY

layer. The characteristic shear velocity is assumed to depend on the
maximum shear stress in the wave boundary 1 ayer and the time average

shear stress above the wave boundary layer. The increased turbulent

-195transport in the wave boundary 1 ayer causes the current above the wave
boundary 1 ayer to feel a 1 arger apparent roughness that depends on the

wave characteristics as well as the physical bottom roughness. The
neutral near bottom model can be ijsed to predict wave and current

velocity profiles in the current constant stress layer in the absence of
strati fi cati on.

The stratified near bottom model is an extension of the neutral

model, developed by i ncl udi ng the effect of suspended sediment induced
stratification in the eddy diffusivity closure scheme. The unsteady

conservati on of fl ui d momentum and sediment mass equati ons, which are
coupled through the stability parameter, were solved simultaneously for
the wave velocity, current velocity, and sediment concentration profiles

in the current constant stress layer. Suspended sediment induced
stratification, which does not directly affect the wave for most
condi ti ons on the shelf, is found to increase the sediment concentrati on

vertical decay rate and, for a given shear vel oci ty, increase the shear

in the current vel oci ty profi 1 e. A strati fi ed current therefore requi res
a lower shear velocity to match a known velocity at a given reference
hei ght. As a resul t, current vel oci ti es below the reference hei ght and

the skin friction are reduced by stratification. The effects of the
stratification correction, which are most pronounced during storm flows

when suspended sediment concentrations are largest, are found to be
highly dependent on the sediment fall velocity.

To calculate velocity and sediment concentration profiles, the

physi cal bottom roughness and reference concentrati on must be speci fi ed.
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The bottom roughness of a moveable bed depends on both the flow and the

sediment conditions. When the maximum Shields parameter based on skin
friction is below critical and there is little sediment transport, the
bottom roughness is usually associated with biologically generated
bedforms and is calculated by the method described by Grant and Glenn (in

press). When the ski n fri cti on is above cri ti ca 1 and the bottom
roughness is associated with wave generated ripples and near bed
transport, the method developed by Grant and Madsen (1982) is used to

calcul ate the bottom roughness. The bottom roughness is found to be
dominated by ripples when the skin friction is below the breakoff point
and is dominated by near bed transport when the skin friction is well

above the breakoff point. The equations for rippl e geometry and the
hei ght of the near bed transport 1 ayer were developed for homogeneous

sands and have not yet been general i zed to sediment mi x ture s. The
instantaneous sediment reference concentrati on was assumed to be
proporti onal to the instantaneous normal i zed excess ski n fricti on when

the skin friction is small, but is limited to not exceed the bed
concentrati on. Thi s reference concentration model does not incl ude the

effect of armoring, which may be important for some sediment mixtures.
The mean reference concentrati on is then found by averagi ng the

instantaneous reference concentrati on over a wave period.
The near bottom model s were extended to the full Ekman 1 ayer by
adopti ng Long iS (1981) Ekman 1 ayer model. Thi s model i ncl udes the effect

of Coriolis acceleration in the momentum equations and uses a generalized
eddy viscosity and stability parameter that includes temperature and

~

-197salinity induced stratification to solve the resulting equations.

Cori 01 i s accel erati on causes the current vel oci ty vector above the
constant stress layer to turn to the right with distance from the bottom

in the Northern Hemisphere. The generalized neutral eddy viscosity
reduces the Ekman 1 ayer hei ght, increases the overshoot in the current

velocity profile, and increases the turning angle. The major effect of

temperature and sal i ni ty strati fi cati on is to further reduce the Ekman
1 ayer hei ght. The sol uti on for the Ekman 1 ayer model and the near bottom

models are identical in the current constant stress layer.
The Ekman

1 ayer model assumes that as the top of the Ekman 1 ayer is

approached, the eddy viscosity approaches zero and the current velocity

approaches the i nvi sci d geostrophic core velocity. In the depth 1 imited
case or duri ng storms, a geostrophi c core may not exi st because the

surface Ekman 1 ayer and the bottom Ekman 1 ayer overl ape The best method
to couple the two Ekman layers and to match the eddy viscosity profiles
in the overlap region has not been established.
As shown in the exampl es di scussed in Chapters 4 and 5, the structure

of the bottom boundary 1 ayer is highly dependent on the wave, current,

sediment, and fluid density characteristics. Velocity profiles predicted

by the model are compared to the best avai 1 abl e conti nental shel f bottom
boundary layer data. The agreement between the model predictions and the
data is strong support for the approach used to model the wave-current
interacti on and the physical bottom roughness. Even though 1 arge
suspended sediment concentrati ons where observed during the CODE Wi nter

Storm experiment, the strati fi ed near bottom model predicted that the

-198sediment fall velocity was too small to effectively stratify the flow

fi el d measured by the GEOPROBE. Because the measured vel oci ty profi 1 es
are highly logarithmic and show no signs of the curvature characteristic
of a strati fi ed flow, the Wi nter Storm data agrees well with the model

predi cti ons. Though thi s is not consi dered the best test of the
stratification correction, it is the only storm data available at this

time.
The near bottom models and the Ekman layer model discussed in

Chapters 3, 4, and 5 were developed using an eddy viscosity profile that
was 1 i near in the wave boundary 1 ayer and di sconti nuous at the top of the

wave boundary layer. A possible improvement in these theoretical models

woul d be the use of a more physically real i stic continuous eddy vi scosi ty
profile. A continuous profile that is judged to be physically reasonable

is used in Appendi x I I to solve the governi ng equati ons. The shear
velocity for the current and the apparent bottom roughness predicted
using the continuous eddy viscosity profile are still within the error
bars on the val ues estimated from the CODE- I data and the CODE Wi nter

Storm data. Because changes in the physi cal bottom roughness and the
reference concentration within the error bars on these parameters have a
greater effect on the predi cted shear vel oci ty and apparent bottom

roughness than the adoption of a continuous eddy viscosity profile, the
simpler linear eddy viscosity was used for the data comparison presented
here. Because the suspended sediment induced stratification correcti on
is neglected in the wave boundary layer, there is no theoretical

inconsistency preventing the use of the linear eddy viscosity profile in
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the wave boundary layer, it would be inconsistent to use the simple linear
eddy viscosity since the stratification correction must be applied to the

proper neutral profile. For this reason, it was necessary to adopt the
modul ated neutral eddy vi scosi ty in the upper Ekman 1 ayer where

temperature and salinity induced stratification can be significant.

Though the theoretical model presented here has been compared to the
highest quality data available for a wide range of flow conditions,

additional comparisons with combined wave and current data are necessary
to gai n further confi dence in the model. Measurements duri ng storms over

beds with larger sediment (fine and medium sands) for uniform sediments

and for sediment mixtures are required for comparison with the predicted

ri ppl e geometry, physi cal bottom roughness, reference concentrations, and
suspended sediment induced strati fi cati on correcti on. Measurements made

above the current constant stress 1 ayer coul d be used to establ ish the
validity of the Ekman layer model and help determine how the surface and
bottom Ekman 1 ayers are coupled. The effects of bi oturbati on on the

bottom sediment, inCluding the initiation of motion criteria and the

physical bottom roughness shoul d be studi ed in greater detai 1.
Laboratory measurements within the OSCillatory boundary layer of a
combi ned osci 11 atory and steady flow coul d be used to hel p determi ne the

best form for the eddy vi scosity profil e wi thi n the wave boundary 1 ayer.

Clearly, the need exists for new high quality laboratory and field data

on combined wave and current flows over a moveable bed. The excellent
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agreement between the theoreti cal model developed here and avai 1 abl e data
is encouraging and hopefully will inspire future field and laboratory
experiments to further test and improve thi s model.

-201REFERENCES

1. Abbott, M.B. (1979) Computational Hydraulics, Fearon-Pitman, Inc.,
Belmont, CA, pp. 324.

2. Abou-Seida, M.M. (1965) IIBed Load Function due to Wave Action,1I U.
of Cal., Berkeley, Hydraulic Engineering Lab., Rep. HEL-2-1l, 78pp.

3. Abramowitz, M. and I.A. Stegun (1972) Handbook of Mathematical
Functions, National Bureau of Standards Applied Math Series, No. 55,
pp. 1046.

4. Borgman, L.E. (1976) IICoastal Wave Hydrodynamics, Theory and
Engineering Applications,1I MIT Sunier Course.

5. Businger, J.A. and S.P.S. Arya (1974) IIHeight of the Mixed Layer in
the Stably Stratified Planetary Boundary Layer,1I Advances in

Geophysics, Academic Press, New York, pp. 73-92.

6. Businger, J.A., J.e. Wyngaard, Y. Izumi and E.F. Bradley (1971)
IIFlux-Profile Relationships in the Atmospheric Surface Layer,1I

J. Atm. Sci., 28, pp. 181-189.

7. Cacchione, D.A., D.E. Drake, W.D. Grant, and S.M. Glenn, liNear
Bottom Flow Measurements in a Wi nter Storm on the Northern

Cal i forni a Shel fll (i n preparati on) .
8. Carnahan, B., H.A. Luther and J.O. Wilkes, (1969) Applied Numerical
Methods, John Wiley and Sons, Inc., New York, pp. 604.

9. Carstens, M.R., R.M. Neilson and H.D. Altinbilek, (1969) IIBed forms

generated in the 1 aboratory under oscill atory flow: Analytical and
experimental study,1I Tech. Memo., 28, U.S. Army Corps of Eng.,
Coastal Eng. Res. Center.

-20210. Dahlquist, G. and A. Bjorck (1974) Numerical Methods, Prentice-Hall,
Inc., Englewood Cliffs, N.J., pp. 573.
11. Deacon, E. L. (1959) "The Measurement of Turbul ent Transfer in the

Lower Atmosphere," Advances in Geophysics, Vol. 6, Academic Press,
pp. 211-228.

12. Ellison, T.H. (1956) "Atmosphere Turbulence," in Batchelor, G.K. and
R.M. Davies (eds.), Surveys in Mechanics, Cambridge University
Press, pp. 400-30.

13. Grant, W.D. (1977) "Bottom Friction Under Waves in the Presence of a

Weak Current: Its Relationship to Coastal Sediment Transport,"
Sc.D. Thesis, 275 pp., Massachusetts Institute of Technology,
Cambri dge, MA.

14. Grant, W.D. and O.S. Madsen (1979) "Combined wave and current
interaction with a rough bottom," Journal of Geophysical Research,
84, (C4), 1797-1808.

15. Grant, W.D. and O.S. Madsen (1982) "Moveable bed roughness in
unsteady oscillatory flow," Journal of Geophysical Research, 87,
(C1), 469-481.

16. Grant, W.D., L. Boyer and L.P. Sanford (1982) "The Effect of

bi oturbati on on the i ni ti ati on of moti on of i nterti dal sands," J. of
Marine Research, 40 (3), pp. 659-677.

17. Grant, W.D. and S.M. Glenn (in press) "Continental Shelf Bottom
Boundary Layer Model, Vol. I I: Model/Data Compari son," WHOI

Technical Report, pp. 62.

- 203REFERENCES (cont.)

18. Grant, W.D., O.S. Madsen, and T.A. Stefanick "Prediction of bed
forms in oscillatory flows," (in prep).

19. Hildebrand, F. (1965) Calculus for Applications, Prentice-Hall,
Inc., Englewood Cliffs, N.J., pp. 646.

20. Hinze, J.O. (1959) Turbulence, McGraw-Hill, New York, 586 pp.

21. Hunt, J.N. (1954) "The turbulent transport of suspended sediment in
open channel s," Proc. Roy. Soc. London A 224, pp. 322-335.

22. Hunt, J.N. (1969) "On the turbulent transport of a heterogeneous
sediment," Quart. Jour. Mech. and Appl ied Math., 22, (2), pp.

235-246.
23. Inman, D.L. (1957) "Wave generated ripples in nearshore sands, Tech.
Memo 100, p. 41, U.S. Army Corps of Eng., Beach Erosion Board.

24. Jackson, P.S. (1981) "On the displacement height in the logarithmic
velocity profile," J. Fluid Mech., 111, 15-25.

25. Kalkanis, G. (1964) "Transportation of Bed Material due to Wave
Action," U.S. Army Corps of Engineers, CERC, Tech. Memo No 2, 38 pp.

26. Kennedy, J.F. and F.A. Locher (1972) "Sediment Suspension by Water

Waves," In: Meyer, R.E., Ed., Waves on Beaches and Resulting
Sediment Transport, Academic Press, New York, 462 pp.

27. Long, C.E. (1981) "A simple model for time-dependent stably
stratified turbulent boundary layers," Special Report No. 95, Dept.
of Oceanography, University of Washington, Seattle, WA, 170 pp.

- 204REFERENCES (cont.)

28. Lumley, J.L. (1978) IITwo-phase and non-Newtonian flows, Topics in

Applied Physics, ~, Ed. by P. Bradshaw, pp. 289-324, Springer, New

York.
29. Madsen, O.S. and W.D. Grant (1976) IISediment transport in the

coastal envi ronment, II Ral ph M. Parson Laboratory, MIT Report No.
209. 105 pp.

30. Nowell, A.R.M., P.A. Jumars and R.F.L. Self (1981) IIA Markov model
of flow sediment-organi sm i nteracti ons: fl ui d mechani cal and
bi 01 ogi ca 1 processes affecti ng the transi ti on probabi 1 i ti es, in

Proceedings International Geol. Congo Conf., Nittrouer, Paris,

France.

31. Owen, P.R. (1964) IISaltation of uniform grains in air,1I J. Fluid
t4ech. ~ 20, (2), pp. 225.

32. Rhoads, D.C., J.Y. Yingst and W. Ullman (1978) IISeafloor stability

in central Long Island Sound: Pt. 1: Temporal changes in
erodibility of fine-grained sediment, in Estuarine Interactions,
M.L. Wiley, ed., Academic Press, pp. 221-244.

33. Smith, J.D. (1977) IIModeling of sediment transport on continental

shelves, II in The Sea, §., Wiley - Interscience, New York.
34. Smith, J.D. and S.R. McLean (1977) IISpatially averaged flow over a
wavy surface,1I J. Geophys. Res., 82 (12), pp. 1735-1746.

35. Smith, J.D. and S.R. McLean (1977) IIBoundary layer adjustments to

bottom topography and suspended sediment, II Bottom Turbul ence, ed. by
J. Nihoul, pp. 123-151, Elsevier, New York.

-205REFERENCES (cont.)

36. Soo, S.L. (1967) Fluid Dynamics of Multiphase Systems, Blaisdell

Pub 1 i shi ng Co., Waltham, MA.
37. Taylor, P.A. and K.R. Dyer (1978) IITheoretical models of flow near

the bed and thei r impl ications for sediment transport, II The Sea, !,
ed. by E.D. Goldberg et al., pp. 579-601, Wiley - Interscience, New

York.

38. Townsend, A.A. (1970) IIEntrai nment and the structure of turbul ent

flow, II J. Fl ui d Mech., 41, 13-46.
39. Williams, A.J. and R. Koehler, IIAn acoustic travel time current
meter for ocean boundary layer measurements,1I (in prep.).

40. Wooding, R.A., E.F. Bradley and J.K. Marshall (1973) IIDrag due to
regular arrays of roughness elements of varying geometry,1I Boundary

Layer Meteorology, ~, 285-308.

-206APPEND I X I: Numeri ca 1 Methods

This appendix describes the numerical methods used in the bottom

boundary layer models. The secant method described in Section 1 is used
to improve the convergence of the iterative procedure adopted for solving

the model equations. The implicit difference method described in Section
2 is used to sol ve the Ekman 1 ayer model equati ons because it is

unconditionally stable and does not depend on step size.

A. 1.1

Secant Newton-Raphson Method

An iterative solution technique was adopted in Sections 3.1.5,
4.1.8 and 5.1.8 to calculate near bottom and Ekman layer velocity

profiles. The near bottom model solution procedure involves guessing
a value of ua/ub' using the model to calculate ur/ub' and
comparing the calculated result with the given value of ur/ub"
The Ekman 1 ayer sol uti on procedure requi res guessi ng both ua/ub

and Øc' calcul ating ur/ub and ør from the model, and

comparing the calculated results with the given values of ur/ub

and ør. Vector notation has been dropped for convenience. The
secant method, which is just the di screte versi on of the Newton-

Raphson method, was found to be a very efficient procedure for

a c

fi ndi ng the proper val ues of u /ub and ø .
The Newton-Raphson method can be used to fi nd the sol uti on of the

equation f (x) = O. Given an initial guess for the solution x ,
n

the next guess cal cul ated by the Newton-Raphson method is
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(1.1)

f (xn)

xn+l = xn - af ( )

ãX xn
The secant method is the same as the Newton-Raphson method except
that a discrete approximation is made for the derivative in (1.1).

The equation for the next guess by the secant method can be written

Xn - xn_l

(1.2)

n n-l

xn+l = xn - f (xn) f (x ) _ f (x )

Though the secant method requi res two i niti al guesses to find xn+l'

it has the advantage that the derivative does not have to be evaluated

explicitly. For the near bottom model, the function to be evaluated

is

ua ur ur

(1.3)

f (-) - - - (-) = 0

ub - ub ub G

where (ur/ub) Gis the gi ven value, and ur/ub is the value

calculated by the model from ua/ub. Given two initial guesses

for ua/ub and the resul ti ng val ues of ur/ub' the next guess
by the secant method is
u

ub n+l = (Ua)
ub n_ ((Ur)
ub n

( ..)

Ur ua
- (-)
J ((-)
ub G
ub n
u

Ua

- (-)
ub n-lJ

(1.4)

ur

(( ub
-1) n - (-)
J
U

b n-l

The Newton-Raphson method can al so be general i zed to fi nd the
solution to the simultaneous equations f (x,y) = 0 and g (x,y) = O.

- 208Given an initial guess (xn' Yn) for the solution, the next guess

cal cul ated by the Newton-Raphson method is
A (xn' Yn)
xn+l = xn - J (Xn' Yn)

(1.5)

B (xn' Yn)

( 1.6)

and

Y n+ 1 = Y n - J (x n' Y n )

whe re

A (xn' Yn)

= (f ax
~ - gay
!!)

(I.7)
Xn' Y n

( 1.8)
B (xn' Yn) = (g !! - f ~)

ax ay

Xn' Y n

J (xn') Y_ n(!!
afax~)I xn' Y n
- ax ~ay_ay

(1.9)

The secant method uses the foll owi ng di screte approximations to the

deri vati ves in (1.7),

(1.8), and (1.9)

f (xn' Yn)
~~ (xn' Yn) =

af
ay (xn' Y n)

xn

f

Yn

=

( xn' Y n )

xn

(xn_ l' Y n)

x

(xn' Yn) - f

=

g
~i (xn' Y n)

-f

( 1. 10)

n-l

( xn' Y n- 1 )

(1.11)

Yn-1

- g (xn_1' Yn)

x

n-l

(1. 12)
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g ( xn' Y n) - 9 (xn' Y n-1 )
~; ( x n' Y n ) =

(I . 13 )

Y n Y n-l

The functi ons to be sol ved for the Ekman 1 ayer model are

U - ur ur
f (.., ø ) = - - (-) = 0

( 1.14)

ub C ub ub G

and

U-

( 1.15)

g (ua, øc) = ør - (ør)G = 0
b
where (ur/ub)G and (ør)G are the given values, and ur/ub

and ør are calculated by the model from ua/ub and øc' Given

a
c
sol uti on to (1.14) and (1.15) by the secant method is

two i ni ti al guesses for u /ub and ø , the next guess for the

Ua A

u
( ..)

ub n+1

= (-)
ub n- nr

(ør) n+1

= (ør)n - r

(1.16)

and
Bn

(1.17)

n

where

An =ub
(( Ua)
_ (Ua)
n ub
n-1 J'
u

t((ur)

b n, n

Ur
( ub ) G J (( ø r) n , n - (ø r) n, n _ 1 J

(1. 18)
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Ur

u

- ((ør)n,n - (ør)GJ ((ur)
b n,n

- (-)
J J
u
b n,n-1

(1. 19)

Bn = ((øc)n (Øc)n_1J'

U

. t ((ør)n,n

(ør)GJ ((ur)
b n,n

u

(-l)
ub n-1,nJ

Ur ur

- ((-)
ub n,-n (ub)GJ ((ør)n,n - ((ør) n-1, nJ J

and J =
n

Ur ur

=t((-)
- (-)ub
J ((ør)n
ub n,n
n-1, nn '- (ør)n, n_1J

Ur ur

( 1. 20 )

- ((ub)n,n - (ub)n, n_1J ((ør)n,n - (Ør)n-l, nJ J

r r

The calculated values for U /ub and ø in (1.18), (1.19), and

a c

(1.20) have two subscripts; the first subscript denotes the value of

U /ub and the second subscript denotes the val ue of ø used by
the Ekman layer model to find ur/ub and ør. To use equations
(1.16) through (1.20), the Ekman layer model must be run three times;
for (ua/ub)n and (6c)n' for (ua/ub)n and (Øc)n-l'

and for (ua/ub) n-1 and (6c) n'

-211A.I.2 Implicit Difference Method
This section describes the double sweep implicit difference method
used to sol ve numerically the boundary val ue problem

a2 w + 1 aF aw i F; eX 0

( 1. 21)
for 0 ~ X ~ Xc

-; nx) ax ãX - w i1 w =
~

(I . 22 )

aw 1 IU*cl

at X = 0

ãX = F(x) K
w = 0

( 1. 23 )

at x = Xc

described in Section 5.1.7. Defining the step size A = Xc/N where
N is the number of steps, the boundary value problem can be written
in di screte form as
(I. 24 )

A 2A

wn+1 - 2wn + wn_l + An wn+1 - wn_1 - i Bn wn = 0 for 0 ( n ( N
2

~

w2 - W -1 =
2A

(1. 25)

1

I u*cl

F ( Xo)

K

at n = 0

wN = 0
at n = N

( 1. 26)

where

An=F(Xn)
1
and

X

(!E)
ax n

BnF;w
en
= i=)
n

( 1. 27)
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( 1. 28)

x = n Å
n

The governing equation (1.24) can be rewritten in the form

(1 + ~An) wn+l - (2 + i Å2Bn) wn + (1 - ~ An) wn_l = 0

( 1. 29 )

By combining the boundary condition at (1.25) with (1.29) applied at
n = 0, w_l can be eliminated to give the following boundary
condi ti on at n=O
-+

2 wl
( 2 +.
-1
2B)Å= 0
(1oW
_c.
Å0
A
7rr) 2\T!
Å I)u*cl
Xo
K

( 1. 30 )

The governi ng equati on (1.29) agai n can be rewri tten as

( 1.31)

wn+l + Cn wn + Dn wn_l = 0

whe re

Cn = (1 - ! An)
(1 + ~ An)

Dn (1 =
+ Å An
)

(2 + i Å 2B )

and

(I.32)

"2 n

It then is assumed that a new variable E can be defined such that

or

w +1 = E w

n n n

( 1. 33 )

wn -- n-l
E wn-1

( 1. 34 )

Substituting (1.33) for wn+1 in (1.31) gives

- 2 1 3-

- D

n
wn =E+C
n n

( 1. 35)
w

n-1

By compari son wi th the second defi ni ti on of E in (1.34), it is seen

that En_i and En are rel ated by the equati on
- D

( 1. 36 )

n

En_1 = E + C

n n
The w1 term can be eliminated from the boundary condition (1.30)

by using the equation wl = Eowo' Solving for Wo gives the

condi ti on that
-+

2Ä I u*c I
Wo = (1 - % Ao)

2 E - (2
o

( I .37)

rrxo )K+ i Ä 2B )

o

The boundary condi ti on at n = N requi res

( 1. 38 )

WN = 0 = EN_1 wN_1

n n n_-

Since it is assumed that wN_l 1= 0, it follows that EN_1 = O.

Since D and C are known for all n, EN 1 = 0 and (1.36) can

0

be used to fi nd all val ues of E from EN 2 to E on the first
sweep. The value of Eo can be used to calculate Wo from (1.37).
Finally, wo' the known val ues of En' and (1.33) are used to

calculate all values of wn from wl to wN on the second sweep.

-214APPENDIX I I: Conti nuous Eddy Vi scosi ty Profi 1 e

The eddy vi scos i ty profi 1 e used in the theoreti ca 1 models developed
in Chapters 3, 4, and 5 is discontinuous at the top of the wave boundary

layer. In this section, a more physically realistic continuous eddy

vi scosi ty profi 1 e is proposed. Si nce the conti nuous eddy vi scosi ty
profile directly influences the wave boundary layer only, the governing
equations are sol ved just for the near bottom flow.

A. I 1.1 Turbul ent closure scheme
Both the near bottom model and the Ekman 1 ayer model assume the

neutral eddy viscosity is a linear function of z in both the wave
boundary 1 ayer and the constant stress regi on of the current boundary

1 ayer
~

'J tcw = K

IU*cwl z

(1 1.1)
z ( 2 1 cw

~
'Jtc = K

!u*cl z

2 1 cw ( Z

~ 0.1 lc

(11.2)

cw c

where 1 and 1 are the scal e hei ghts of the wave boundary 1 ayer
and the current boundary 1 ayer defi ned as
~

(II.3)

1cw= K I u*cw I
w

~

1 c = K lu* c I

f

(11.4)

-215Thi s eddy vi scosi ty profi 1 e is di sconti nuous at the top of the wave
boundary layer, assumed to be located at z = 2 1 cwo It can be

argued that a 1 i near eddy vi scosi ty shoul d apply only to the constant
stress regi on of the wave boundary 1 ayer and that (I 1.1) actually

overestimates the eddy viscosity in the upper wave boundary layer.

Just as (11.2) was modified to apply to the full Ekman layer, (11.1)

should be modified to apply to the full wave boundary layer. Similar
to the Ekman layer eddy viscosity given by (5.12), the eddy viscosity

in the wave boundary 1 ayer can be taken as a 1 i near functi on of z

~ w

modul ated by an exponenti al decay factor
- 2.4 z /1 c

(II.5)

'Jtcw = K I u*cw I z e

The eddy viscosity defined by (11.5) is approximately linear for

small z/l , reaches a maximum value
cw

~ 1

'Jtcw = K I u*cwl cw

(11.6)

'2 e
at z = lcw/2.4, and decays exponentially for large z/lcw' This
form for the eddy vi scosi ty was appl i ed to a pure wave boundary 1 ayer

by Long (1981) and was found to improve agreement with pure wave data
for the wave phase and the vel oci ty overshoot in the upper boundary

layer. Equation (11.5) is plotted in Figure (A.l) for comparison
with the linear eddy viscosity given by (11.1).

Since the eddy viscosity profiles defined by (11.5) and (11.2)

cross at
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FIGURE A.1
Dimensionless eddy viscosity 'Jtcw/u*cw lcw in the wave boundary
1 ayer as a functi on of z/l c; 1 i near eddy vi scosi ty (dashed 1 i ne) gi ven
by I 1.1 and modul ated eddy vi scosi ty (dotted 1 i ne) gi ven by I 1.5 compared

-to continuous eddy viscosity profile (solid line) given by (11.9),

-+ -+

(11.10) and (11.11) for IU*cl / lu*cw I = 1/5.
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~

lcw

z=zc =.,In
~."l

(I 1. 7)

I u*cwl
~

¡u*c i

a possible form for a continuous profile could be defined using

(11.5) for z ( Zc and (11.2) for z ) zc' This implies that the
characteri sti cs of the 1 argest momentum transport; ng turbul ent eddi es

are domi nated by the enhanced wave for z (Z and by the enhanced

c

current for z ) z. Unl ess

c

~

iu*cl
~

(II.8)

-4.8
( e - .0082

IU*cwl
which corresponds to an extremely weak current, Zc ( 2 1 cw and

the matching height is within the wave boundary layer.

The solution in the wave boundary layer, however, is no longer

analytic when the eddy viscosity is defined by (11.5). To avoid
going to a numerical solution in the wave boundary layer, the eddy
viscosity can be approximated as a linear function of z up to a

hei ght zl and as a constant above zl'

(II.9)

~

'Jt = K IU*cwl z

z ( zl

(II.10)

~
'Jt = K I

u*cw

I zl

zl ( z ( z2

~

'Jt = K I u*cl z

z2 ( z ~ O. i 1 c

(lI.ll)

-218-

For thi s eddy vi scosi ty profi 1 e to be conti nuous, the value of the
matching height z2 can be found by evaluating (II.11) at z2 and
matchi ng the resul t to (I i. 10) . Sol vi ng for z2 gi ves

(II.12)

~

Z2 = IU*cwl

Zl

~

\u*cl
The problem now is to choose appropriate values for the matching
heights zl and z2'

One possi bi 1 i ty is to choose zl such that the constant eddy
viscosity given by (II.10) equals the maximum of the eddy viscosity

given by (11.5). Equating (II.6) to (II.10) gives
zl = lcw/2.4 e

(I

1.

13)

From (11.12), the matching height z2 is
~

z2 =

( II . 14 )

lcw

u*cw
\

I

~

2.4 e

lu*c I
which is in the wave boundary layer if

(I1.15)

~

lu*c I
~

1

)

4.8 e

- 0.077

lu*cwl
For very weak currents, (II.15) is not satisfied and z2 ) 2 lcw'

To avoid overestimating the eddy viscosity above the wave boundary
1 ayer for the weak current case, it is proposed that the constant

-219eddy viscosity only extend to the top of the wave boundary layer,

that is
(11.16)

~

z2 = 2 1 cw

for

iu*c!
~

1

(

4.8 e

IU*cwl

The proposed neutral eddy vi scos i ty profi 1 e therefore is gi ven by
(11.9), (11.10), and (11.11) with zl given by (11.13). When
(11.15) is satisfied, z2 is given by (11.14) and the eddy viscosity

profi 1 e is conti nuous. For the weak current case, z2 is given by
(11.16) and the eddy viscosity profile remains discontinuous. The
proposed eddy vi scos i ty profi 1 e is plotted in Fi gure A- 1 for

-+ -+
IU*cl/lu*cwl = 1/5. As the current gets weaker and the value of

-+ -+

I u*c 1/ I u*cw I decreases, the di fference between the 1 i near and the
modi fi ed eddy vi scosi ty profi 1 es increases. Because (I 1.15) is
usually satisfied for most cases of interest on the continental
shelf, the weak current solution will not be discussed here.

In Section 4.1.4 it was noted that the stability parameter in the

wave boundary layer given by (4.37) was of order 10-2 or less. For
this stability parameter to affect the flow, it would have to be more

than an order of magnitude larger. Equation (4.37), however, is the

constant stress 1 ayer form for the stabi 1 i ty parameter, whi ch also
should be generalized to apply to the full wave boundary layer. One

possi bi 1 i ty is to apply the general i zed stabi 1 i ty parameter proposed
by Long (1982) to suspended sediment induced stratification in the

wave boundary 1 ayer
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L: g (s -1) C' w'

n n n

Vt
l;cw =

(11.17)

~ 2 ~

IU*cwl \- ulw.1
for z ( z2 and use (4.47) for z ) z2' Because the eddy viscosity
is small near the bed, the stability parameter given by (II.17) is
expected to be 1 argest when z2 is near the top of the wave boundary
1 ayer. The turbul ent fl uxes at the top of the wave boundary 1 ayer

are dominated by the derivatives of the mean variables

~ au ~ 2
~

(11.18)

1- UIWII - 'Jtm az
I~I = lu*cl

(11.19)
C' w'

- 'Jts

n

a Cnm

az

and the neutral eddy vi scosity at the top of the wave boundary 1 ayer

from (I i. 11) is
~

( II . 20 )

'Jt = K IU*cl 2 1 cw

The maximum stability parameter from (11.17) when z2 is near the
top of the wave boundary 1 ayer becomes
~
K IU*c I 2 1 cw

(l;CW) max =

~ 2 \u*cl
~ 2

lu*cwl

( II . 21)
~ g (s n - 1 ) (- 'J ts : z C nm )

- 221Comparing (11.21) with (4.53), the initial factor associated with
turbulent kinetic energy production in the stability parameter has

-+ -+
-+ -+

been increased by the amount IU*cwl / IU*c!' For the problem

considered here, it is assumed that !u*cJ /iu*cl ( (4.8 e) and
the production term is only increased by a factor of about 13 in the

worst case. Since the sediment flux given by (11.19) is also
decreased by the reduced eddy viscosity, the stability parameter is

still expected to be small for z (Z2' It therefore is assumed
that the stability parameter for z ) z2 is given by (4.47) and the

stabi 1 i ty parameter for z ( z2 is zero.

A.II.2 Solution for the mean concentration
The equation to be solved for the mean concentration profile in
the wave boundary 1 ayer is

(I 1. 22)

a C

vts mn + wfn Cmn = 0
az

The sol uti on for the mean concentrati on usi ng the eddy vi scosi ty
profile defined by (11.9), (11.10), and (11.11) is

( II .23 )

_ Y wfn
~

Cnm (z) = Cnm (zo) (~o) K I u*cw I

Zo ( Z ( zl

- y wfn z

( II .24 )

( ~ zl )
nm nm

C (z) = C (zl) e K IU*cwl

z1 ( z ( z2
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_ y wfn

( 11. 25 )

)

Cnm (z) = Cnm (öw) (~)

¡z dz)
r- zl ( z

K I*cuexp
I (ß wfn
)

Z2 i.c

K IU*cl

where zl and z2 are defined by (11.13) and (11.14). Using
(11.23), (11.24), and (11.25), the solution for the mean concentration
at the top of the wave boundary layer can be written

Cnm (öw) =

_ y wfn

(_ y wfn
z2)
) zl

)

z

) (-.)
=C
nm( Zo
zo

K I u*cwl

K, I u*cwl

e

ß wfn

. exp (-

)

K i u*cl

_ y w fn

)

Ö

(~)
z2

K I u*c!

( 11. 26)

Öw dz)

¡ LC

z2

The solution for C (ö) derived using the linear eddy viscosity
mn w
profile can be written from (4.57) as

Cnm (öw) =

( 11.27)
_ y wfn

z

=C
nm (Zo) (-.)
Zo

)
K lu*cw I

z)

_ y wfn

(-1) K I u*cwl

zl

_ y wfn
Ö

(~)
z2

)
K I u*cwl

From zl to z2 the exponenti a 1 decay rate in (I 1.26) is faster
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-+ -+

than the decay rate in (11.27). Since IU*cl ( IU*cwl and because

of the strati fi cati on correction, the decay rate from Zz to Öw
also is faster in (11.26). The continuous eddy viscosity profile
therefore reduces the sediment concentrati on at the top of the wave

boundary layer. As a result, less sediment is available above the
wave boundary layer to stratify the near bottom flow field.

A.II.3 Solution for the current
The governi ng equati on for the current in the wave boundary 1 ayer

is
~

'Jtm

~

(l Uc

až =

( I 1. 28 )

~

u*c

IU*cl

Using the eddy viscosity given by (11.9), integrating (11.28), and

applying the no slip boundary condition at z gives
o
~

~

(11.29)

~

u*c

Uc (z)
K

-In~ Zo

I u*cl z

Zo ( Z ( zl

I u*cw I
Using (11.10) and integrating (11.28) gives

~ ).

Uc (z) - Uc (zl)

~

~

u*c

(1 1. 30 )

IU*cl
;-( z-zl
Z )

K

zl ( Z ( z2

1

IU*cwl

Evaluating (11.29) at zl and substituting for Uc (zl) in
(11.30) gives
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~

u (Z)
c

(11.31)

~

-(In-+--l)
~ Zo zl

u*c

~

IU*cl zl Z

K

Zi ( Z ( z2

IU*cwl

Using (11.11) and (4.47), integrating (11.28), and applying the

apparent no sl i p condi ti on at Z gives
oc

~
~
U = u*c
c

K

( 11. 32)

Z

(1 nzoc
~ + ßz2
J dz)
ç

z2 ( Z

The current profi 1 e in the wave boundary 1 ayer therefore is

logarithmic near the bottom, linear in the middle, and similar to

(4.77) near the top.
Matching (11.31) and (11.32) at z = z2 gives the equation for
the apparent roughness as

~ ~

(11.33)

- i u*c I / I u*cw i

zoc z2 zl z2

Zo Zo Zo zi

- = - (- exp (- - 1) J

This definition of z , and therefore the current velocity profile,

oc

is independent of the definition of the wave boundary layer height.

-+ -+

From (11.12) and the definitions of IU*cwl and lu*d ' it follows

that z2/zi ) i and exp (z2/zi - 1) ) 1. Since zl/zO ) 1

al so, it follows that ocz (Z2'
Equation (11.33) can be rewritten in the form
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~ ~

~ ~

1 - I u*c I / I u*cw I

- I u*c! / I u*cwl

Z2 zl z2

z 2 1

-E _ ( cw)

2 1cw
(2 1cw
exp (zl- 1) J

Zo - Zo

( I 1. 34 )

Comparing (11.34) with equation (4.78) for z and using the

oc

defi ni ti ons (I 1.13) and (I I .14) for zl and z2' the conti nuous
eddy viscosity profile introduces the correction factor

~ ~
~

Cl =

(I 1. 35 )

1 - IU*C! /iu*cwl

IU*cw I
~

( 1)
4.8 e2

iu*c!
into the original definition of z . Taking the derivative of

-+ + oc

(11.35) with respect to \u*c! / IU*cwl ' it is found that the

greatest correcti on occurs when

(II.36)

~

IU*cl
~

=

1

- O. 28

ln (4.8 e2)

IU*cwl

Combining (11.35) and (11.36), the maximum correction is Cl = 0.27.

Since it is the logarithm of z that appears in (11.32), the

oc

effect of thi s correcti on factor on the vel oci ty profi 1 e is reduced

si gni fi cantly.

A.II.4 Solution for the wave
The Ekman layer model runs discussed in Section 5.2 show that the

-226Ekman layer velocity profile is relatively insensitive to order of
magni tude changes in the eddy vi scosi ty in the upper Ekman 1 ayer.

While including the exponential decay factor in the neutral eddy
viscosity increased velocities by about 10-20 percent, including the
strati fi cati on correcti on in the upper Ekman 1 ayer changed the

velocity profile by less than 10 percent. The main effect of

strati fi cati on was to reduce the hei ght of the Ekman 1 ayer. The

strati ficati on correcti on for thi s exampl e was of order 10 near
Z = zm and of order 1000 near Z = 1 c. Because current vel oci ty
gradients are very small in the upper Ekman layer, even very large
stabi 1 i ty parameters have 1 i ttl e effect on the current profi 1 e.

In the upper wave boundary 1 ayer (z2 ( Z ( öw)' maximum

strati fi cati on correcti ons due to suspended sediment induced
stratification from (4.47) are usually of order 0.1 to 1. Because
current velocity and mean concentration gradients are large in this
region, this stability parameter can have significant effects on the

current and mean concentration profiles. Similar to the current
velocity gradient in the upper Ekman layer, however, the wave

velocity gradient is very small in the upper wave boundary layer. A

stabi 1 ity parameter of order 1 therefore is expected to have very
little effect on the wave velocity profile. The stratification
correction may reduce the wave boundary 1 ayer height, but since the

current velocity and mean concentration profiles no longer depend on
the definiti on of the wave boundary 1 ayer hei ght, thi s effect is

insignificant. The suspended sediment stratification correction
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therefore is neglected for simplicity in the solution for the wave.

The governing equation for the wave in the wave boundary layer is
~

(I

1.37)

.L ('Jt u) _ i ~ = 0

az w az

-+

where w is the velocity deficit defined as

~ 't ~ ~ 't

(I 1. 38 )

w e i w = Uw _ ub e i w

Defining the non-dimensional coordinate l; as

(II.39)

l; = z/l cw

zo and the matchi ng hei ghts can be nondimensi onl i zed as

., - z /1

"0 - 0 cw,

(II.40)
l;i = zl/lcw, and l;2 = z2/lcw

Using the eddy viscosity defined by (II.9), equation (II.37) for the
wave in the lower regi on becomes
~

a (aw) ~

ãÇ l;-a -iw=O

(I

1.41)

1;0 ( l; ( l;i

The solution to (II.41) is

: = a (Ber 2 l; 1/2 + i Bei 2 l; 1/2) + b (Ker 2 1; 1/2 + i Kei 2 l; 1/2)

l;0 ( 1; ( l;i

( I 1. 42 )

Using (II.10), equation (11.37) for the wave in the central region

becomes
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~
l;1 a2w
.~
-:-1W=0

(I 1. 43 )

l;l ( l; ( l;2

a 1;

The solution to (11.43) is

1 1

: = c exp ((l+i) (2 l; -1/2) J + d exp (-(l+i) (2 l; -1/2) J

(I 1. 44 )

l;1 ( l; ( l;2

Using (11.11), equation (11.37) for the wave in the upper region

becomes,

-(~

a iu*c i
a z; ~

~

(11.45)
~

l; ~) - i w = 0

a l;

l;2 ( l;

IU*cw I

Defi ni ng F; as
~

(I 1. 46 )

IU*cwl

F; = -; l;
\u*c i

equation (11.45) can be written

~ ~
-L ( F;~) - i w = 0

aF; aF;

The solution to (11.47) is

(11.47)

l;2 ( l;
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~

w = g (Ber 2

~

1/2

~

+ i Bei

( IU*cwl
d
~

1/2

2 ( IU*cwll;)

J

~

( II . 48 )

lu*cl

IU*cl

l;2( l;
~

+ f (Ker 2

~

1/2

( IU*cwll;)

~

+i

Kei 2

IU*cl

( -l;)
IU*cwl

1/2
J

~

IU*cl

The boundary conditions that must be applied to (11.42), (11.44) and
(11.48) are the no slip condition at Zo

)-)- ~
w = w 0 = - ub

at

-+ -+

l;

= l;o

( 11.49)

that the velocity (w) and the stress (aw/az) are continuous at zl

and z2' and the velocity deficit goes to zero at the top of the

wave boundary 1 ayer
)-

w ~ 0

as

(1 1. 50 )

l; ~oo

The final boundary condition (11.50). requires that g = 0 in (11.48).

The remaining boundary conditions can be used to construct the
following system of equations that must be solved for the 5 unknowns
a, b, c, d, and f
~

o 0

w = a B + b Ko
a Bi + b Ki = c G1 + d D1

at l; o

at l;l

(11.51)

(11.52)
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a B 11 + b Ki = c Gi + d Di

at l; 1

c G2 + d D2 = f Q2

at l; 2

(11.54)

CGI2+dDI2=fQI2

at l; 2

(11.55)

(11.53)

whe re

o 0 0

B = Ber 2 l; 1/2 + i Bei 2 l; 1/2
KO = Ker 2 l;o 1/2 + i Kei 2 l;o 1/2

Bi = Ber 2

Ki = Ker 2

l;1 1/2 + i

Bei 2 l;l

l;1 1/2 + i

Kei 2 l;1

(1 1. 56 )

Bl1 = l; - 1/2 (Ber i 2
1

K 11 =

l;1 - 1/2 (Ker'

1/2

2

1/2

l;1 1/2 + i

Bei 1 2

l;1 1/2 + i

Kei i 2

l; 1/2)
1

l; 1/2)
1

Gi = exp ((l+i) (2 l;l)- 1/2 l;lJ
D1 = exp (- (1+;) (2 l;l) - 1/2 l;lJ
G i 1 = (1+;) (2 l;1) - 1/2 exp (( 1 +;) (2 \) - 1/2 l;1 J

D'1 = -(l+i) (2 l;l)- 1/2 exp (-(1+;) (2 l; )- 1/2 l; J

1 . 1

G2 = exp (( 1 +i) (2 l;l) - 1/2 l; 2J
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D2 = exp (- (1+;) (2 l;1)- 1/2l;2J

2- 1 1 2

G1 - (1+;) (2 l; - 1/2) exp ((1+;) (2 l; )- 1/2 l; J
D'2 = -(1+;) (2l;1- 1/2) exp (-(1+;) (2'l;1)- 1/2 l;2J
~

~

1/2

Q2 = Ker 2 (I u*cwl l; 2)
~

+i

Kei 2 (I ~*cw i l; 2 )

lu*cl

IU*d
~

~

1/2

QI2 = ( I u*cwl)

l;2

~

- 1/2

1/2

(Ker'

jU*cl

2 (I u*cwl
~

~

1/2
l;2 )

IU*cl

+i

Kei 1 2

1/2

( I ~*CWIl;2)
IU*cl

The solution procedure is to eliminate f from (11.54) and (II.~5)

to give an equation involving c and d. Equations (11.52) and (11.53)

can be used to el imi nate c and d to gi ve an equation i nvol vi ng a and
b only. Equation (II.51) then can be used to find a and b. The
final solution to this system of equations is
~

Wo Tb

(1 1. 57)

a=B T -K T

o boa
~

Wo Ta

b=_B T +K T

o boa

(11.58)
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(Bi D'i - B1i Di) (Ki D'i - K'1 Di)

(II.59)

c = a (G1 DOi - G'l Di) + b (G1 DOi - G01 D1)

d=a +b

(B1 G1i - B11 G1) (K1 G'i - K11 Gi)

( II . 60 )

(Di G'i - 0'1 Gi) (D1 G'i - DOi G1)

f

G ~)
12 +
d -D2(- D+ 12
=c- G2
(-+
~)

(11.61)

2 Q2 Q 2 2 Q2 Q 2

where

(B1DI1-BI1Di) G2 GI2 (B1GI1-BliG1) D2 DI2

T a = (Gi D'i - G'i Di) (~- ~) + (01 G'i - D'i G1) (~- ~)

(11.62)

(Ki 011 - K'1 D1) G2 GI2 (K1 G'i - K'i G1) D2 D'2 (11.63)

Tb = (Gi 0'1 - G'i 01) (~-~) + (01 Gli - O'i G1) (~-~)

Solving (11.38) for u , the wave velocity in the wave boundary
w

1 ayer is gi ven by

. . . i wt

(I 1. 64 )

Uw = (ub - w) e
-+

where w is given by (11.42), (11.44) or (11.48).
Usi ng the small argument approximations to the Kel vin functions

given by Abromowitz and Stegun (1972), (11.64) and (11.42) can be

used to write the wave velocity for small l; as
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~
) b
Uw = (ub + a - 2 (1 n l; + 1.154 + i f) J

01.65)

The maximum shear stress associ ated wi th the enhanced wave is defi ned

as

) )

)
T

(II. 66)
-+

= K I u*cwl (_ t e

(Klu*cwl z a uw)

w, max = lim

p Z)O

i wt
)

az

max

max

1/21K01 T

01.67)

Substituting (II.58) for b gives

) )

)
T

w, max =

K I u*cwl ub l;o

p

2 i;01/2 IKol

I K T ~ B Tb I

o a 0

Comparing (11.67) with (3.47), the continuous eddy viscosity profile

has introduced the correcti on factor

C2 = IKol Ta

( I 1. 68 )

IKo Ta - 80 Tbl

to the original definition of the maximum shear stress associated

with the enhanced wave. The equation for the friction factor again
is found using (3.49). Recalling the original definition of K given

by (3.48)

K = 2 l; 1/21

( 11.69)

o I Kol
the resulting equation for the friction factor is the same as (3.50)

-234wi th the new di fi ni ti on of K

a0TbI
K = 2 l;11/21T
Ko TaB

(I 1. 70)

o

A. I 1.5 Model compari son
The model developed here can be compared to the neutral near
bottom model discussed in Chapter 3 to determine how sensitive the

flow field is to the assumed eddy viscosity profile. Characteristic
val ues for the input parameters will be chosen from typical CODE
:+

data. Assuming IUbl = 10 cm/sec. Ab = 25 cm, zr = 100 cm,

0
Øc = 0 , and kb = 6 cm, the model s can be run for a range of

-+ -+ -+

I~rl' This allows a comparison to be made for different values of

I u*c I / I u*cw I. The model predi cti ons of I u*c I and zoc are
compared in Table A. 1. The conti nuous eddy vi scosi ty is found to
-+

reduce I u*c 1 by about 10 to 25 percent whil e it reduces the
apparent roughness z by a factor of 2 to 3. Changes in the model

oc

parameters caused by the conti nuous eddy vi scosi ty are greatest for

weak currents and large waves.
Because the physical bottom roughness at the CODE si te is unknown

within a factor of 2 or possibly more, the linear eddy viscosity

model was run wi th a factor of 2 decrease in kb and the modi fi ed
eddy viscosity model was run with a factor of 2 increase in kb.

From the model resul ts 1 i sted in Table A. 1, the same order of
-+

magnitude variation is observed in IU*cl and zoc for both

-+ -+
models. Because values of IUrl/lubl for the CODE-I data are

0

1.80

1.49

1.18
0.844

0.475

2.01

1.67

1.31

0.938

0.522

25

20

15

10

5

O. 380

0.738

1.12

1.51

1.74

2.06

Zo = 0.2

Mode 1 Compari son:

0.407

0.791

1.21

1.64

2.07

2.26

Zo = 0.4

Conti nuous

2.17

1.04

1.03

0.823

0.691

O. 601

Z0 = 0.2

zr = 100 cm, Øc = 0 'iuri and zo allowed to vary.

Typical CODE-I data: ¡Ubi = 10 cm/sec, Ab = 25 em,
o -+

-+

zoc (cm)

1.48

0.875

0.610

0.470

O. 386

0.330

Z0 = 0.1

Li near

Linear Eddy Viscosity versus Continuous Eddy Viscosity

2.10

2.35

z = 0.1

30

Zo = 0.2

lu*c1 (cm/sec)

IUrl (cm/sec)
Li near

-+

-+

TABLE A. I

O. 735

0.638

. 0.697

0.762

0.806

O. 4 Q8

Z0 = 0.4

0.1)20

0.443

0.471

o. ~03

O. 122

0.2a6

Z0 = 0.2

Conti nuous

I

N

I

lJ

W
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generally greater than 1, model predicti ons for thi s data set are not
very sensitive to which eddy viscosity profile is used. Uncertainties

in the val ues of z and C (z) can cause the same order of

o nm 0

magnitude changes in the velocity profiles as the corrections for a

continuous eddy viscosity profile. The simpler linear eddy viscosity

profile therefore was used for the model comparison in Chapter 6. It
is not necessary to use the more complicated continuous profile until

more confi dence is gai ned in the physical bottom roughness and
reference concentration model s. After the models for zo and Cnm (zo)
have been tested in combi ned wave and current flows and improved, use

of the continuous eddy viscosity profile may be warranted.
It shoul d be noted that the assumed form for the conti nuous eddy

viscosity used here was chosen by analogy with a pure wave eddy
-+

viscosity with maximum shear velocity IU*cwl and a pure current eddy
-+

viscosity with shear velocity iu*cl. It was assumed that the
turbulent momentum transport was controlled by the largest eddies,

which are dominated by the enhanced wave for z ( z2 and by the

enhanced current for z ) z2' The validity of this assumption remains
to be confirmed by experimental evidence. The linear eddy viscosity
profile used in Chapter 3 is most likely an overestimate of the actual

eddy viscosity in the wave boundary layer. If the continuous eddy
viscosity used here is found to be incorrect, it is most likely an
underestimate of the actual eddy vi scosi ty in the wave boundary 1 ayer.

The actual eddy viscosity therefore is probably in the range defined by
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the two forms used here. If a more real istic form for the continuous

eddy viscosity is found in the future, it can easily be incorporated

in the bottom boundary 1 ayer model as outl i ned in thi s Appendi x.

