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A B S T R A C T

We develop a hierarchical approach to modeling organism acclimation to changing availability of and re-
quirements for substitutable and interdependent resources. Substitutable resources are resources that fill the
same metabolic or stoichiometric need of the organism. Interdependent resources are resources whose acqui-
sition or expenditure are tightly linked (e.g., light, CO2, and water in photosynthesis and associated transpira-
tion). We illustrate the approach by simulating the development of vegetation with four substitutable sources of
N that differ only in the cost of their uptake and assimilation. As the vegetation develops, it uses the least
expensive N source first then uses progressively more expensive N sources as the less expensive sources are
depleted. Transition among N sources is based on the marginal yield of N per unit effort expended, including
effort expended to acquire C to cover the progressively higher uptake costs. We illustrate the approach to in-
terdependent resources by simulating the expenditure of effort to acquire light energy, CO2, and water to drive
photosynthesis in vegetation acclimated to different conditions of soil water, atmospheric vapor pressure deficit,
CO2 concentration, and light levels. The approach is an improvement on the resource optimization used in the
earlier Multiple Element Limitation (MEL) model.

1. Introduction

Evolution has given rise to species with remarkable abilities to survive
in environments where the supply of resources differs significantly from
the requirements of the organisms themselves (Shaver and Melillo 1984,
Ågren and Bosatta 1996). In such environments, the struggle for existence
should favor organisms able to optimize the expenditure of their internal
assets (e.g., tissue distribution, enzyme production, energy use) to acquire
resources from the environment (e.g., carbon [C], nitrogen [N], water,
energy) in proportion to their metabolic and stoichiometric needs
(Chapin et al. 1987). Although the mechanisms of optimization vary
among species, a general theory of optimal resource acquisition has gra-
dually emerged in the literature over the past fifty years. These con-
tributions include syntheses on biomass allocation in plants
(Mooney 1972), optimization of plant function in response to CO2, tem-
perature, light, and nutrients (Field et al. 1992), cost-benefit analysis of
taking up various forms of N (Gutschick 1981), optimization of resource
acquisition to maintain metabolic and stoichiometric balance using an
economic analogy (Bloom et al. 1985, Chapin et al. 1987), and theoretical
assessments of source-sink controls on resource acquisition, production,
and allometry (Hilbert 1990, Ågren and Bosatta 1996, Farrar and Jones
2000, Kröner 2015). Several models have been built based on optimization

of resource acquisition as an improvement on Leibig's Law or concurrent
limitation approaches (Rastetter 2011). For example, Thronley's (1972)
model adjusts root versus shoot growth based on colimitation of both
tissues by C and nutrients, source-sink dynamics between roots and shoots,
and the counterflow of C versus nutrients between the two tissues.
Olson et al. (1985) use a continuous-time Markov approach to simulate
transitions among various plant states, with each state responsible for
uptake of a different resource. Vallino et al. (1996) use a linear pro-
graming approach to maximize growth in relation to the acquisition of
alternative resources and their processing through various metabolic
pathways. Rastetter and Shaver (1992) and Rastetter et al. (1997) examine
limitation using a model that optimizes allocation of uptake effort to
maintain stoichiometric balance based on the resource optimization
paradigm that underlies this body of literature. In this paper we build on
the approach used by Rastetter and Shaver (1992) to simulate resource
optimization for two specific classes of resource: substitutable resources
and interdependent resources.

Substitutable resources are resources that fulfill the same stoichio-
metric and metabolic requirements of the organism (Tilman 1982). For
example, the N requirements of a plant can be met through the uptake
of NH4

+ or NO3
−, mycorrhizal acquisition of organic N, and symbiotic

N fixation. From the plant's perspective, these N sources differ
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significantly in their acquisition and assimilation cost. This difference in
cost arises largely because of the need to build and maintain tissues to
reach and take up these N sources, to supply carbohydrate to the
symbionts, or to expend energy, for example, to reduce NO3

−. The
return on this expenditure decreases as the availability of the resource
in the environment declines, making the overall cost per unit resource
assimilated rise. Because of this rise in the unit cost, it can become
advantageous for the organism to shift asset expenditure toward an-
other substitutable resource with a lower overall cost per unit resource
return. For example, as NH4

+ is depleted more assets must be expended
to maintain its rate of uptake, thereby increasing the cost per unit N
taken up. It might therefore be more efficient to shift from NH4

+ to
NO3

− uptake despite the extra cost of reducing the N in NO3
−.

Acquisition of interdependent resources are closely linked to one an-
other such that they must be taken up concurrently. For example, in
vascular plants, photosynthesis requires the acquisition of light energy,
CO2, and water to produce carbohydrate and replace water lost in
transpiration. Clearly, at a molecular scale the acquisition of these re-
sources can be treated as separate (Farquhar 1989), but at a plant or
vegetation scale these processes are often treated as interdependent
(Parton et al. 1993, Ryan et al. 1996, Rastetter et al. 2013). In either
case, to maximize carbohydrate production per uptake asset expended
requires an optimal distribution of those uptake assets among light,
CO2, and water acquisition.

We develop equations to simulate optimization of substitutable and
interdependent resource acquisition. The approach is essentially the
same for both types of resource. We define an abstract quantity we call
“effort” that represents all plant assets available to acquire resources
from the environment. We then redistribute this effort hierarchically:

1st: Redistribute effort toward element resources in short supply
and away from element resources in surfeit to better meet stoichio-
metric and metabolic requirements.

2nd: Redistribute effort allocated to each element resource among
substitutable or interdependent resources to increase element return
per unit effort expended.

The only difference between our approaches to substitutable and
interdependent resources is in the assessment of effort expended to
cover secondary costs of assimilation (e.g., energy cost of reducing
NO3

− or carbohydrate cost of supporting symbionts). Each sub-
stitutable resource will have an independent secondary cost of assim-
ilation that needs to be factored into the assessment of element return
per unit effort. Secondary costs cannot be separated for interdependent
resources and hence the secondary costs are shared equally among in-
terdependent resources.

We draw a distinction between optimized and optimizing. There are
many approaches for calculating or searching for optimal solutions to
equations (e.g., Press et al. 1986). The result of those approaches is an
optimized solution within specified constraints. The equations we pre-
sent below do not yield optimized solutions except asymptotically over
time as the simulated organisms adapt to a constant environment. In-
stead, the equations we present mimic the incremental redistribution of
uptake assets within an organism that drive that distribution toward an
optimum, but do not necessarily find that optimum before the en-
vironment, and therefore the optimum, changes. The equations are in
this sense optimizing, but the distribution of uptake assets is not ne-
cessarily optimized.

Motivation for this work is twofold. First, we are interested in ex-
ploring the nature of limitation by substitutable and interdependent
resources in the context of a simple heuristic model. The second mo-
tivation is more pragmatic; we want to document a solution to dealing
with substitutable and interdependent resources we encountered in an
earlier version of the Multiple Element Limitation (MEL) model
(Rastetter et al. 2013).

In that earlier model, a single equation was used to calculate allo-
cation of uptake effort among elements as well as substitutable sources
of those elements. This approach made the calculations unnecessarily

complex and difficult to apply because the criteria for allocation differ;
allocation among elements is driven by stoichiometry whereas alloca-
tion among substitutable resources is driven by the return per incre-
mental increase in effort expended (i.e., marginal yield). In the earlier
model, we allocated effort by first calculating the requirements for each
element resource based on element turnover in biomass. We then par-
titioned those requirements among substitutable resources with the
partitioning strongly favoring substitutable resources with a high
marginal yield. Finally, we redistributed uptake effort toward a con-
dition where the ratio of requirement to uptake is the same for all re-
sources (Bloom et al. 1985), including substitutable resources. This
approach caused two problems. First, finding the balance of allocation
among substitutable sources of one element was confounded by their
interactions with all the other elements, making the model more diffi-
cult to implement. Second, because the allocation was based on the
ratio of requirement to uptake, there were numerical problems when
both requirement and uptake approached zero; under such conditions
even very small changes in either requirement or uptake can cause large
changes in their ratio. Interdependent resources were less problematic
because their requirement rarely approaches zero. However, the con-
founding interactions between interdependent and the other resources
was still problematic.

To overcome these issues, we now calculate allocation of uptake
effort hierarchically. We first allocate primary uptake effort among the
elements using essentially the same strategy used in the earlier model.
We then partitioning this primary effort among sub-efforts targeted
toward the acquisition of substitutable or interdependent resources.
Allocation of these sub-efforts is based solely on their relative marginal
yields; the ratio of requirement to uptake is no longer part of this cal-
culation. In addition, the hierarchical approach segregates each group
of substitutable or interdependent resources from the other resources
and thereby alleviates the problem of confounding interactions. Details
of this new allocation algorithm are described below in the section on
“Allocation of uptake effort.”

2. Methods

We build two models based on mass-balance differential equations
(Tables 1 and 2). The differential equations are solved numerically with
a 4th/5th order Runge-Kutta integrator with adapting time steps to
optimize precision and computation time (Press et al. 1986). The
models are coded in Lazarus 2.0.4 (2019) Free Pascal. Input to the
models are all parameter values, initial values for all state variables,
and values for all driver variables for all time steps (in the “description”
columns of Tables 1 and 2, parameters, state variables, process vari-
ables and driver variables are distinguished, respectively, by (p), (S),
(P), and (D)). Outputs from the models are all state and process vari-
ables for each time step.

2.1. Model I: substitutable resources

We deliberately use a very simple model structure to amplify the
heuristic value of the analysis (Rastetter 2017). As a framework from
which to illustrate resource optimization for substitutable resources, we
build a mass-balance model for C and N in the biomass of an idealized
vegetation (Bi) based on uptake (Ui), turnover (Ti), and respiration (RC;
Table 1 Eqs. 1.1 & 1.2). We simulate the concentrations in the en-
vironment of various N sources (Nk) based on a simple mass balance of
inputs to the environment (Ik) minus uptake by the vegetation (Uk)
minus losses from the environment (Lk; Eq. 1.3).

As with the Multiple Element Limitation (MEL) model (Rastetter and
Shaver 1992, Rastetter et al. 2013, Pearce et al. 2015, Jiang et al. 2017),
asset allocation toward resource acquisition is represented by an abstract
quantity we call “effort”. Unlike past versions of the MEL model, here we
distribute effort hierarchically; first the primary effort is allocated toward
acquiring C versus N (Vi; Eq. 1.4), then the primary effort allocated toward
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Table 1
Model I equations for substitutable resources. Variable and parameter values and definitions below equations.

1.1 = U T RdBC
dt C C C

1.2 = U TdBN
dt N N

1.3 = I U LdNk
dt k k k

1.4 = a Vln( )dVi
dt

i
Ui i
¯
¯

1.5 g= max v( ) ( , )dvNk
dt

yNk
ymax

Nk k
1.6 = ( ¯ )d i

dt i i
¯

1.7 = U U( ¯ )dUi
dt i i

¯ 1.8 = +
+

U ln{ }C
Pmax

kI
I

I e kI LAI

1.9 =U UN k k 1.10 = +U S V vk
gk Nk

kk Nk
N Nk

1.11 = +R r B U( )C C C k k k 1.12 =T m BC C C

1.13 =TN
mN BN 1.14 = ( )i

Ui
i

Vi
¯
¯

1.15 =
+ +

C
rC mC BC k ik Uk( ) ( ) 1.16 = m BN N N

1.17 = +
+S B ( )C

BC
BC

1
1

1.18 = BC
BN qB

1.19 =L S VAI C

1.20 =y max y( )max Nk 1.21 = k yNk max vNk k
ymax k max vNk k

( ( , ))
( ( , ))

1.22 = =
=

y yif
0 otherwise

k Nk max
k

0

1.23 =L Nk k k
1.24

= =
+ +

y lim ( )Nk
vNk

UN
VN vNk UN k

dUC
dVC

dUN
dvNk

VN
dUN
dvNk

k
dUC
dVC

0 ( ) 1 ( ) 1

Variables and Parameters (for i= C or N; k= 1, 2, 3, or 4). In description, (p) – parameter, (S) – state variable, (P) – process variable, (D) – driver variable
Symbol value units description
a 0.002 day−1 (p) effort allocation rate
BC Variable g C m−2 (S) vegetation C
BN Variable g N m−2 (S) vegetation N
gk 0.0025 g N g−1C day−1 (p) N-uptake rate constant for k= 1, 2, 3, & 4
I 10 MJ m−2 day−1 (D) irradiance
Ik 0.07 g N m−2 day−1 (D) N inputs to source k
kI 0.5 m2 m−2 (p) Beer's coefficient
kk 0.1 g N m−2 (p) N half saturation constant for k= 1, 2, 3, & 4
LAI Variable m2 m−2 (P) leaf area index
Lk Variable g N m−2 day−1 (P) N loss from source k
mC 0.00025 day−1 (p) C turnover coefficient
mN 0.002 day−1 (p) N turnover coefficient
Nk Variable g N m−2 (S) available N, for k= 1, 2, 3, & 4
Pmax 4 g C m−2 leaf day−1 (p) maximum leaf-level photosynthesis
qB 100 g C g−1 N (p) biomass optimum C:N ratio
rC 0.00025 day−1 (p) respiration coefficient
RC Variable g C m−2 day−1 (P) respiration
S Variable g C m−2 (P) biomass active in uptake
TC Variable g C m−2 day−1 (P) C turnover in litter
TN Variable g N m−2 day−1 (P) N turnover in litter
UC Variable g C m−2 day−1 (P) uptake of C
ŪC Variable g C m−2 day−1 (S) integrated uptake of C
UN Variable g N m−2 day−1 (P) uptake of N
ŪN Variable g N m−2 day−1 (S) integrated uptake of N
UNk Variable g N m−2 day−1 (P) uptake of N from source k
VC Variable none (S) effort toward C
VN Variable none (S) effort toward N
vNk Variable none (S) sub-effort toward N source k
ymax Variable g N m−2 day−1 (P) maximum marginal yield of N
yNk Variable g N m−2 day−1 (P) marginal yield of N from source k
α 0.000006 m2 g−1C (p) allometric constant
β Variable none (P) sub-effort balance correction
γ 0.0045 m2 g−1C (p) allometric constant
ε0 0.001 none (p) sub-effort initiator constant
εk Variable fraction (P) sub-effort initiator for k= 1, 2, 3, & 4
η 7 MJ m−2 day−1 (p) irradiance half saturation constant
Θ Variable none (P) stoichiometric constraint
λ 0.0313 m2 g−1C (p) specific leaf area
ρ 0.002 day−1 (p) uptake & requirement integration constant
τk 0.07 day−1 (p) N-loss parameter for k=1, 2, 3, & 4
Φ Variable none (P) weighted geometric mean uptake:requirement
ϕ1 0 g C g−1 N (p) C cost of N source 1
ϕ2 3 g C g−1 N (p) C cost of N source 2
ϕ3 6 g C g−1 N (p) C cost of N source 3
ϕ4 9 g C g−1 N (p) C cost of N source 4
ΨC Variable g C m−2 day−1 (P) requirement for C
¯C Variable g C m−2 day−1 (S) integrated requirement for C
ΨN Variable g N m−2 day−1 (P) requirement for N
¯ N Variable g N m−2 day−1 (S) integrated requirement for N
ω 0.002 day−1 (p) sub-effort allocation rate
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N is subdivided among sub-efforts targeted at the resources that are po-
tential sources of N (vNk; Eq. 1.5). The strategy to simulating the dis-
tribution of uptake effort is the heart of the modeling approach and is
discussed in detail below (section titled “Allocation of uptake effort”).

Allometry and stoichiometry: We use simple representation of allo-
metric and stochiometric constraints on resource acquisition. Our al-
lometric equation calculates the amount of plant biomass that is active
in resource acquisition (S Eq. 1.17). We assume that the fraction of
biomass active in resource acquisition declines as biomass increases and
more structural tissues are added (α < γ; Rastetter and Ågren 2002).
This active biomass is used to calculate uptake of both C (Eq. 1.8) and
the various sources of N (Eq. 1.10). We use a stoichiometric constraint
(Θ) to help maintain a near optimum C:N ratio in the vegetation (Eq.
1.18) by adjusting respiration (Eq. 1.11) and N turnover (Eq. 1.13). In
addition, the stoichiometric constraint is used to adjust the require-
ments for C and N so that uptake effort can be reallocated to help
maintain the C:N ratio (Eqs. 1.15 & 1.16). To simplify interpretation of
the simulations, we use a constant target C:N ratio (qB), but a more
complex representation can be substituted (e.g., one that changes the
target C:N ratio with allometry).

Photosynthesis and N uptake: Both C and N acquisition are mono-
tonically increasing functions of the biomass active in resource acqui-
sition and of the effort allocated toward acquiring the resource. For
photosynthesis we assume that, at the leaf level, photosynthesis in-
creases as a rectangular hyperbola of irradiance (I) and integrate down
through the canopy using a Beer's light extinction to calculate total-
canopy photosynthesis (Eq. 1.8; Rastetter et al. 1992). The canopy leaf-
area index (LAI) increases with both the biomass active in resource
acquisition (S) and with the effort expended toward C acquisition (VC;
Eq. 1.19). Uptake for each of the N sources (Eq. 1.10) is assumed to be a
Michaelis-Menten function (Giese 1973) of the concentration of the N
source in the environment (Nk) and proportional to the biomass active
in resource acquisition (S), to the effort allocated toward N acquisition
(VN), and to the fraction of that effort allocated to that specific source of
N (vNk).

Respiration and element turnover in biomass: We use a respiration
equation with several terms (Eq. 1.11). The first term represents a base-
line respiration that increases with both the biomass C (BC) and the
stoichiometric constraint (Θ). The remaining terms account for the cost
of taking up and assimilating the various forms of N, calculated as the C
cost per unit N uptake (ϕk) times the uptake of each N source (Uk).

Turnover of C and N represents the loss of plant tissues in litter. For
C, we assume that the litter losses are simply proportional to the plant
biomass C (Eq. 1.12; more complex equations accounting e.g., for al-
lometry can be substituted). For N, litter losses are adjusted to decrease
N loss if the biomass C:N is too high and increase N loss if the C:N is too
low (Eq. 1.13).

Supply and loss of resources: As with the original MEL model
(Rastetter and Shaver 1992), we are interested in the interaction be-
tween the idealized vegetation and the abundance and supply of re-
sources, not in broader-scale controls on resources associated, for ex-
ample, with ecosystem cycling. We therefore specify N supply rates (Ik)
to drive the model (Eq. 1.3) regardless of whether the source is from
outside the ecosystem or internally recycled within the ecosystem. We
assume N losses from the environment are proportional to their con-
centration (Eq. 1.23). In one simulation, we assume one of the N
sources is “non-depletable” (sensu Rastetter and Shaver 1992) and
therefore control the concentration of the resource directly (specify Nk
and Eq. 1.3 is ignored for that N source). We also assume the CO2 taken
up in photosynthesis is non-depletable.

Allocation of uptake effort: We calculate allocation of uptake effort
hierarchically by first assessing primary uptake effort allocated toward
C versus N (Vi; Eq. 1.4) and then partitioning the primary effort allo-
cated to N among sub-efforts targeted toward the uptake of various
substitutable sources of N (vik; Eq. 1.5). The primary effort represents
the fraction of all uptake assets allocated to an element, thus, the Vi sum

to one. Similarly, the sub-efforts represent fractions of these primary
efforts allocated to various sources of a specific element and the sum of
the vik over k is one.

We allocate effort between C and N based on the requirement re-
lative to the uptake of each element (Eq. 1.4). The requirement is the
rate of assimilation needed to replace elements lost in respiration and
turnover but adjusted using the stoichiometric constraint (Θ) to com-
pensate for past surpluses or deficiencies (Eqs. 1.15 & 1.16). Thus, we
calculate the requirement for C like the calculation of respiration plus C
turnover except that the stoichiometric constraint is in the numerator
for respiration and in the denominator for the C requirement (Eq. 1.15).
Similarly, the stoichiometric constraint is in the denominator for N
turnover but in the numerator for the N requirement (Eq. 1.16). To
avoid reallocation in response to high-frequency changes in the en-
vironment, we base reallocation (Eq. 1.4) on the time-integrated values
of both requirement and uptake (Eqs. 1.6 & 1.7). This integration filters
out high frequency changes in resource turnover and availability.

To assure that the primary efforts always sum to one, we multiply
the requirement-to-uptake ratio in the allocation equation (Eq. 1.4) by a
factor (Φ) equal to an effort-weighted geometric mean of the assim-
ilation-to-requirement ratios (Eq. 1.14). Because of this factor, the re-
distribution of effort ceases when assimilation meets the same fraction
of requirement for all elements ( =U iat steady state, ¯ / ¯ ·for all )i i . In
this sense, allocation of effort drives the system toward a condition
where all element resources are equally limiting (Chapin et al. 1987).

We partition the primary efforts among sub-efforts for substitutable
N sources based on the relative values of their marginal yields of N per
unit effort (yik; Eq. 1.5). The marginal yield is the incremental increase
in N uptake per incremental increase in the total effort allocated toward
that source of N. This total effort includes both the effort allocated
directly toward the uptake of the resource plus any effort needed to
acquire C (energy) consumed during the acquisition and assimilation of
the N source. Thus, we calculate marginal yield (Eq. 1.24) as the in-
cremental increase in the assimilation of N (ΔUN) divided by the sum of
the incremental increase in sub-effort needed to realize the increase in
N acquisition (VN ΔvNk) and the effort needed to replace the C (energy)
consumed because of the increase in resource uptake (ΔUN ϕk (dUC
/dVC)−1).

To assure that the sub-efforts always sum to one, we calculate a term
β (Eq. 1.21) that is used in the allocation equation (Eq. 1.5). This use of
β in the allocation of sub-efforts (Eq. 1.5) is analogous to the use of Φ in
the allocation of the primary efforts (Eq. 1.4).

Among the sources contributing toward the assimilation of N, al-
location of sub-efforts is toward the source with the highest marginal
yield of N (Eq. 1.5) and away from all other sources; only if the mar-
ginal yields are equal can the sub-efforts be sustained for more than one
N source. The sub-efforts allocated to N sources with low marginal yield
will asymptotically approach zero. If environmental conditions change,
it is possible for the current allocation of sub-effort to an N source to be
zero even if that source has the highest marginal yield (vNk=0 and
yNk= ymax). To start reallocation of sub-effort in such a case, we set the
allocation equation proportional to a small initiation factor, εk, rather
than to vNk (Eqs. 1.5, 1.21, & 1.22).

2.2. Model II: interdependent resources

Our model for illustrating interdependent resources is very similar
to the model above and uses many of the same equations. The main
differences are that Model II has only one source of N (Table 2, Eqs. 2.4,
2.15, & 2.21) and photosynthesis is calculated based on the inter-
dependence of irradiance (I), atmospheric CO2 (Ca), and soil water (Ws;
Eqs. 2.10 - 2.13). The model runs on a 0.1-hour time step. Here we only
describe equations that differ from those in Model I.

Water budget: To simulate the water budget we include mass balance
equations for both canopy (Wc) and soil water (Ws) storage (Eqs. 2.3 &
2.5). The canopy budget is based on water uptake (UW) and
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Table 2
Model II equations for interdependent resources. Variable and parameter values and definitions below equations.

2.1 = U T RdBC
dt C C C

2.2 = U TdBN
dt N N

2.3 = U TdWc
dt W R

2.4 = I U LdN
dt N N N

2.5 = P U RdWs
dt pt W O

2.6 = a Vln( )dVi
dt

i
Ui i
¯
¯

2.7 g= v( )dvCk
dt

yCk
ymax

Ck
2.8 = ( ¯ )d i

dt i i
¯

2.9 = U U( ¯ )dUi
dt i i

¯ 2.10 =U U U Umin( , , )C CI CCa CW

2.11 = +
+

U ln{ }CI
PImax

kI
I

Ie kI LAI
2.12 = +U LCCa

PCmax Ca
kC C AIa

2.13 =U L P C( )CW AI W c w a 2.14 =U S g V v( )W W s c C CW
2.15 = +U S VN

gN N
kN N N

2.16 =TN
mN BN

2.17 =T m BC C C 2.18 =R r BC C C
2.19 = +TR

UC VPD
Ca VPD V(1 / 0)

2.20 =R W W( )O W s f if Ws>Wf=0 otherwise

2.21 =L NN N 2.22 = +L S V v v( )AI C CCa CI
2.23 = +PImax

I vCI
vCCa vCI

2.24 = +PCmax
C vCCa

vCCa vCI
2.25 = +

C
rC mC BC( ) 2.26 = m BN N N

2.27 = 0.01( )s
Ws
Wf

b 2.28 = +c w
Wc

c LAI

2.29 = +
+S B ( )C

BC
BC

1
1

2.30 = BC
BN qB

2.31 = k yCk vCk
ymax k vCk

( )
( )

2.32 =y max y( )max Ck

2.33 =yCk VC
dUC
dvCk

1 2.34 = ( )i
Ui

i
Vi

¯
¯

2.35 =dUC
dvCW

UC
TR

dUW
dvCW

Variables and Parameters (for i= C or N; k= I, Ca, or W) . In description, (p) – parameter, (S) – state variable, (P) – process variable, (D) – driver variable.
Symbol value units description
a 0.00008 hr−1 (p) effort allocation rate
b 5 none (p) water potential exponent
BC Variable g C m−2 (S) vegetation C
BN Variable g N m−2 (S) vegetation N
c 0.144 MPa mm−1 (p) canopy water capacitance
Ca Variable μmol CO2 mol−1 (D) atmospheric CO2

gN 0.0000539 g N g−1C hr−1 (p) N uptake rate constant
gW 0.0516 mm g−1C MPa−1 hr−1 (p) water uptake constant
I Variable μmol m−2 sec−1 (D) irradiance
IN Variable g N m−2 hr−1 (D) N inputs
kC 400 μmol CO2 mol−1 (p) CO2 half-saturation constant
kI 0.5 m2 m−2 (p) Beer's coefficient
kN 1 g N m−2 (p) N half saturation
LAI Variable m2 m−2 (P) leaf area index
LN Variable g N m−2 hr−1 (P) N loss
mC 0.0000167 hr−1 (p) C turnover coefficient
mN 0.0000505 hr−1 (p) N turnover coefficient
N Variable g N m−2 (S) available N
PCmax Variable g C m−2 hr−1 (P) maximum CO2-limited photosynthesis
PImax Variable g C m−2 hr−1 (P) maximum light-limited photosynthesis
Ppt Variable mm hr−1 (D) rainfall
PW 0.000381 g C mol μmol−1 CO2 m−2 leaf hr−1 MPa−1 (p) Water-limited photosynthesis rate constant
qB 152 g C g−1 N (p) biomass optimum C:N ratio
rC 0.0000167 hr−1 (p) respiration coefficient
RC Variable g C m−2 hr−1 (P) respiration
Ro Variable mm hr−1 (P) runoff
S Variable g C m−2 (P) biomass active in uptake
TC Variable g C m−2 hr−1 (P) C turnover in litter
TN Variable g N m−2 hr−1 (P) N turnover in litter
TR Variable mm hr−1 (P) transpiration
UC Variable g C m−2 hr−1 (P) uptake of C
ŪC Variable g C m−2 hr−1 (S) integrated uptake of C
UCCa Variable g C m−2 hr−1 (P) CO2-limited photosynthesis
UCI Variable g C m−2 hr−1 (P) light-limited photosynthesis
UCW Variable g C m−2 hr−1 (P) Water-limited photosynthesis
UN Variable g N m−2 hr−1 (P) uptake of N
ŪN Variable g N m−2 hr−1 (S) integrated uptake of N
UW Variable mm hr−1 (P) Water uptake
VC Variable none (S) effort toward C
VN Variable none (S) effort toward N
V0 0.00167 MPa (p) VPD constant
vCk Variable none (S) sub-effort toward C interdependent resource k
VPD Variable MPa (D) vapor pressure deficit

(continued on next page)
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transpiration (TR) and the soil water budget is based on precipitation
(Ppt), uptake (UW), and runoff plus deep percolation (RO). Water uptake
is proportional to the biomass active in resource acquisition (S), the
water potential difference between soil and canopy (ψs – ψc), and the
effort allocated toward water acquisition (VC vCW; Eq. 2.14). Soil water
potential is calculated as a power function of the ratio of soil water to
field capacity (Eq. 2.27; Clapp and Hornberger 1978). We assume ca-
nopy potential above wilting (ψc - ψw) is proportional to canopy water
(Wc) and inversely proportional to leaf area times a canopy capacitance
(c LAI; Eq. 2.28, Williams et al. 1996). Transpiration is simulated using a
modified Ball-Berry-Leuning model (Leuning 1995; Eq. 2.19). Tran-
spiration is proportional to C assimilation (UC), inversely proportional
to CO2 concentration (Ca), and increases asymptotically with vapor
pressure deficit (VPD). Runoff and deep percolation is proportional to
the soil water content above the field capacity (Ws – Wf; Eq. 2.20).

Photosynthesis: Photosynthesis (UC) is calculated as the minimum of
a light-limited rate (UCI), a CO2-limited rate (UCCa), and a water-limited
rate (UCW; Eq. 2.10). The light-limited rate of photosynthesis is calcu-
lated in the same way as in Model I (Eq. 2.11) except the maximum leaf-
level rate (PImax) is based on the sub-effort distribution between light
capture and carboxylation (Eq. 2.23). The CO2-limited rate (Eq. 2.12) is
proportional to leaf area (LAI), to a Michaelis-Menten function of CO2

(Ca), and to a maximum leaf-level rate (PCmax) adjusted based on sub-
effort allocation between light capture and carboxylation (Eq. 2.24).
The leaf-area index is calculated based only on the fraction of C effort
allocated to light and CO2 (i.e., allocation of water is not included; Eq.
2.22). The water-limited rate of photosynthesis is proportional to LAI, to
CO2 (Ca), and to the canopy water potential above wilting (ψc – ψw; Eq.
2.13).

Other changes: Because light, CO2, and water are treated as inter-
dependent resources in the production of a single product, carbohy-
drate, no relative differences in cost can be assessed and we set the
assimilation costs to zero (ϕi = 0). This common cost among inter-
dependent resources simplifies several equations; the marginal yield
equation is simply the change in C uptake per change in effort (Eq.
2.33) and the acquisition costs are removed from the calculation of
respiration (Eq. 2.18) and C requirement (Eq. 2.25).

Because the resources are interdependent, at least some effort must

always be allocated to all three resources. The vCi therefore never decay
to zero, alleviating the need for εi in the allocation equation for sub-
efforts (Eq. 2.7) and in the correction term used to maintain the sum of
sub-efforts at one (Eq. 2.31).

Finally, the effort allocated toward water does not have a direct
effect on photosynthesis, but rather affects photosynthesis indirectly
through the supply of water to the canopy. It is therefore difficult to
assess the marginal yield of carbohydrate from effort allocated to water.
We solve this issue by calculating marginal yield as the water-use ef-
ficiency for photosynthesis (UC / TR) times the marginal yield of water
uptake from effort allocated toward water (dUW / dvCW; Eq. 2.35).

3. Analyses

3.1. Substitutable resources

Substitutability of two resources: We run several simulations with the
substitutable resource model using daily drivers (Model I; Table 1). In
the first, we analyze substitutability between two N sources in the
context of Tilman's (1982) graphic analysis. We use the model to find
the supply rate of the more expensive N source that is needed to
maintain specified rates of net primary production (NPP=UC – RC) or
gross primary production (GPP=UC) to determine if two N sources in
our model are “perfectly substitutable” (sensu Tilman 1982).

Tilman (1982) illustrates substitutability between two resources
using production isoclines on a graph where the two axes are the supply
rates of the two resources. If resources are perfectly substitutable then
the isoclines are straight lines running from upper left to lower right on
the graph. For our model, N resources are perfectly substitutable for
NPP isoclines (Fig. 1 upper panel). The slope of these isoclines increases
with the cost of the resource plotted on the vertical axis. This increased
slope results from the need to allocate more effort to acquire C to cover
the increased cost of N acquisition. To increase the effort toward C, the
effort toward N must decrease, which can only happen if the avail-
ability of the N resource increases so that it can be acquired with less
effort. The increased availability can only be achieved with a higher N
supply rate. Hence the steeper slope of the NPP isocline.

For GPP isoclines, N resources in our model are not perfectly

Table 2 (continued)

2.1 = U T RdBC
dt C C C

2.2 = U TdBN
dt N N

Wc Variable mm (S) canopy water
Wf 100 mm (p) field capacity
Ws Variable mm (S) soil water
yCk Variable g N m−2 hr−1 (P) marginal yield from interdependent resource k
ymax Variable g N m−2 hr−1 (P) maximum marginal yield of C
α 0.000006 m2 g−1C (p) allometric constant
β Variable none (P) sub-effort balance correction
γ 0.0045 m2 g−1C (p) allometric constant
η 600 μmol m−2 sec−1 (p) irradiance half saturation constant
Θ Variable none (P) stoichiometric constraint
λ 0.0282 m2 g−1C (p) specific leaf area
ρ 0.00008 hr−1 (p) uptake & requirement integration constant
ρC 0.882 g C m−2 leaf hr−1 (p) maximum CO2-limited leaf photosynthesis
ρI 0.99 g C m−2 leaf hr−1 (p) maximum light-limited leaf photosynthesis
σ 969,000 L mmol CO2 MPa g−1C mol−1 (p) transpiration constant
τN 0.015 hr−1 (p) n loss parameter
τW 0.02 hr−1 (p) water loss parameter
Φ Variable none (P) weighted geometric mean uptake:requirement
ψc Variable MPa (P) canopy water potential
ΨC Variable g C m−2 hr−1 (P) requirement for C
¯C Variable g C m−2 hr−1 (S) integrated requirement for C
ΨN Variable g N m−2 hr−1 (P) requirement for N
¯ N Variable g N m−2 hr−1 (S) integrated requirement for N
ψs Variable MPa (P) soil water potential
ψw -2.50 MPa (p) wilting potential
ω 0.00210 hr−1 (p) sub-effort allocation rate

E.B. Rastetter and B.L. Kwiatkowski Ecological Modelling 425 (2020) 109033

6



substitutable except under limited conditions (e.g., ϕ1= ϕ2 and
g1= g2; Fig. 1 lower panel). Under most conditions the GPP isoclines
diverge from those expected for perfectly substitutable resources at
high supply rates of the less expensive of the resources (right side of
graph). As the supply of the less expensive resource increases, the
supply rate of the more expensive resource will first decrease, con-
sistent with perfect substitution, but will then increase toward a vertical
asymptote if the cost (ϕk) of the more expensive resource is high enough
and its uptake rate constant (gk) low enough. Because two N sources can
be simultaneously exploited in our model only when their marginal
yields (Eq. 1.24) are equal (y1= y2), this asymptote means that there is
a supply rate for the less expensive N source (N1) above which the
marginal yield for the more expensive N source (N2) is less than that of
N1 even when the availability of N2 is saturating (y2 < y1 even when
N2/(k2+N2)= 1). The availability of the less expensive N source at
this asymptote (y1= y2 and lim{N2/(k2+N2)}→ 1) is

=
+ ( )

N
g k

g g g g S ( )
A

dU
dV

1
2 1

1 2 1 2 2 1
1C

C

where the A in the subscript indicates the availability of N1 at the
asymptote. If N1A is less than the availability of N1 where its supply rate
alone is enough to support production at the GPP isocline, then the
asymptote will leave a gap at the right side of the graph where no rate

of supply for N2 will yield the GPP of the specified isocline (Fig. 1 lower
panel).

To understand this dynamic, consider the case where the supply rate
of the N1 is exactly enough to support the GPP of the specified isocline.
If the supply rate of N1 is then decreased by a small amount, the GPP
will decrease unless the N shortfall can be made up by increasing the
uptake of N2. The effort-allocation algorithm will only allow this re-
allocation toward the more expensive N source if the NPP increases. If
the supply rate of N2 is not high enough both (a) to compensate for the
N shortfall left by decreasing the supply of N1 and (b) to allow enough
effort to be reallocated from N to C to cover the extra cost of using N2,
then the GPP cannot be maintained at the specified isocline. If the
availability of N2 cannot meet these two criteria even if the uptake
mechanism is saturated (N2 >> k2), then there is no supply rate that is
high enough to meet the two criteria.

This difference between substitutability from the perspectives of
NPP and GPP are consistent with the resource optimization paradigm
underlying our model (Chapin et al. 1987). The cost of N uptake is
incorporated into the calculation of NPP, but not of GPP. Because this
cost is intrinsic to the optimization of effort allocation, the two N
sources appear perfectly substitutable from the perspective of NPP but
not of GPP.

Use of substitutable N sources during vegetation development: In an-
other analysis, we simulate the development of vegetation with four
sources of N. The input rates (Ik) and values for all the parameters as-
sociated with these N sources are identical (gk, kk, & τk) except for the
acquisition costs (ϕk), which are set so that cost increases from N source
1 to 4 (ϕ1 < ϕ2 < ϕ3 < ϕ4; Table 2). All four N sources are required to
maintain the mature vegetation.

Initially the vegetation allocates all its N acquisition effort toward N
source 1, the least expensive of the N sources (Fig. 2). However, the rate
of uptake quickly exceeds the rate of supply, the amount of N source 1
declines (Fig. 2), and the marginal yield for source 1 drops below that of
source 2 (Fig.3), the second least expensive N source. The vegetation
therefore reallocates effort from N source 1 to N source 2, the abun-
dance of N source 1 recovers slightly and the marginal yields for N
sources 1 and 2 converge. As the vegetation uses N source 2, its
abundance and marginal yield decline and the vegetation reallocates
effort toward N source 3. This sequence continues until all four N
sources are used and their marginal yields converge on the same value.
Although the marginal yields converge, the abundances and sub-efforts
do not converge on the same values. Eventually the system approaches
a steady state where the abundances of less expensive N sources are
lower than the abundances of more expensive N sources (N1 < N2 < N3

< N4; Fig. 2 center panel) and the sub-efforts allocated to less expensive
N sources are higher than sub-efforts allocated to more expensive N
sources (vN1> vN2 > vN3 > vN4; Fig. 2 bottom panel). The C:N ratio of
the biomass is maintained within tight constraints in the simulation but
deviates toward high N concentrations during the transitions among N
sources as the vegetation adapts to ever increasing C costs of the N
taken up.

The lags between the initiations of use for successive N sources is
only partly caused by the increasing costs of acquisition among the N
sources. As the abundance of an N source drops, its marginal yield also
drops. Once that marginal yield drops below the marginal yield of the
next N source in the sequence, it triggers the reallocation toward the
next least expensive N source. However, most of the lag in the simu-
lations results from the time it takes to reallocate effort from one source
to the next. Such lags are expected of real biological systems and would
not be captured using standard optimized, as opposed to our optimizing,
approach. The rate of acclimation can be adjusted using the rate
parameters a and ω (Eqs. 1.4 & 1.5).

The preferential use of less expensive N sources before more ex-
pensive sources are exploited is consistent with the resource optimi-
zation paradigm underlying our model. As expected, each N source is
depleted until its marginal yield declines below that of the next N

Fig. 1. Assessment of substitutability. When assessed for net primary produc-
tion (NPP), N resources in our model are perfectly substitutable regardless of
relative cost (strait diagonal NPP isoclines in upper panel). The slope of the NPP
isoclines steepens as the difference in relative cost of the two substitutable re-
sources increases. When assessed for gross primary production (GPP), N re-
sources in our model are perfectly substitutable only under specific conditions
like when their cost (ϕk) and uptake rate constant (gk) are equal (dashed line in
lower panel). If the cost of the more expensive N source is too high or its uptake
potential per unit effort it too low (solid curve in lower panel), then there is a
supply rate for the less expensive N source above which no supply rate of the
more expensive resource can maintain GPP for the specified isocline (vertical
dotted line in lower panel).
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source in the sequence. In the end, the concentrations of the four N
sources are depleted to the level where their marginal yields converge
on the same value.

To assess the degree of limitation by each of the N sources, we run
four simulations in which we make each of the four N sources un-
available to the vegetation, one at a time. Relative to the previous si-
mulation (control), making the least expensive N source unavailable
results in over a 6% drop in the steady-state biomass and almost a 6%

increase in effort allocated to C acquisition to compensate for the extra
cost of assimilating the other, more expensive N sources (-N1 in Fig. 4).
Making each of the other N sources unavailable also results in a drop in
steady-state biomass relative to the control, but that drop is progres-
sively less for progressively more expensive N sources; making the most
expensive N source unavailable resulted in just over a 2% decrease in
biomass relative to the control. This pattern in the steady-state bio-
masses is of course related to the amount of each N source used in the
control simulation, with the least expensive source contributing the
highest fraction of the total N uptake and the most expensive con-
tributing the least. However, the pattern is also related to the redis-
tribution of uptake effort between C and N. Consistent with the resource
optimization paradigm, as progressively more expensive N sources are
made unavailable, progressively less effort needs to be allocated to C to
compensate for the acquisition cost. This decrease in C effort results in a
commensurate increase in N effort, which in turn partly compensates
for the loss of the N source. The control distribution of effort is inter-
mediate among the distributions where a N source was made unavail-
able; the control C effort is higher than when the least expensive source
is unavailable but lower than when the two most expensive N sources
are unavailable.

Use of substitutable N sources during vegetation development when one
source is not depletable: Conditions for the next simulation are identical
to those in the 4-N source simulation above except that the abundance
of N source 3 is held constant at 1 g N m−2 (N3 is non-depletable sensu
Rastetter and Shaver 1992). Dynamics are identical to those in the 4-N
source simulation until the marginal yield for N source 2 drops below
that of N source 3 (Figs. 5 and 6). Because the abundance of N source 3
cannot decline as it is taken up by the vegetation, the decline in mar-
ginal yield for N source 3 is smaller than in the previous simulation
(Fig. 6). The relative costs of the various N sources, the non-deplet-
ability of N source 3, and the high marginal yield for N source 3 result
in the effort allocated to N source 3 being higher than N source 2, but

Fig. 2. Plant growth on four substitutable sources on N. As C and N accumulate
in plant biomass (upper panel), the plant exploits the least expensive N source
first (N1), then used progressively more expensive N sources (N2 < N3, < N4) as
less expensive sources get depleted (center panel). Exploitation of successive N
sources is accomplished by redistributing the sub-effort allocated to the uptake
of each N source (bottom panel).

Fig. 3. Marginal yield of N uptake per unit active biomass for four substitutable
N sources as plant biomass accumulates (shown in Fig. 2). Marginal yield is the
incremental increase in N uptake per incremental increase in effort expended.
The effort expended includes both the effort allocated directly to N uptake and
the effort allocated to acquire C to support the energy costs of N uptake and
assimilation. These energy costs increase from N source 1 (lowest cost) to N
source 4 (highest cost).

Fig. 4. Steady-state biomass and effort distribution between C and N uptake in
simulations with all four N sources available (control) and with each of the four
N sources made unavailable. Removing any of the N sources decreases biomass
relative to the control but removing the least expensive N source (-N1) results in
the largest biomass loss and removal of the most expensive N source (-N4) re-
sults in the smallest biomass loss. As progressively more expensive N sources
are made unavailable, less effort is needed to cover the C cost of N uptake and
the C effort (VC) declines and is reallocated toward N uptake (VN).
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not as high as N source 1 (Fig. 5). The vegetation never uses N source 4.
The non-depletability of N source 3, the high yield for N source 3, and
the consequent lack of need for the expensive N source 4 results in a
steady-state biomass that is 6% higher than in the 4-N source simula-
tion. Again, the lags in the dynamics are mostly the result of the time it
takes to reallocate effort.

These results are again consistent with the resource optimization
theory underlying the model. With a non-depletable N source, the
marginal yield cannot drop as a result of decreases substrate con-
centration. Nevertheless, the marginal yield for all the N sources that

are exploited converge on the same value. The marginal yield for the N
source that is not used remains below that of the other N sources.

N fixation as a substitutable source of N: In the final simulation with
this model, we model vegetation development with symbiotic N fixa-
tion. In an earlier version of the MEL model (Rastetter et al. 2001), N
fixation was assumed to have a fixed C cost and that cost was compared
to the cost of N uptake assessed as the loss in photosynthesis per unit
gain in N uptake as a result of reallocation of effort from canopy to
roots: cost of N uptake= (dUC/dVC)/(dUN/dVN) (both N-fixation and N-
uptake costs in units of g C g−1 N). Symbiotic N fixation increased in
proportion to the N-uptake cost minus the N-fixation cost. This earlier
approach does not incorporate N fixation into the allocation algorithm
directly; N fixation is therefore an add-on to the C-N optimization ap-
proach. With substitutable resources, N fixation can be incorporated
directly into the allocation algorithm.

We assume N fixation is proportional to the biomass active in uptake
and to allocated effort:

=U g S V vNfix fix N fix

where gfix=0.00064 g N g−1C day−1 and the N-fixation cost ϕfix=9 g
C g−1 N. Instead of four sources of available N in the soil, we assume
only a single source of N, which is taken up using the same uptake
equation used in the previous simulations (Eq. 1.10) but we set the rate
constant for N uptake and the N-loss parameter to four times their
values in the previous simulations (gNup=0.01, tN= 0.28) and set the
acquisition cost to zero (ϕN=0 g C g−1 N); to compensate for the lower
cost we lower Pmax from 4 to 3. We initialize the simulation with all the
N sub-effort allocated toward N fixation (vfix=1) and the abundance of
available N in the soil set to zero. To mimic the increase in N miner-
alization as soil stocks accumulate, we increase the supply rate of
available N (IN) linearly from 0 to 0.28 g N m−2 day−1 over 15,000
days; this final supply rate is equal to the sum of the supply rates for all
four N sources in the previous simulations.

Initially the vegetation relies exclusively on N fixation and the rate
of fixation increases as the biomass increases (Fig. 7). However, with
the increasing rate of N supply we impose on the simulation, the
marginal yield for N uptake exceeds that of N fixation within about 100
days (Fig. 8). Because of the time required to reallocate effort, effort
allocated to N fixation continues to exceed that allocated to N uptake
for about the first 2500 days and the N fixation rate exceeds the N
uptake rate (Fig. 7). Available N in the soil increases for about 260 days
then declines as biomass and N demand increase (not shown). The
marginal yield for N uptake declines as N availability drops but levels
off at a slightly higher value than that for N fixation (Fig. 8). By about
day 6000, N supply exceeds N demand and available N again begins to
accumulate, the marginal yield for N uptake increases while that of N
fixation declines, and N fixation effectively stops. Relieved of the high
cost of N fixation and because of the increasing rate of N supply, the
vegetation can accumulate C faster (Fig. 7). At steady state with a N
supply rate of 0.28 g N m−2 day−1, the N sub-effort is allocated almost
exclusively to N uptake and, with a zero C cost of N acquisition, the
vegetation levels off at a biomass about 8% higher than in the previous
simulations.

Symbiotic N fixation in most temperate and boreal forests is re-
stricted to early phases of succession (Cleveland et al. 1999,
Crews 1999). As with our earlier work (Rastetter et al. 2001), our re-
sults here indicate that this temporal pattern of symbiotic N fixation is
consistent with the resource optimization paradigm. Once the canopy
closes and the supply of internally cycled N increases sufficiently, it is
just too expensive to continue symbiotic N fixation.

3.2. Interdependent resources

Acclimation of photosynthesis to interdependent light, CO2, and water
resources:We use one calibration of the interdependent model with sub-

Fig. 5. Plant growth when the third N source (N3) is held constant at 1 g N m−2

(non-depletable). Conditions are otherwise identical to those in Fig. 2. The
plant can fill its N requirement from sources N1, N2, and the effectively infinite
source, N3 and therefore does not use the most expensive N source, N4. The non-
depletability of N source 3 partly compensates for its high cost so that more
effort is allocated toward it than to N source 2.

Fig. 6. Marginal yield of N uptake per unit active biomass when N source 3 is
not depletable. Conditions are otherwise identical to those in Fig. 3.
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hourly drivers (model II; Table 2) but allow the modeled vegetation to
acclimate under five environmental conditions. In all simulations, the N
input is held constant at 0.015 g N m−2 hr−1. Under our control con-
ditions, we simulate irradiance using the positive half of a sine wave
with zero irradiance before 6 am and after 6 pm and peak irradiance of
1500 μmol m−2 sec−1 at noon, we hold CO2 constant at 400 μmol
mol−1, we hold soil water constant at -0.01MPa water potential (field
capacity), and we vary vapor pressure deficit as a full sine wave with a
minimum of zero (dew point) at 3 am and a maximum of
3.56×10−4MPa (∼90% humidity at 25 °C) at 3 pm. For dry-soil

conditions, we use the same conditions as in the control except we hold
soil water at -1MPa water potential. For dry-air conditions, we again
use the same conditions as in the control but increase the amplitude of
the vapor pressure deficit sine wave so that the maximum is
0.0017MPa (∼ 50% humidity at 25 °C) at 3 pm. For high CO2 condi-
tions, we hold CO2 at 600 μmol mol−1. Finally, for low light conditions,
we decrease the amplitude of the truncated sine wave for irradiance so
that the peak irradiance at noon is only 900 μmol m−2 sec−1.

At steady state, vegetation biomass under the five environmental
conditions range from 5000 g C m−2 to 8385 g C m−2 (Table 3). Dry
soil is the least favorable condition and has the lowest biomass followed
by low light, dry air, control, and high CO2. Daily photosynthesis and
net primary production follow the same ranking. At steady state, under
all five environmental conditions, the vegetation C:N ratio was 151.5 g
C g−1 N, indicating that the model can allocate effort among resources
to maintain the same stoichiometric balance under all five environ-
mental conditions.

Under the control conditions, effort is allocated almost evenly be-
tween C and N (Fig. 9). The C effort is then partitioned among the three
interdependent resources, light, CO2, and water. Because the water
supply is high (moist soil) and the water demand low (moist air), very
little of the C effort is allocated toward water (<3% of the total effort;
Fig. 9). Slightly more of the remaining C effort is allocated to light than
to CO2. For the twelve hours of daylight, the allocation of C effort re-
sults in photosynthesis being limited for about 4 h each by light, CO2,
and water (Fig. 10, Table 3).

Relative to the control conditions, each of the other conditions to
which the model acclimates results in a reallocation of effort among the
four resources. The dry soil imposes a severe water limitation and effort
is reallocated away from N, light, and CO2 until over 40% of the total
effort is allocated to water (Fig. 9). A dry atmosphere also imposes a
water limitation, but because of the moist soil the limitation is far less
severe and the reallocation of effort away from N, light, and CO2 is
much smaller with only 8% of the steady-state effort allocated to water.
Elevated CO2 both alleviates CO2 limitation and increases water-use
efficiency (Table 2 Eq. 2.19); reallocation is therefore away from CO2

and water, very slightly toward light, but mostly toward N. Low light
results in a reallocation of effort away from N, CO2, and water and
toward light. As with the control conditions, acclimation to the other
simulated conditions results in the reallocation of C effort among the
three interdependent resources such that photosynthesis is limited for
about 4 h each by light, CO2, and water over the 12 h of daylight
(Fig. 10, Table 3). These distributions of effort under the five conditions
are consistent with the resource optimization paradigm.

Surprisingly, the afternoon decline in photosynthesis associated
with canopy water limitation (stomatal closure; Table 2 Eq. 2.13) is
smallest in the acclimation to dry soil and dry air (Fig. 10). This decline
in afternoon water limitation is partly the result of lower allocation to
light and CO2 acquisition so over all photosynthesis is lower and partly
the result of the high allocation to water acquisition, which increases
the rate of water transfer from the soil to the canopy. This connectivity
between soil and canopy is particularly strong in the acclimation to dry
soil, which results in a very high allocation of effort toward water ac-
quisition, a low leaf area (Table 2 Eq. 2.22), and therefore a low canopy
water-holding capacity (Table 2 Eq. 2.28). Because water flows rapidly
through the vegetation and the canopy water storage capacity is small,
there is a much smaller cycle of canopy recharge and discharge.

Initial responses to changes in interdependent light, CO2, and water re-
sources:We run the model acclimated to each of the five environmental
conditions for one 24-h period under all five of the environmental
conditions (Table 3). In all simulations where the model is run under
the same condition to which it was acclimated, the daily nitrogen-use
efficiency of photosynthesis (NUEGPP= photosynthesis/N uptake) is
100± 0.2 g C g−1 N, the daily nitrogen-use efficiency of net primary
production (NUENPP= [photosynthesis – respiration]/ N uptake) is
50± 0.2 g C g−1 N, and the photosynthesis is limited for four hours

Fig. 7. Plant growth on soil N and symbiotic N fixation. Soil N is initially zero
but the supply of N to the soil increases linearly over time. Because there is no
soil N initially, the plant relies entirely on N fixation despite its high expense. As
N builds up in the soil, the plant relies more and more on soil N (center panel)
and reallocates effort from N fixation to the less expensive uptake of soil N
(lower panel). Relieved of the high cost of N fixation (∼ 6000 days), the plant
can grow faster (upper panel).

Fig. 8. Marginal yield of N uptake per unit active biomass with a soil N source
and symbiotic N fixation.
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each by light, CO2, and water (bold underlined font in cells along the
main diagonal of Table 3). These results illustrate the ability of the
model to maintain homeostasis based on resource optimization through
effort allocation.

For simulations under conditions to which the vegetation is not
acclimated, the nitrogen-use efficiency in most cases is either too high
or too low to maintain stoichiometric balance. The cases where the
stoichiometric balance is only slightly off are the vegetation acclimated
to dry-soil and exposed to either control or dry-air conditions and the
vegetation acclimated to dry-air exposed to control conditions, in-
dicating that acclimation to water limitation is less disruptive of C-N
stoichiometry than acclimation to low light or high CO2.

In all cases the number of hours where photosynthesis is limited by
light, CO2, and water deviates from the balanced 4:4:4 (Table 3), in-
dicating a wasteful pattern of effort allocation when the vegetation is
not acclimated to the simulation conditions. For example, when the
vegetation is acclimated to the control conditions and exposed to either
dry soil or dry air, photosynthesis is only limited by light for three hours
and to CO2 for zero hours. Therefore, photosynthesis could be increased

Table 3
Modeled biomass after acclimation to control, dry soil, dry air, high CO2, and low light conditions and metabolism over 24 h under the same five conditions. Biomass
C and N in g m−2, GPP – gross primary production (g C m−2 day−1); NPP – net primary production (g C m−2 day−1); ET – transpiration (mm day−1); UN – N uptake
(g N m−2 day−1); WUE – water-use efficiency (= GPP/ET); NUEGPP – N-use efficiency for GPP (= GPP/UN); NUENPP – N-use efficiency for NPP (=NPP/UN); L/C/W –
hours of GPP limitation by light, CO2, and water.

24-hour simulation condition

Acclimation condition Biomass Metabolism Control Dry soil Dry air High CO2 Low light

Control C=7991
N=52.74
C:N=151.5

GPP
NPP
ET
UN

WUE
NUEGPP
NUENPP
L/C/W

6.39
3.19
3.47
0.06
1.84
99.84
49.84
4/4/4

4.55
1.35
2.36
0.06
1.93
71.09
21.09
3/0/9

3.91
0.71
6.40
0.06
0.61
61.09
11.09
3/0/9

7.47
4.27
2.77
0.06
2.70
116.72
66.72
7/5/0

5.67
2.47
3.18
0.06
1.78
88.59
38.59
8/2/2

Dry soil C=5000
N=33.00
C:N=151.5

GPP
NPP
ET
UN

WUE
NUEGPP
NUENPP
L/C/W

4.02
2.02
2.21
0.04
1.82
100.50
50.50
4/8/0

4.00
2.00
2.20
0.04
1.82
100.00
50.00
4/4/4

4.01
2.01
6.99
0.04
0.57
100.25
50.25
4/8/0

4.56
2.56
1.69
0.04
2.70
114.00
64.00
6/6/0

3.58
1.58
2.00
0.04
1.79
89.50
39.50
7/5/0

Dry air C=7610
N=50.23
C:N=151.5

GPP
NPP
ET
UN

WUE
NUEGPP
NUENPP
L/C/W

6.18
3.14
3.41
0.06
1.81
101.31
51.48
4/8/0

5.65
2.61
3.07
0.06
1.84
92.62
42.79
3/1/8

6.09
3.05
10.59
0.06
0.58
99.84
50.00
4/4/4

7.01
3.97
2.60
0.06
2.70
114.92
65.08
6/6/0

5.45
2.41
3.05
0.06
1.79
89.34
39.51
8/4/0

High CO2 C=8385
N=55.34
C:N=151.5

GPP
NPP
ET
UN

WUE
NUEGPP
NUENPP
L/C/W

5.10
1.75
2.65
0.07
1.92
76.12
26.12
3/3/7

3.55
0.20
1.73
0.07
2.05
52.99
2.99
2/0/10

2.58
-0.77
3.93
0.07
0.66
38.51
-11.49
2/0/10

6.71
3.36
2.43
0.07
2.76
100.15
50.15
4/4/4

4.73
1.38
2.53
0.07
1.87
70.60
20.60
5/2/6

Low light C=7008
N=46.26
C:N=151.5

GPP
NPP
ET
UN

WUE
NUEGPP
NUENPP
L/C/W

5.98
3.18
3.19
0.06
1.87
106.79
56.79
2/5/5

4.33
1.53
2.15
0.06
2.01
77.32
27.32
2/1/9

3.30
0.50
5.12
0.06
0.64
58.93
8.93
2/1/9

7.56
4.76
2.77
0.06
2.73
135.00
85.00
4/8/0

5.61
2.81
3.05
0.06
1.84
100.18
50.18
4/4/4

Fig. 9. Distribution of uptake effort among N and three interdependent re-
sources, CO2, light, and water. Vegetation acclimated to control, dry soil, dry
air, high CO2, and low light conditions. Effort allocated to N is simply the
primary effort, VN. Efforts allocated toward the interdependent resources are
the primary C effort times the sub-effort allocated to each, VC vCCa, VC vCI, and
VC vCW.
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by reallocating effort away from light and CO2 toward water. With the
specified time constants on effort reallocation, the vegetation would not
be expected to acclimate to the new conditions in such a short period of
time. Over time, if the simulation conditions are maintained, the effort
is reallocated to be less wasteful (as in Fig. 9 and the diagonal cells in
Table 3).

Other metabolic indicators vary as would be expected across the
conditions of the one-day simulations (rows in Table 3) but in more
surprising ways across acclimation conditions (columns in Table 3).
Because the manipulations are only of light, CO2, and water, N uptake

(UN) is constant across simulation conditions (rows in Table 3) but
varies in relation to the overall productivity under the acclimated
conditions (columns in Table 3; highest acclimated to elevated CO2,
lowest acclimated to dry soils). For all acclimation conditions, simula-
tions under the two most favorable conditions, elevated CO2 and con-
trol, have the highest rates of photosynthesis (GPP) and net primary
production (NPP). Transpiration is always highest in simulations with

Fig. 10. Light-limited, CO2-limited, and water-limited photosynthetic rates
over 24-h simulations for vegetation acclimated to control, dry soil, dry air,
high CO2 and low light. The true photosynthetic rate is the minimum of these
three rates.

Fig. 11. Photosynthetic rates as vegetation acclimated to control, dry soil, dry
air, high CO2, and low light succumb to drought. All simulations were run
under the conditions to which the vegetation was acclimated except that the
soil water was not held constant. All simulations except the dry soil simulation
start with soil water at field capacity (100mm, -0.01MPa); the dry soil simu-
lation starts with soil water at about 40mm soil water (-1 MPa). Dashed lines
begin when soil water first drops below -1MPa.
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dry air. Instantaneous water-use efficiency (UC/TR) is determined en-
tirely by vapor pressure deficit and atmospheric CO2 (Eq. 2.19) and
therefore does not vary with biomass or effort allocation. The daily
water-use efficiency (WUE=daily photosynthesis/ daily transpiration)
therefore varies far less within the simulation conditions and across the
acclimation conditions (columns in Table 3; CV < 7%) than within
acclimation conditions and across simulation conditions (rows in
Table3; CV > 36%).

Responses to drought following preadaptation to different interdependent
light, CO2, and water conditions: Finally, we run a set of simulations in
which conditions are maintained the same as the acclimation conditions
except we allow transpiration to dry the soil rather than holding the soil
moisture constant (Fig. 11). Under dry soil conditions where the soil
begins with a water potential of -1MPa, photosynthesis declines im-
mediately and effectively ceases within about 8 days. The afternoon
depression in photosynthesis in this simulation is less steep than in the
other simulations because of the high allocation to water acquisition
and the consequent high hydraulic connectivity between soil and ca-
nopy. Under dry air conditions, there is a noticeable intensification of
the afternoon depression in photosynthesis after four days, soils dry to
-1MPa by day 6, and photosynthesis effectively stops by day 10. Soil
drying and photosynthetic decline are much more gradual in the other
simulations with the time to reach -1MPa of 18, 20, and 26 days in the
control, low-light, and elevated-CO2 simulations, respectively. In all
three cases the high initial soil moisture and low vapor pressure deficit
contributes to this long delay in photosynthetic collapse. With low light,
the lower rate of photosynthesis also decreases transpiration (Eq. 2.19)
and prolongs the delay before photosynthetic collapse. With elevated
CO2, the increase in water use efficiency prolongs the delay before
photosynthetic collapse by another 6 days (Eq. 2.19). The photo-
synthetic collapse in these simulations is also more gradual than in the
dry-air simulations, taking 8 to 10 days rather than just 5 days.

The dynamics in these simulations are dominated by the environ-
mental conditions (especially initial soil water, vapor-pressure deficit)
and the time course of the simulations is too short for reallocation of
effort to have a significant effect. Nevertheless, the effects of resource
optimization in the preadaptation to the five environmental conditions
are important. In particular, the high allocation to water acquisition
when preadapted to dry soil and dry air conditions helps accelerate the
progression of drought. Conversely, the high water-use efficiency under
elevated CO2 and the low transpiration under low light decrease the
allocation of effort toward water acquisition and thereby delay the
onset of drought. These results are again consistent with what is ex-
pected under the resource optimization paradigm.

4. Conclusions

Organisms are continuously acclimating to a changing environment
(Mooney 1972, Bloom et al. 1985, Chapin et al. 1987, Wikström and
Ericsson 1995, Ågren and Bosatta 1996, Rastetter 2011). This acclimation
has important ramifications for the distribution, storage, cycling, and
throughput of elements in ecosystems. Here we build on the resource-
optimization algorithm developed for the Multiple Element Limitation
(MEL) model (Rastetter and Shaver 1992, Rastetter et al. 2013,
Pearce et al. 2015, Nagy et al. 2017) by developing a hierarchical ap-
proach to simulating acclimation to changes in or requirements for sub-
stitutable and interdependent resources. The approach we use is based on
an abstract quantity we call “effort” representing assets the organism has
available to allocate toward resource acquisition. The effort is finite but
can be reallocated among various resources. We first allocate effort among
primary element resources (e.g., C, N, P) and then allocate that primary
effort among substitutable sources of the primary resources (e.g., NH4, or
NO3 as sources of N) or among resources that are interdepended toward
the assimilation of a primary element resource (e.g., light, CO2, and water
to assimilate C through photosynthesis and associated transpiration). Al-
location of effort among primary resources is based on maintaining the

stoichiometric and metabolic balance of the organism. The approach for
both substitutable and interdependent resources is to partition the primary
effort by allocating sub-effort toward the resource with the highest mar-
ginal yield of the primary element resource per effort expended. The
marginal yield is simply the incremental increase in element assimilation
per incremental increase in effort expended, including effort expended to
cover the cost of taking up and assimilating the resource.

Our algorithm for allocating effort among substitutable and inter-
dependent resources produced results that are consistent with the
predictions of the resource optimization paradigm, particularly as ex-
pressed in the economic analogue of Bloom et al. (1985) and
Chapin et al. (1987). These results will, of course, need to be corro-
borated with data, but that corroboration is better done in the context
of a more complex model. The current model provides a more heuristic
perspective on resource optimization for substitutable and inter-
dependent resources.

Our treatment of substitutable and interdependent resources is es-
sentially the same. In both cases, we calculate a marginal yield of the
element resource per incremental increase in effort expended and al-
locate effort away from resources with low margin yield and toward the
resource with the highest marginal yield. The major difference between
the two is that the organism can meet its requirements by taking up
only one or a combination of several substitutable resources, but it must
take up all interdependent resources concurrently. Because the or-
ganism can use any combination of substitutable resources, the major
distinction among them is their relative acquisition and assimilation
cost. The relative cost of interdependent resources is irrelevant because
they are all essential regardless of cost. Thus, the cost needs to be
factored into the calculation of marginal yield for substitutable re-
sources (Eq. 1.24) but not for interdependent resources (Eq. 2.33). Also,
because the sub-effort (vNk) allocated toward a substitutable resource
can be zero if conditions do not favor its use, an initiator constant must
be substituted into the allocation equation if the resource's use becomes
favorable (εk in Eqs. 1.5 and 1.22). No such initiator is needed for in-
terdependent resources because all interdependent resources are re-
quired concurrently and therefore sub-effort must always be allocated
to them all.

Most multiple-resource limitation models simulate uptake potentials
that increase with biomass but are otherwise prescribed and therefore
do not acclimate to changes in the environment like the model we
present here. Limitation in these models is typically based on Liebig's
Law of the Minimum and thus a single resource limits growth; in our
model acclimation drives uptake potentials toward a condition of equal
limitation by all resources. The classic MacArthur and Levin (1964),
Tilman (1982), and Droop (1973) models are good examples of this
type of model, as are more recent models like Huisman and
Weissing (2001), Rastetter and Ågren (2002), DeMalach et al. (2016),
and Strauss et al. (2019). The DeMalach et al. (2016) model includes a
resource-specific metabolic cost for resource acquisition like the one we
use to distinguish among substitutable resources; this cost is used in the
assessment of production but is not used to drive acclimation.

Other models handle multiple resource limitation with adaptive
root-shoot ratios. Thornley (1972) modeled counter flows of C from
shoot to root and N from root to shoot (a similar approach is used by
Rastetter et al. 1991). Because both roots and shoots in the model are
co-limited by C and N, the tissue responsible for acquiring the more
limiting resource has first access to that resource, grows faster, con-
sumes more of the limiting resource, and therefore starves the other
tissue for the limiting resource. Thus, root-shoot ratios increase under N
limitation and decrease under light limitation. Kooijman (2001) cap-
tures this root-shoot acclimation by simulating a “plant as a symbiosis
between root and shoot.” Although our approach to multiple limitation
is more abstract, we believe it is also more flexible and capable, for
example, of addressing acclimation to changes in multiple soil resources
or multiple canopy resources, as illustrated above.

In a series of papers, Dybzinski et al. (2011) and Farrior et al.
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(2013a & b) used individual-based vegetation models like
Tilman's (1988) ALLOCATE model to find the evolutionarily stable
strategy for acquiring primary resources (light, nitrogen, and water).
Within individual plants, uptake potentials for resources are fixed in
these models except in the transition from understory to canopy in-
dividuals. The optimization is through variability among offspring and
selection. Nevertheless, if applied in a dynamic setting, the selection of
individuals as the environment changes would result in a vegetation
level acclimation analogous to our model, but on a longer time scale.
The Dybzinski-Farrior approach could readily be applied to sub-
stitutable and interdependent resources. Indeed, Good et al. (2018)
apply a similar approach to substitutable resources.

The defining characteristic of the Anthropocene is the change to the
global environment imposed by human activities. Mitigation, manage-
ment, and adaptive strategies will require analysis and prediction of
how ecosystems respond to this changing environment. Models de-
signed for these purposes continue to improve. The approach to mod-
eling we present here is general and should be applicable for addressing
ecosystem responses to global change in a variety of settings. We be-
lieve the approach can be adapted to modeling efforts at local, regional,
and global scales.
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