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Sonar echoes from unresolved features of rough objects tend to interfere with each other. 
Because of these interferences, properties of the echoes, such as its envelope level, will vary 
from realization to realization of stochastically rough objects. In this article, the nature of the 
fluctuations of the backscattered echo envelope of rough solid elastic elongated objects is 
investigated. A general formulation is initially presented after which specific formulas are 
derived and numerically evaluated for straight finite-length cylinders. The study uses both the 
approximate modal-series- and Sommerfeld-Watson-transformation-based deformed cylinder 
solutions presented in the first part of this series IT. K. Stanton, J. Acoust. Soc. Am. 92, 1641- 
1664 (1992) ]. The fluctuations of the backscattered echo envelope are related to the Rice 
probability density function (PDF) and shown to depend upon a/a and •/L in the Rayleigh 
scattering region (ka • 1 ) and ka and •J•/L in the geometric region (ka >> 1 ), where a is the 
rms roughness, a is the radius of the cylinder, • is the correlation length of the roughness, L 
is the length of the cylinder, and k is the acoustic wave number in the surrounding fluid. There 
are similarities shown between these fluctuations in the geometric region and those from rough 
planar interfaces. In addition, analytical expressions and numerical examples show that the 
fluctuation or "incoherent" component of the scattered field is random only in amplitude--its 
phase approaches a constant value, in phase with the mean scattered field, which needed to be 
taken into account in the formulation. Finally, applications of the theory developed in this 
article to backscatter data involving live marine shrimp-like organisms are discussed. 

PACS numbers: 43.30.Ft, 43.30.Gv, 43.30.Hw 

INTRODUCTION 

Echoes from randomly rough objects will fluctuate from 
realization to realization. The fluctuations are due to the fact 

that there are interferences from the unresolved portions of 
the scatterer and the pattern of interferences is different in 
each realization, hence producing a different echo. The fluc- 
tuations depend upon the size, shape, orientation, and mate- 
rial properties of the object as well as the wavelength of the 
incident sound field. By understanding the physical basis of 
the fluctuations, one can make better predictions of the 
range of echoes in the "forward" sonar problem as well as 
make better estimates of the characteristics of the scatterer 

in the remote sensing, or "inverse" sonar problem. 
In this second part of the series, the realization-to-real- 

ization fluctuations of the scattered field due to randomly 
rough straight finite elastic cylinders at normal incidence are 
investigated. Such variations are quite complex, especially 
when dealing with volumetric objects. What adds to the 
complexity of this problem over the subject of rough planar 
interface scattering is the fact that ( 1 ) circumnavigating sur- 
face elastic waves are present in the ka >• 1 region and (2) in 
the ka,• 1 (Rayleigh scattering) region, the fluctuations be- 
come functionally different than those in the ka • 1 region 
(where k is the wave number of the incident acoustic field 
and a is the radius of the cylinder). Neither of these two 
phenomena has a rough planar interface analog.• 

The initial statistical formulas derived herein are gen- 
eral enough so that fluctuations due to other elongated bo- 
dies could also be predicted. The fluctuations of the level of 
the echo envelope are related to the Rice probability density 
function (PDF) 2 and the dependence of the PDF shape pa- 
rameter y upon the roughness properties of the cylinder is 
derived. Numerical examples involving Monte Carlo simu- 
lations of the approximate modal series solution are com- 
pared with the analytical results that were based on the mod- 
al series solution in the ka< 1 region and a simplified ray 
solution (an approximate form of the Sommerfeld-Watson 
transformed solution) in the ka •, 1 region. Finally, applica- 
tions of the analysis of the backscattered echoes from live 
marine shrimp-like organisms are discussed. 

Finally, it is important to note that the fluctuations due 
to the stochastic nature of the rough boundary described in 
this article represent only one facet of a larger problem. Since 
the fluctuations also depend on other properties such as 
shape and orientation, which may be random, the fluctu- 
ations from all sources ultimately need to be taken into ac- 
count to describe the echo statistics. 

I. THEORY 

In order to investigate the statistical nature of the echoes 
from randomly rough objects, we divide the analysis into 
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two major parts: ( 1 ) In the first part, the problem is purely 
statistical where the analogy between the stochastic acoustic 
scattering and the sum of an electrical sine wave and noise is 
made. The mean field of the acoustic echo is related to the 

constant amplitude sinusoidal (electrical) signal and the 
fluctuation component of the field is related to the noise 
component of the electrical signal. The Ricean probability 
density function (PDF), 2'• which was originally derived in 
electrical signal theory, is then used to describe statistics of 
the echo envelope of the resultant sum of the acoustic "sine 
wave" and "noise". (2) In order to relate the statistical na- 
ture of the acoustic echo to the properties of the rough ob- 
jects, the physics of the interaction of the sound waves and 
the objects must be understood. Here, we use the results of 
the previous article • where the scattering properties of the 
straight finite-length rough cylinder were derived. The 
acoustic "sine wave" and "noise" are derived from the mean 

and mean-square scattered field as was done in Stanton 
where the statistics of the scattering by rough planar inter- 
faces were derived. 4 As it will be shown, there are additional 
degrees of complexity when dealing with volumetric objects 
because of the circumnavigating surface elastic waves in the 
ka>> 1 region as well as Rayleigh scattering effects in the 
ka,• 1 region. 

A. Echo statistics (general) 

The scattered pressure P•at, due to one realization of a 
randomly rough object can be expressed in terms of the sum 
of the mean scattered pressure (P•t) and the fluctuation 

(F) 
component P•t: 

][}scat = (Pscat) JFP(sc?t, 
where {P•a•) = 0 and the brackets ("-) refer to an average 
across an ensemble of statistically independent objects. In 
the far field, where the pressure is proportional to the scat- 
tering amplitude f, we can write 

f= (f) + •f, (2) 

where (•f) = 0 and now (f) is the mean field and •f is the 
fluctuation component. A phasor diagram of Eq. (2) is illus- 
trated in Fig. 1. The mean field is also referred to as the 
coherent (or "stacked" ) component of the field in other arti- 
cles as well as in this article. The time dependence of all 
quantities is suppressed. 

Using Eq. (2), the mean-square scattering amplitude is 

(if*) = (f)(f)* + ((tf)(•sf)*). (3) 

This equation can be rearranged to produce an equation 
for the mean-square fluctuation component of the scattered 
field: 

((,5œ)(6œ)*) = (if*) -- (f)(f)*. (4) 

As it will be shown in Sec. I B, the fluctuations of the 
echo envelope I f] are directly related to the component 
of the (complex) fluctuation component that is in phase 
with the mean scattered field, especially when the roughness 
is small (kag 1;1•5f I <girl ). In this region, the out-of-phase 
component tSf• appears to have little affect on Ifl regardless 
of the relative values oftf•, and tSf•. One can understand this 

FIG. 1. Phasor representation of the scattering amplitudef shown to be the 
sum of two components: the mean field (f) and the fluctuation component 
of the field 6f thal has a zero mean. Also shown are lhe components of the 
fluctuation component that are in-phase (Sf,•) and perpendicular (tA) or 
90 • out of phase with respect to the mean field. Fluctuations of the echo 
envelope are given by 61 f[ and are approximately equal to •f,,• for low fluc- 
tuations. 

phenomenon qualitatively simply by examining the phasor 
diagram in Fig. 1 and seeing from a geometrical standpoint 
that changes oft• will only cause minute changes in I fl. In 
particular, sincef forms the hypotenuse of a right triangle in 
the complex plane, one can show that for small 6f,, changes in 
Ifl vary linearly with 6f• and quadratically with 6•. Thus, 
to first order, 6f• alone causes variations in I f I provided of 
course that 8ft is not too much greater than 6f•n' 

It will be shown in later sections that the in-phase com- 
ponent becomes much greater than the out-of-phase compo- 
nent in two regions: the ka <• 1 region and the low roughness 
(krrg 1 ) high ka (ka>> 1 ) scattering region. In each case, the 
phase of the fluctuation component approaches a narrow 
distribution in phase with the mean field. In these regions 
where 6fi, • 6f•, variations of I fl depend even less on 6fx 
than had the two components been comparable. 

For moderate roughness (ka• 1 ) in the high ka region, 
the phase of the fluctuation component becomes uniformly 
distributed and 6f• • 6f•. In that case, either the in-phase or 
total fluctuation component can be used to describe the fluc- 
tuation of the echo envelope, although an analysis using the 
in-phase component only, even with a correction factor, de- 
creases in accuracy. 

Finally, in the Appendix, where the mean of the rough- 
ness was held at a nonzero level, it is shown that 6f• >> 6f•. In 
that case, 6f•, still dominated variations in I f I, which dem- 
onstrates again the importance of understanding the behav- 
ior of 6f• to describe the statistics of I f I- 

We can write the in-phase component of the scattered 
field in terms of a vector or phasor dot product in the com- 
plex plane: 

•fi,_--tf'(f) 
I<f>l 

Re(•f)Re((f)) + Im(•f)Im((f)) (5) 
{[Re((f))l • + [Im((f))]•} •'• ' 

where the dot product ( ..... ) between the fluctuation com- 
ponent and the normalized mean scattered field is first given 
symbolically and then written explicitly in terms of their 
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respective real and imaginary components. Note that 8f, is 
a real or "scalar" quantity. 

The degree to which the level of the echo envelope fluc- 
tuates depends upon the relative values of the mean field and 
fluctuation component of the field (or, of course, in-phase 
component of the fluctuation component). When the fluctu- 
ation component is small compared with the mean field, the 
envelope fluctuates very little while conversely the fluctu- 
ations are great when the component is large compared with 
the mean. The fluctuations are small when the roughness is 
much smaller than an acoustic wavelength (or more precise- 
ly, krr• 1). The fluctuations become large when ka >• 1. 

The ratio of the energies of the mean field to fluctuation 
(total or in-phase) component of the field determines the 
shape of the frequency distribution of the level of the echo 
envelope If: 

power of mean field 
power of total fluctuation component 

(uniform phase 8f only) 

-- (f)(f)* (6) 
(if*) -- (f)(f)* ' 

power of mean field 
2(power of in-phase fluctuation component) 

-- (f)(f)* (7) 
2((8œ.)2) ' 

where the expression for ((Sf)(fif)*) in Eq. (4) was used 
in Eq. (6) and fifi, in Eq. (7) is defined in Eq. (5). Here, 
Ytota• only applies when the phase of the fluctuation compo- 
nent is uniformly distributed (0 -- 2rr) while Yi,can apply 
to the more general case when the phase is not uniform (so 
long as (Sf, is not too much smaller than the out-of-phase 
component). The factor of 2 in the denominator of Eq. (7) 
was inserted to artificially produce what the total power of a 
uniform phase fluctuation component would be if the in- 
phase and out-of-phase components were equal. Later, Yi, will be used in the Rice distribution that was derived based 

on a uniform phase component whose total power is equal to 
twice one of its quadrature components. 

The ratio y is given above for the cases where the fluctu- 
ation of the echo envelope is determined by the total fluctu- 
ation component of the scattering amplitude in Eq. (6) and 
by the in-phase component of the fluctuation component in 
Eq. (7). These forms of y can be used in the Rice PDF in a 
manner similar to that described in an earlier article involv- 

ing scattering by rough planar interfaces: 4 

w(e)- 2e(l + y)exp(-- (1 + y)e:+ 7(e•).)lo(q,), 
(8) 

where 

q, _ 2e[y( 1 + y) ] •/2 

e( =- Ill ) is the level of the echo envelope, and Io the modi- 
fied Bessel function. Either Ytot,• or 7i. can be used in the ?' 
term in Ecl. (8). Note that there exists a more general form of 

the Rice PDF derived by Hoyt in which the two quadrature 
components, 8f, and •f•, of the fluctuation component of 
the field are allowed to be unequal (they are assumed to be 
equal in the derivation of the Rice PDF)fi While applying 
the Hoyt PDF to the current problem would be more rigor- 
ous, we have found that our adaptation of the Rice param- 
eter y to yi, to be not only mathematically convenient but it 
allows the Rice PDF to satisfactorily describe the echo fluc- 
tuations over a wide range of conditions without sacrifice of 
accuracy (Sees. II and III). 

Figure 2 gives examples of the Rice PDF for various 
values of y. For y = 0, the Rice PDF becomes the Rayleigh 
PDF. This occurs, as shown in Eqs. (6) and (7), when the 
echo is dominated by the fluctuations due to the roughness 
and the echo will fluctuate as would pure noise. That is, the 
surface of the object is so rough that there is a negligible 
coherent return and the echo fluctuates significantly. When 
the cylinder becomes acoustically smooth, the coherent or 
mean component of the echo dominates (y>> 1 ) and the 
PDF tends to a narrow Gaussian. In this case, the echo fluc- 

tuates very little. For intermediate roughnesses, the PDF 
takes on intermediate curves. The Rice PDF varies smoothly 
between the extremes. The fluctuations of the echo ampli- 
tude will be related to physical scattering processes in Sec. 
IB. 

B. Relating scattering by rough cylinders to echo 
statistics 

As shown in Sec. I A, the statistical nature of the echo 
envelope of a rough object is related to the mean and mean- 
square scattered fields. Derivation of explicit analytical ex- 
pressions requires dividing the analysis into two subsections: 
( 1 ) the ka • 1 region, where the modal series solution is used 
as the series simplifies to the summation of the first two mod- 
al terms (a monopole and dipolelike term) which dominate 
the scattering process; (2) the ka >> 1 region, where a simpli- 

2 

o 
o.o 

•o.o RICE 
5.0 

0.5 1.0 1.5 2.0 

e/< eZ• 'z 

FIG. 2. Rice PDF of the envelope level for various values of y. The y = 0 
curve is the Rayleigh PDF where the fluctuating component of the echo 
dominates the echo envelope (mean component of scattering amplitude is 
zero). As y becomes large, the mean component dominates and the PDF 
approaches the Gaussian. 
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fled ray solution based on the Sommerfeld-Watson transfor- 
mation ( SWT ) of the modal series is used (in this region, the 
modal series requires many terms to converge and is diffi- 
cult, if not impossible, to manipulate mathematically). Both 
solutions, involving the deformed cylinder formulation, are 
approximate. 

1.1ca•l 

The ka • 1 expansion to the approximate modal-series- 
based backscattering amplitude for the straight finite rough 
cylinder was given in Ref. I as 

(9) 

wherefo =«Ct•r (ka)•L and is the zero roughness scattering 
amplitude for ka,•l, Ct•r---(1-ghZ)/2ghZ + (1-g)/ 
( 1 + g), g and h are the density and compressional speed of 
sound contrasts of the material, k is the acoustic wave num- 
ber of the surrounding fluid, • is the roughness deviation 
about the mean radius a of the cylinder, z is the position 
along the axis of the cylinder, L is the length of the cylinder, 
and œ•_/•/z•dz=O was assumed. The above equation is 
characterized by two terms--the first is the scattering ampli- 
tude in the absence of roughness while the second represents 
changes in the amplitude due to roughness. Since • is sto- 
chastic, so is the scattering amplitude. 

The mean scattering amplitude is simply 

L,/2 • 2 {fRc)=fo[l+L-I;L/z((•))dz], (10, 
where the brackets (---) represent an average over an en- 
semble of statistically independent cylinders. The fluctu- 
ation component, as defined in Eq. (2), can be determined 
from the above two equations as 

(11a) 

-- I fL/2 (lib) 

where the rms roughness am (•:)m was substituted in Eq. 
(lib). 

In order to predict fluctuations in the levels of the echo 
envelope, we must now examine the phase characteristics of 
the fluctuation component of the scattering amplitude. The 
above equations show that, to first order, both the mean 
scattered field and fluctuation component are real, hence in 
phase with each other. Determination of the in-phase com- 
ponent of the fluctuation as given in Eq. (5) is then trivial as 
(f) = I(f)J, which makes •fi, = õf Determination of•'in 
in Eq. (7) is straight forward as we now use Eq. ( 1 lb) to 
calculate the mean square of the in-phase component. First, 
the square is written: 

(6fi,,)z =f}L - -- -- 

where the prime(s) on tach •indicate to which z integration 
it •1ongs. Without making any assumptions with regard to 
the statistical nature of •, this expr•sion shows that the 
sq•re of the in-pha• fluctuation component varies as the 
rough •wer of roughness which, in turn, results in y•, vary- 
ing inoersely upon the foumh power of roughn•s. 

Taking the mean of the above equation involv• knowl- 
•ge of the statistical behavior of•. Assuming that • is Gaus- 
sian distfibut• a•ut a zero mean, this equation can rmdily 
• evaluat• analytically. Note that since the first term in the 
integrand involves two variables, •' and • •, the bivadate 
Gaussian distribution is required. Using the r•ults of the 
averages (•'•) and (•':• •2) given in Ap•ndix A of Ref. 1, 
the mean square in-phase fluctuation component is 

= •z(•)dz' dz", 

(13) 

where the factor to the zero roughness term in the mean 
square is shown to depend u•n the product of the rough 
power of roughness, twofold integral of the square of the 
autocorrelation function of the surface, and the correlation 
p•ameter • = z =-- Y. Further evMuation of the m•n 
square r•uires knowledge of the aut•o•elation function. 
In Ap•ndix B of Reft 1, an estimate of the integral was made 
assuming a simple function that decrinsed linearly to zero 
from the origin and •main• equal to zero beyond that 
point which was defin• as the "correlation length" •. Re- 
placing the integral with its estimat• value of (2/3) •L 
gives 

4 rl(o"• 4 ..• (14) -] œ, 
where the relation ..•/L • 1 was assum• in evaluating the 
integral. (This is a practical assumption •ause if the corre- 
lation length were comparable to or greater than L, then the 
object would not be rough.) 

lnse•ing Eqs. (10) and (13) into •. (7) gives expres- 
sions for Z•,: 

= 

]-' Xd• dz" (15a) 

2 •[Z L/z dz•} - i 
(15b) 

[3\a! LI 

where the integral of the mean-square roughness in Eq. (10) 
was evaluated to produce Eq. (15a), (a/a) was assumed to 
be much less than unity in the approximation in Eq. (15b), 
and the approximate expression for the integral of the corre- 
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lation function as discussed above was inserted into Eq. 
(15b) to produce Eq. (15c). 

The above expressions for Yi, show that for ka • 1, the 
behavior of the fluctuations of the echo envelope is indepen- 
dent of frequency and only depends on the roughness param- 
eters. In addition, although Eq. (15a) was derived for ka • 1, 
the only restriction on the roughness is that it is slowly vary- 
ing. The roughness is thus allowed to be finite in magnitude 
(compared with a). 

The fact that the echo fluctuations are independent of 
frequency in the ka,• 1 region for the entire range of rough- 
ness is a phenomenon that is specific to volumetric scattering 
and should be compared with fluctuations due to rough 
planar interfaces where the fluctuations can depend directly 
upon frequency. In the case of rough planar interfaces, Stan- 
ton showed that y varied by an inverse power ofk in the low 
roughness (ka,• 1 ) casefi Once k•r became much greater 
than unity, the fluctuations were Rayleigh distributed and 
were not sensitive to changes in frequency. The underlying 
reason for the above differences is the fact that for ka • l, the 
variations in the scattering amplitude are caused by varia- 

-- i eirr/4 fL/2 

tiens in the amplitude of the "local" echo from the infinitesi- 
mal slice of the cylinder that is integrated while phase-shift- 
induced fluctuations are negligible [Eq. (9)]. The 
mathematics show that this amplitude-variation-induced 
fluctuation, normalized by the mean, is independent of fie- 
queney. In contrast, for the planar interface variations are 
due to local changes in phase while the local changes in am- 
plitude are quite often considered negligible. The phase 
shifts are frequency dependent, hence resulting in the fie- 
queney dependence of the fluctuations for rough planar in- 
terfaces. 

Finally, in a manner similar to the above discussion, 
subsection B 2 illustrates the same types of differences be- 
tween the fluctuations due to a rough cylinder at ka• 1 and 
ka>> l. 

2. ka>• I 

The backscattering amplitude as derived with a simpli- 
fied ray solution [an approximate form of the Sommerfeld- 
Watson-transformed (SWT) solution ] for rough solid elas- 
tic finite cylinders was given in Reft I as 

X (.•e- ak [a + c(,•14k [a + •(z) ] -- 8q•k [a + •(z) ]fl • ( go )e'*Rexp( -- 2(rr - 0 R )k [a + •(z) ]/3 h ( go 
Xexp{ik [a + •(z)] [ (c/cR)(2rr - 20R ) -- 2 cos 0R ]} 

X • exp{ -- 2rrmk [a + •(z) l/•h (oo)exp{t2rrmk [a + •(z)]c/cR})dz, (16) 

where • • (gh -- 1 )/(gh + 1 ) is the plane-wave/plane in- 
terface reflection coefficient. 

The first term in the integrand of this ray solution is the 
so-called "specular" echo from the front interface of the cyl- 
inder and the second term represents the Rayleigh surface 
elastic waves that have circumnavigated the cylinder and 
returned toward the source. It was shown, in part, in Ref. 1 
and more completely in Refs. 6-9 that the specular echo and 
Rayleigh surface waves dominate the trend and oscillatory 
nature of the backscattering by certain dense elastic bodies 
when plotted versus ka while waves such as the Franz, 
Whispering Gallery, and internally refracted waves that 
were ignored in the analysis in Reft 1 could be ignored in the 
20 < ka < 80 range. The definitions for the Rayleigh wave 
parameters are given in Reft ! and will not be repeated here 
because, as explained below, the Rayleigh wave will be ig- 
nored in the analysis. Also, there are several major assump- 
tions leading to Eq. (16) including the requirement that the 
radius vary slowly with z and the fact that dispersion of the 
Rayleigh wave is ignored. Since the Rayleigh wave is ignored 
in this analysis, the latter assumption is irrelevant to this 
article. 

Formulating the behavior of the echo fluctuations using 
the above equation would be extremely difficult because of 
the Rayleigh wave component. In order to illustrate the un- 
derlying physical phenomena and general trends involved in 
the fluctuations of the echo envelope, we ignore the Rayleigh 

I 
surface wave component and examine only the specular 
wave. This can be justified because, as shown in Ref. 1, the 
specular wave dominated the trend of the scattering over a 
large range ofka [ at very high ka, the Rayleigh wave compo- 
nent will dominate the scattering by (one dimensional) 
rough objects]. The assumption will be further verified later 
in this article when the simplified theory is compared with 
numerical simulations that include all surface waves. Ignor- 
ing the Rayleigh term and rewriting the specular term, the 
above equation simplifies to 

L/2 • fac = foL - ' e '•; + ---• dz, 
d -- L/2 a 

(17) 

wherefo = -- (i/2•-'•)ei'•/4•e - a•ax[•L is the zero rough- 
ness scattering amplitude for ka• 1. 

The integrand in Eq. (17) contains the product of two 
terms---one whose phase varies with roughness and the oth- 
er whose amplitude varies with roughness. The problem that 
will be investigated involves roughness that is low both with 
respect to the wavelength of the incident sound (ka• 1 ) and 
radius of the cylinder (a/a• 1 ). In the ka• 1 region, the 
shape of the (narrow) probability density function of the 
echo envelope will be shown to contain much information 
regarding the roughness properties of the object. This is in 
contrast to the kcr>• 1 region where the envelopes are Ray- 
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leigh distributed and much less information is extractable 
from the envelope distribution. The a/a,• 1 condition is im- 
posed because if •r were comparable to or greater than the 
radius, the cylinder would break. 

It is also important to note that for •/a,• 1, the square 
root term in Eq. (17) is approximately unity andfRc broad- 
ly resembles the scattering in the specular direction by a one- 
dimensional rough planar interface (with the assumption of 
small slopes). 1ø-lz Thus the results of the analysis about to 
be presented also apply, at least qualitatively, to the rough 
planar interface problem. 

In the low roughness limit, the expansions 

e-ak;•l-t2k•-2(kf) 2 and jl+•/a=l+•/a 
-- •(•/a) • are used in the above equation to obtain the ap- 
proximation expression 

-- (18) 

where the roughness was assumed to have a zero mean along 
the length La (J'- L/• dz = 0). This equation shows that the 
scattering amplitude has orthogonal components to it, the 
first two being 90 ø out of phase in the complex plane from the 
third (note that fo is complex). The third term is also of a 
lower order ofka than the second and will be shown to have a 

negligible effect on the echo fluctuations. 
The mean scattering amplitude is determined from the 

above equation as 

(fRC) =fo [ 1 -- 2(ka)•(a/a) • -- i(ka) (cr/a) • ] (19) 
and, using the above two equations, the fluctuation compo- 
nent is 

r/'2 - 
The in-phase fluctuation component can be calculated 

formally by use of Eq. (5) or by simple inspection of Eq. 
(20). Either way the in-phase component is found to be 
equal to the product offo and the first term in the brackets in 
Eq. (20): 

, r?'L - 
It is important to point out that, as in the ka • 1 case, the 

in-phase component dominates the fluctuation component 
as indicated by the fact that the real term in the brackets in 
Eq. (20) is much greater than the imaginary term for/ca>) 1 
[ the higher-order terms representing the out-of-phase com- 
ponents in Eqs. (9) and (11 ) were not shown as they were 
negligible]. Thus in both regions, the fluctuations of the 
scattering amplitude are essentially in phase with the mean 
scattered field. 

Using the above equation, the square of the in-phase 
fluctuation component is 

\/3! \•! \a! \ a I J 

As we observed in the ka,• 1 case [Eq. (12) ], without mak- 
ing any assumptions about the statistical nature of the 
roughness, the mean square of this component varies with 
the fourth power of the roughness indicating that y•, will 
vary inaersely with the fourth power of roughness. As in the 
analysis involving the ka,• 1 case, we proceed by assuming 
the roughness to be Gaussian distributed about a zero mean. 
Performing the mean of the above equation and using the 
results of the averages (• ,2) and (•' ,2• ,2) given in Appen- 
dix A of Ref. 1, 

X •z(•')dz' dz", (23) 
J-- L/2 J -- LZ2 

where the factor to the zero roughness term is shown to de- 
pend upon the fourth power of both k and or, which is in 
contrast to the ka • 1 case where there was no k dependence 
in the corresponding factor ( Ire 12, of course, depends upon k 
in each case). In both cases, the component depends upon 
the same integral of the square of the autocorrelation func- 
tion. 

As in the ka,• 1 analysis, we use the estimate of the inte- 
gral involving the correlation function given in Appendix B 
of Ref. 1 to produce an approximate explicit expression for 
the above equation 

{ (6Z.:) •-•Lfo [:(ka)': Z'• (24) L' 

where the value (2/3)Z•L was substituted for the integral. 
Inserting Eqs. (19) (low roughness limit), (23), and (24) 
into Eq. (7) gives 

[ (__•)4 fL/2 fL/2 yi.= 16(ka) • L -• •o:(•)dz, dz,' 
J - L/I J -- 

(25) 

___ [ Z' l - ' (:26, \a] L J 

Combining the (ka)(c/a) products above, we obtain 

l'œ/2 l'œ/2 \ -- 1 Y,. 16(k•)•L -ZLL/2LL/Z*2(•)d•'dz' ) 
(27) 

=(3• (k•)4 •)- ' (28) 
We show •th fo•s of the a•ve two pairs of equations 

with the ka and (ka) (•/a) pr•ucts to help illustrate the 
various dependences of ka, ka (a/a fix•), and a/a (ka 
fix•). Discussions and nume•cal simulations will involve 
some or all combinations. 

The a•ve equations for y [•s. (25)-(28) ] show that 
the relative echo envelope fluctuations depend upon both k 
and a. This is in •ntrast to the ka • 1 case where the fluctu- 

1670 J. Acoust. Sec. Am., Vol. 92, No. 3, September 1992 T.K. Stanton and D. Chu: Scattering by rough objects. II. 1670 



ations did not depend upon k (see Table I for summary). In 
both cases, Yi, varies inversely as the fourth power of rough- 
ness. Note also that, as shown in Reft 4, for kc• 1 the echoes 
from a rough planar interface vary with both k and a as do 
the echoes for the ka,• 1, ka>> 1 case with the rough cylin- 
ders. These above differences and similarities are due to the 

differences in the scattering processes arising between volu- 
metric and planar interfaces. For ka,• 1 in the cylinder case, 
the object is monopole- and dipolelike and exhibits scatter- 
ing properties for which there are no counterparts in the 
scattering by continuously rough planar interfaces. In the 
ka >• 1 region, the scattered field due to the cylinder can be 
reasonably described by rays and there are strong similari- 
ties between the scattering by the cylinders and planar inter- 
faces. 

II. NUMERICAL EXAMPLES 

In this section, we examine the fluctuations of the echo 
envelope that occur from realization to realization due to a 
plane wave normally incident upon randomly rough straight 
finite-length elastic (tungsten carbide) cylinders. Many re- 
alizations of the rough surface of the cylinder were involved 
allowing us to compare the Rice PDF with histograms of the 
echo envelope as well as investigate the characteristics of the 
fluctuation component itself with respect to its phase and 
amplitude. The scattering by the statistical ensembles of the 
cylinders was calculated for both the cases of ( 1 ) holding the 
rms roughness fixed while varying ka and (2) holding ka 
fixed while varying the rms roughness. In case ( 1 ), the varia- 
tions in the nature of the fluctuations due to modal interfer- 

ences are illustrated and in case (2) the similarity between 
the scattering by the cylinder and a rough planar interface is 
illustrated. 

Figure 3 is a plot of the normalized scattering amplitude 
versus ka for a smooth tungsten carbide straight finite- 
length cylinder at normal incidence. The scattering can be 
characterized by two regions: ( 1 ) in the ka { 1 or Rayleigh 
scattering region, the wavelength is much larger than the 
radius of the cylinder that exhibits monopole and dipolelike 
behavior. In this region, the scattering increases rapidly, 

SMOOTH CYLINDER 

tr / ct = 0 

5 10 15 20 

ka 
25 30 

FIG. 3. Scattering amplitude (absolute value) or echo envelope, normal- 
ized by length of cylinder, of smooth (zero roughness) finite-length tung- 
sten carbide (elastic) cylinder at broadside incidence versus ka. The modal 
series solution (converged using first 36 terms ) was used in the approximate 
finite cylinder formulation. Illustrated are the Rayleigh scattering region 
(ka • 1 ) where the curve rises rapidly and monotonically and the geometric 
scattering region (ka > 1 ) where the curve increases less rapidly and experi- 
ences oscillations about a trend due to interferences between the specular, 
surface wave, and internally refracted components of the scattered field. 
For equations and material properties used, see Refs. 13 and 1. 

smoothly, and monotonically with ka until approximately 
ka = 1 where a transition into geometric scattering occurs. 
(2) In the ka >• 1 or geometric scattering region, the wave- 
length is much smaller than the radius of the cylinder and 
the incident waves of sound interact with the cylinder like 
rays. The oscillatory behavior of the scattering curve versus 
ka is due to interferences between the wave that is "specular- 
ly reflected" off the front interface of the cylinder, the sur- 
face waves that are reradiated back toward the receiver, and 

internally refracted and reradiated waves. The dominant 
waves in the upper ka region of this plot are the specular and 
Rayleigh surface elastic waves where the specular wave 
dominates the trend of the scattering while the interference 

TABLE I. Comparison between the zero roughness backscattering cross section and properties of fl uctualions of echo envelope due to rough cylinders for 
Rayleigh ( ka ,• 1 ) and geometric ( ka •, 1 ) scattering regions. By the definition used in this article, rr,, = •f[2 and TS = 10 log abe, where TS is target strength. 

SMOOTH ROUGH 

Phasc distribution of Rice PDF shape 
fluctuation component of parameter ?' 

ka Backscattering cross section rrb• krr scattered field 

t 2 4 2 narrow, 4L (1)2(•)dz ' de" ' karl •ct,(ka) L karl in phase with •) 4 L/2 l./2 

kay. I ( l/4rr)•2kaL • 
ka• 1 in phase with (f) 16(ka)4L - 2 dO2(•)dz ' dz" 
ka• > 1 uniform near 0 

independent of k, a, q• 
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between it and the Rayleigh waves causes the major oscilla- 
tions. •-9 

In order to simulate the scattering by randomly rough 
cylinders, the radius of the cylinder in the deformed cylinder 
formulation was randomized with respect to position along 
the axis (i.e., the radius function was, in the analogy to elec- 
trical signal theory, a "time series" of "bandlimited noise" 
along the axis). Each surface was constructed so that its 
radius was Gaussian distributed about its mean value. The 

surfaces and the use of them in the deformed cylinder formu- 
lation are discussed in detail in the previous article.• 

Figure 4 illustrates variations in the magnitude of the 
scattering amplitude (echo envelope) of randomly rough 
tungsten carbide cylinders. Plotted in Fig. 4(a) and (b) are 
the value of the magnitude of the scattering amplitude (nor- 
malized by L) for each realization at each value of ka as 
calculated by the approximate modal-series based solution. 
For every value of ka, there were 300 realizations of If l/L 
calculated, although due to memory limitations of our 
printer only 150 of those points were shown in Fig. 4(a) and 
(b). The calculations were performed with two rough- 

nesses--a/a = 0.01 in Fig. 4(a) and •r/a---0.05 in Fig. 
4 (b). Echo envelope histograms (now involving all 300 real- 
izations per value ofka) and associated Rice PDF curves for 
several sets of realizations are given in Fig. 4(e). 

All plots in Fig. 4 illustrate that for low roughness 
(kcr •< 0.5), the relative fluctuations or spread of points are 
small while for higher values of kc•, the fluctuations are 
great. [The theoretical transition point ka = 0.5 occurs at 
ka = 50 and 10 for c•/a = 0.01 and 0.05, respectively. Figure 
4(a) does not show the transition point as all ka values are 
below 30. ] In terms of the acoustic wavelength, when the 
roughness is much smaller than the wavelength (or more 
precisely the reduced wavelength, 2/2•r) the effects due to 
roughness and hence fluctuations are smaller. Conversely, 
for the case where the roughness is much greater than 2, the 
fluctuations are great. These plots should also be compared 
with Figs. 9-11 of the previous article where the mean and 
mean square of the scattering amplitude are shown to de- 
crease due to roughness effects beyond the ktr = 0.5 point. 
The decrease of the means is indicative of the increase in 

fluctuations. 

O.6 

(b) 

1672 

ROUGH CYLINDERS 

•/a = 0.01 

ka 

ROUGH CYLINDERS 

3• 

5 1o 

•r/a = 0.05 

15 
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0 
0.995 

•/a = 0.05 

1 1.005 o i 2 

0 1 2 0 I 2 

(c) I r I / < Iq 2 >L/2 If I / < Ifl 2 >,/2 

FIG. 4. (a) Plot of the normalized magnitude of the scat tering ampiit ude or 
echo envelope I filL, for 150 realizations of roughness (o'/a =0.01) for 
the randomly rough finite-length tungsten carbide cylinder at broadside in- 
tiderice versus ka. [ f IlL is plotted for each realization producing a "scatter 
pattern" of points for each value of ka where a is the mcan radius of each 
rough cylinder. The modal series solution (converged using first 36 terms) 
was used in the (approximate) deformed cylinder formulation as applied to 
the rough cylinder case described in Ref. 1. The calculations were per- 
formed in the same manner as in Fig. 10 of Ref. 1 but with 150 realizations. 
(b) Same as (a) but for o-/a = 0.05. Arrows indicate positions where histo- 
grams [ shown in (c) ] are calculated. ( e ) Histograms of the levels of echo 
envelopes from (b) and rcalizations not shown at several ka values with 

Rice PDFs superimposed (Rice shape parameter, y, is given in plot). 
Three-hundred realizations per value of ka were used to form the histo- 
grams. The plots are numbered (upper left-hand corner) to correspond to 
the I filL values denoted by arrows in (b). All plots in Fig. 4 show the 
relative fluctuations to be small in the k(• < 0.5 region, which corresponds to 
low roughness [/ca < 50 (i.e., all values ofka shown) in (a) and ka < 10 in 
(b) ]. The relative fluctuations are large in the k•> 0.5 or high roughness 
region. The plots in (c) also illustrate the degree to which the Rice PDF 
describes the distribution of echo values. 
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The good fits between the theoretical Rice PDF and the 
histograms shown verify that the fluctuations are approxi- 
mately Ricean distributed. We compared the Rice PDF with 
histograms at each value ofka and found the comparison or 
"goodness of fit" to be similar to the fits shown in this figure 
for most cases. There were some histograms that contained 
some skew not predicted by the Ricean function. The pres- 
ence of nulls may explain the skew. The values of y derived 
by fits to the histograms were not significantly affected by 
the skew. 

The histograms show that for the lowest values of ka 
(where kag 1 ) the PDF is narrow and Gaussianlike (high 
y) indicating that the fluctuation in this acoustically smooth 
region is small compared with the level of the envelope. As 
ka is increased and hence the surface becomes acoustically 
rougher, the degree of fluctuation increases and the PDFs 
broaden accordingly until they approach the Rayleigh PDF 
(y=O). 

For this entire analysis presented in this seetion, the ob- 
served or true Rice PDF parameter, y, was determined by 
computer algorithm: for y) 10, since the Rice PDF rapidly 
approaches the characteristics of the Gaussian PDF, we 
used the simple formula y= ((e2))/(2•), where (e •) is 
the mcan square of the echo envelope and • is the standard 
deviation of the distribution of the echo envelope. For 
7' < 10, there was no simple formula to use and the computer 
itcratively fit many Rice PDFs to each distribution involving 
a range of closely spaced values of y (0.1 increments) until 
the "best" (least-squares) fit was obtained. The observed y 
will be compared with calculated values ofyi. based on sim- 
ulation values of (f) and 8fii, [ Eqs. ( 5 ) and (7) ] and values 
based on the low roughness theories given in Eqs. (15b) and 
(25). 

We summarize the fluctuations in Fig. 4 by plotting the 
Rice PDF shape parameter y versus ka on a log-log scale in 
Fig. 5. As predicted in Sec. I, there are three different regions 
of fluctuation phenomena•ne in the kag 1 (Rayleigh) 
scattering region where the fluctuations are small (high y) 
and do not depend upon the wave number k, the second in 
the ka>•l (geometric scattering) but low roughness 
(k•g 1 ) region where the fluctuations are small (high y) 
and depend strongly on k(y--k -4), and the third in the 
ka • 1 but high roughness (kcr) 1 ) region where the fluctu- 
ations are large (low y) and do not depend strongly on k 
[i.e., in this limit of very high frequency, the phases of all 
wavelets are random (0 -- 2•r) and the fluctuations cannot 
increase further]. The dashed lines are based on low rough- 
ness theories presented earlier in this article for the ka 
g 1 (•/a g 1 ) and ka • 1 (k• g 1 ,•/a g 1 ) regions. 

There is excellent agreement between the theory and 
simulations in the ka g I region while in the low roughness 
portion of the ka •> 1 region there is agreement between the 
general trends, but not the structure. In general, the solid 
curves based on the simulations in the ka •> 1 region are 
shown to have a complex structure whose trend decreases as 
(ka) -4 as predicted by the simple theory, but with down- 
ward dips or spikes whose positions correspond more or less 
with the positions of the nulls in the backscatter versus ka 
plot for smooth cylinders in Fig. 3. The discrepancy between 

1012 -- , 
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(a) if/O, = doleframed fxom echo histogram 
---- low [oug•me.• Iheor• 

zero slope 
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(b) 0'/O. •- 0.05 • -- determinedfxomechahistogr•ra 
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FIG. 5. Solid: Rice PDF shape parameter y plotted against ka from the 
distributions of echo envelope shown in Fig. 4(a) and (b). As in Fig. 4(c) 
300 realizations per value of ka were used to determine y. The dashed lines 
are from calculations of the low roughness (ka,g I ) theories for yin the text 
[Eq. (15b) for ka,g 1 and Eq. (25) for/½a• 1 ]. The integral of the square of 
the correlation functions in the equations was calculated numerically from 
the rough surfaces. The parameter y is shown to be constant (independent 
of the wave number k) in the ka,g I Rayleigh scattering region and decrease 
rapidly with increasing ka in the ka> 1 region. The deviations from the 
trend in the rapidly decreasing section indicate the sensitivity of y to the 
nulls in the backscatter versus ka plot illustrated in Fig. 3. The position of 
the dips in these plots of y correspond to the position of the nulls in Fig. 3. 
The dips are deeper for the low roughness case because more local radius 
values at these positions will be distributed along the steep "walls" of the 
null than in the higher roughness case, hence causing gre•ter variability of 
the echo. The theory, which predicts a smooth variation in y for ka• I in- 
eludes only the specular component of the scanering and hence ignores all 
interference effects involving other types of waves. The values of y were 
calculated from the variance of [fl for y• 10 since the Rice PDF resembles 
a Gaussian in that region and least squares fits of the PDF to the distribu- 
tion of Ill for y< 10. 

the theory and simulations is quite obviously due to the fact 
that the simple theory involved only the specular component 
and did not take into account the fact that interferences be- 

tween the specular echo with other waves such as the Franz 
and Rayleigh waves also contribute to the fluctuations. In 
the fag 1 region, the theory incorporated all dominant 
mechanisms (monopole and dipole terms) which explains 
the better fit in that region. The peak at ka • O. 5 occurs in the 
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complicated transition zone between Rayleigh and geomet- 
ric scattering and is not explained by the low or high ka 
solutions. It does not correspond to any peaks or nulls in the 
I filL vs ka plot for smooth cylinders. 

The increase in fluctuations (local minimum in y) at the 
null points can be explained as follows: If the product of 
mean radius and wave number has a value that is at or near a 

null point, then small variations in the radius along the 
length of the cylinder will cause the value of ka to move 
within the null region causing large variations in value of 
scattering amplitude of the "local" echo due to the infinitesi- 
mal slices of the cylinder. The resultant total echo from all 
slices then has increased fluctuations over what it would 

have without the presence of the null. The variability of y 
due to this effect is more pronounced in the lower roughness 
case because the distribution of values of local radii will be 

narrower, hence there will be a larger percentage of sections 
of the cylinder that will be experiencing the null effect. For 
larger roughness, the radii will have a wider distribution and 
at any given null point, a substantial fraction of radii will be 
outside the range of values that would cause a null thus re- 
ducing its effect on the fluctuations. 

In order to separate effects between fluctuations due to 
scattering of the specular wave off the front interface and the 
fluctuations discussed above due to the presence of nulls, we 
continue the analysis by now holding ka fixed while varying 
the rms roughness. The simulations in the high ka region 
will show the degree of fluctuations to vary much more 
smoothly in this case as the analysis is performed in a "flat" 
region, away from any region of strong destructive interfer- 
ence between the specular and Rayleigh surface wave. In this 
analysis, we explore the problem even deeper by examining 
the behavior of both the amplitude and phase of the fluctu- 
ation component of the scattered signal which will illustrate 
the behavior of the fluctuations of the echo amplitude. 

We begin this part of the analysis by plotting many real- 
izations of [ f [ as we did in Fig. 4 but now holding ka fixed. 
Figure 6 illustrates the variations of I f l/L as a function of 
o/a for ka = 0.1 and 30 which correspond to the Rayleigh 
and geometric scattering regions. As in Fig. 4, the scattering 
amplitude is shown to fluctuate more as the roughness in- 
creases. One major difference between the plots in this figure 
and Fig. 4(a} and (b) is that since ka is fixed no oscillatory 
effect is observed due to interferences between the specular 
and other waves. Figure 6(a) illustrates how different the 
nature of the scattering is in the ka,• 1 region than in the 
ka >> I region. While the degree of fluctuations increases with 
increasing roughness as in the ka • 1 case, so does the mean 
field (which decreases for ka• 1 ). The mean field increases 
in the ka,• 1 region because variations • in local radius cause 
variations in the local amplitude of the scattered field that 
are proportional to the square of •, hence the net increase 
[Eq. (10)]. Also, the fluctuations always stay small com- 
pared with the mean field in the ka • 1 case. Phase variations 
of the local scattered field cause a decrease of the mean in the 

ka• 1 region [Eq. (19) ]. 
As discussed in Sec. I, the phase of the fluctuation com- 

ponent relative to the mean scattered field must be under- 
stood when describing the fluctuations of the echo envelope. 
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FIG. 6. Realizations of the normalized magnitude of the scattering ampli- 
tude or echo envelope, If I/L, plotted for 150 realizations of randomly 
rough straight finite-length tungsten carbide cylinder at broadside inci- 
dence for each value of fractional roughness a/a. The points were calculat- 
ed in same manner as in Fig. 4 ( a ) and 4 ( b } except ka is fixed at values of 0. I 
and 30 while a/a is varied. The fluctuations are shown to be small in the 

lower extremes of •r/a and increase with increasing o/a. Fits of the Rice 
PDF to these data (not shown) are similar to the plots given in Fig. 4{c). 

We study the fluctuation component by plotting its (com- 
plex) value for an ensemble of realizations. Figures 7 and 8 
illustrate distributions of the fluctuation component for dif- 
ferent ka and o/a. Also plotted is the direction of the mean 
scattered field as indicated by an arrow. The fluctuation 
component is shown to be narrowly distributed with a phase 
similar to the mean field in both ka • 1 and ka >> 1 regions 
provided ko,•l (note that ko,•l for all o-/a in the ka,•l 
region}. The phase becomes randomly distributed when 
ko>• ! in the ka• ! region. In the Rayleigh scattering region, 
the distribution can be explained because the scattering is 
monopole- and dipolelike and the scattering amplitude and 
all fluctuations are real [ Eq. (9) ]. Thus the fluctuations are 
naturally in phase with the amplitude. In the geometric scat- 
tering region, the scattering amplitude is complex. For small 
ko and a/a, the components of the variations that are out of 
phase with the mean field are negligible and hence the fiuctu- 
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FIG. 7. Fluctuation component, •Sf=f-- (f), of scattering amplitudes 
from ka = 0.1 plot in Fig. 6 for two values oftfla. This plot on the complex 
plane shows the real and imaginary components of•Sf for 300 realizations at 
each value of rr/a. Also illustrated is the direction of the mean { f) (see 
arrow). Note that for the sake of illustration, the scale is adapted to the 
magnitude of•Sf in each plot. Had the scale remained fixed, 6f would have 
been concentrated in an extremely small area in the lower roughness plot 
compared with the higher roughness plot. The fluctuation component is 
shown to have a narrow distribution of phase in phase with the mean scat- 
tering amplitude for both roughnesses. 
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FIG. 8. Same as Fig. 7 but for ka = 30 calculations. The distributions are 
shown to begin narrowly distributed and in phase with the mean scattering 
amplitude for small a/a. The distributions become circular as the phase of 
the fluctuation component becomes randomly distributed for larger a/a. 

ation component is narrowly distributed and in phase with 
the mean field [Eq. (18) ]. When ka becomes larger in the 
ka >> 1 region, the component of the scattering amplitude 
that is out of phase from the mean field becomes substantial 
and the phase of the fluctuation component becomes ran- 
domly distributed. 

We now examine variations in y for the above sets of 
conditions. Figure 9 illustrates plots of y for fixed values of 
ka while a/a is varied. The values ofka and a/a correspond 
to those in the study of the fluctuation components in Figs. 7 
and 8. In each case, y is shown to vary inversely with the 
fourth power of a/a except in the high roughness region of 
the ka = 30 plot. The curves should be compared with those 
given in Fig. 5 where y is constant in the Rayleigh scattering 
region and deviates from the trend of (ka) 4 in the geomet- 
ric region. In Fig. 9, no such deviations exist as the curves 
vary smoothly and inversely with the fourth power ofa/a for 
most or all of the range of cr/a. 

Figures 5 and 9 illustrate properties of the scattering by 
rough volumetric objects that can be compared directly with 
the case of rough planar interfaces. In the geometric or ray 
region, the fluctuations depend upon ka for both cases. 
However, in the Rayleigh scattering region of the volumetric 
case, the fluctuations are independent of frequency which 

I • •0o ld2o twe 1•l•2e• dnefi'ssø •nhee• hr• hisløgra m 

iO n --• • 

•=30 • • 
10 4 

10 7 10• lO.• 10 • 10.• 10.• 
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FIG. 9. Rice PDF shape parameter y plotted against r7/a for ka = 0.1 and 
ka - 30. Three-hundred realizations per value of a/a were used for each 
value of ka. Parameter extracted two ways from simulations illustrated in 
Figs. 6-8 and compared with low roughness theory. Solid line represents 
"observed" or true y based on simulated fluctuations of If I- (See Fig. 5 
caption and text for details on procedure to determine y.) Asterisks repre- 
sent Y,n, which was calculated (no Rice fit was involved) from simulated 

quantities {f) and •Sf,[Eq. (7)], and open circles represent Yi, which 
was calculated again, but from low roughness theory that ignores all waves 
but specular [ Eq. (15b) for ka = 0.1 and Eq. (25) for ka = 30]. This figure 
illustrates the excellent agreement between actual Rice parameter values as 
determined by simulations of echo envelope and those parameter values 
calculated either from (a) manipulations of simulated values of scattering 
amplitude assuming the in-phase fluctuation component dominates the 
fluctuations and (b) a low roughness theory developed in this article that is 
based on the monopole and dipole terms in the ka • 1 region and assumes 
that the specular component of the echo dominates the trend of the scatter- 
ing in the ka• 1 region. 
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has no counterpart in the case of planar objects. Also, the 
circumnavigation of the Rayleigh surface elastic wave and 
interferences of that wave with the specular wave to cause 
extra variations in y in Fig. 5 has no counterpart with planar 
objects. 

There is excellent agreement in Fig. 9 between the ob- 
served or true y based on the simulations and the values of 
Yi, based on both direct calculations from the simulated 
quantities [using Eqs. (5) and (7)] and the approximate 
low roughness theory given in Eqs. (15b) and (25). The 
dramatic Consistency between all approaches indicates that 
( 1 ) the fluctuations of the echo envelope are dominated by 
the in-phase component of the fluctuation component of the 
scattering amplitude and (2) ignoring all waves except for 
the specular component provided accurate representation of 
the trend of the fluctuations in the ka>• 1 region. As one 
would expect, for high roughness in Fig. 9 (a/a •> 0.02 re- 
gion in ka = 30 plot), y levels off toward near zero levels 
(Rayleigh PDF region) and the low roughness theory de- 
parts from the observations. This region corresponds to 
where the phase of the fluctuation component becomes ran- 
domly distributed in Fig. 8. 

III. COMPARISON WITH EXISTING DATA 

While the authors are not aware of any controlled set of 
data that could properly test the theory presented in this 
article, it is still useful to compare the results with experi- 
mental data that currently exist to help provide insight into 
real data. There are two interesting sets of data involving the 
statistics of the echo envelope from marine organisms: ( 1 ) 
Clay and Heist published their analysis of the statistics of the 
echoes from individual fish under three conditions: calm, 
moderately active, and wild.•4 In the calm case, the histo- 
gram of the echo envelopes was narrow and Gaussian-like 
while in the active case, the histogram was broad and Ray- 
leigh-like. The PDF took on an intermediate shape in the 
moderately active case. They found that the Ricean PDF fit 
the data reasonably well. (2) Wiebe et al. analyzed the scat- 
tering characteristics of 43 live zooplankton (39 shrimplike 
crustaceans and 4 gelatinous animals) covering a wide range 
of sizes at a single frequency. •5 The scattering cross section 
was analyzed versus length, ka, wet weight, and dry weight. 
Various scattering models were applied to the data such as 
the sphere, straight finite length cylinder, and uniformly 
bent finite-length cylinder to find that the (elongated) or- 
ganisms behaved acoustically more like elongated targets 
than spherical ones. The statistical characteristics were also 
analyzed. Rice PDFs were fit to the data and the characteris- 
tics of the Rice shape parameter y were investigated. 

Neither of the above cases obviously represents indepen- 
dent realizations of randomly rough straight elastic cylin- 
ders. The fluctuations are due to a combination of changes in 
both orientation and shape which results in an effective 
roughness. Because there were more acoustic and morpholo- 
gical data presented by Wiebe et al. than by Clay and Heist 
we will discuss the Wiebe et al. data. In fact, the results of 
this article were applied to the data in the article by Wiebe et 
al. Rather than repeating the analysis, the results of the anal- 

ysis will be reviewed briefly and for more detail, the reader is 
referred to that article. 

In the analysis presented in the article by Wiebe et al., 
there was good agreement between the histograms of echo 
envelope and the Rice PDF. The small organisms, in gen- 
eral, produced narrow PDFs (high 7') with a relatively low 
mean value of envelope level while the large organisms pro- 
duced broader PDFs (low//) with higher mean values. The 
exceptions to these trends were discussed in that article. This 
good agreement between the data and theoretical Rice PDFs 
is consistent with the fact that there is also good agreement 
between the simulated data in this article and the Rice PDFs. 

When plotting the values of y from the Rice PDF fits 
versus backscattering cross section, it was found that, in gen- 
.eral, y was inversely proportional to the average backscatte.r- 
•ng cross section. (The cross section in that article was relat- 
ed to both size and roughness of the shrimp.) The y-cross 
section relation was similar, but not identical to that predict- 
ed by the theory in this article. Under the conditions of the 
experiment, one should not expect exact correspondence be- 
tween a theory which involves straight randomly rough fi- 
nite-length solid-elastic cylinders at normal incidence and 
shrimp whose fluidlike body contains an outer elastic shell 
and both shape and orientation change throughout the data 
collection. Thus the general trends were more important to 
compare rather than the details. 

In conclusion, the theoretical and simulation results of 
this article are broadly consistent with the data in the Wiebe 
et al. article where the backscattering by shrimp were in- 
volved. Both articles show the echo envelope to obey Ricean 
statistics with the shape parameter y varying inversely with 
some power of backscattering cross section. 

IV. CONCLUSIONS 

The statistical nature of echoes from randomly rough 
straight finite-length solid elastic cylinders at broadside inci- 
dence was investigated. By use of a limiting form of the mod- 
al series solution at ka • 1 and an approximation of the Som- 
merfeld-Watson transformation of the modal series solution 
at ka>• 1 to the infinitely long cylinder as a basis for the 
deformed cylinder solution, approximate analytical expres- 
sions were derived showing the fluctuations to depend upon 
the wave number (sometimes) of the incident field, the rms 
roughness, correlation distance of the roughness, and radius 
of the cylinder. The echo amplitude of the cylinders was 
found to be approximately Ricean distributed. 

There were interesting similarities and differences 
found between the scattering by volumetric objects such as 
the cylinders and rough planar interfaces. Similarities: for 
ka>• 1, the specular component of the scattered field of the 
cylinder is similar to the specular component of the scattered 
field due to a rough planar interface. (Note that ray acous- 
tics applies to the scattering by the cylinder in this region. ) 
Differences: also in the ka>• 1 region, there exist surface 
waves that circumnavigate the cylinder and refracted waves 
that will be reflected within the boundaries of the interior of 

the cylinder. Both of these classes of waves eventually rera- 
diate back toward the receiver and affect the nature of the 
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fluctuations. There is no direct counterpart of these waves in 
the problem of scattering by rough planar interfaces al- 
though certainly such waves can exist under some condi- 
tions: ( 1 ) a single path of surface waves that will reradiate in 
the specular direction and (2) multiply reflected waves in a 
layered medium below the rough interface. (Note that mul- 
tiply internal reflected waves in a cylinder can exist for a 
homogeneous, nonlayered material. ) In the ka ,• 1 or Ray- 
leigh scattering region, there is also a difference. In this re- 
gion, the degree of fluctuations becomes independent of fre- 
quency for all ranges of roughness--a phenomenon that 
does not exist in the subject of the scattering by rough planar 
interfaces. (Certainly in the high roughness region of planar 
interfaces, all fluctuations become Rayleigh distributed and 
independent of frequency, but the fluctuations are strongly 
dependent upon frequency in the low roughness region.) All 
of the above-mentioned differences between the fluctuations 

of the scattered field from rough cylinders and rough planar 
interfaces are due to the fact that volumetric objects such as 
cylinders are bounded and planar interfaces are not. 

It was also shown in this article that the phase of the 
fluctuation component of the scattered field (where the 
component is sometimes referred to as the "incoherent" 
term) was sometimes narrowly distributed. This distribu- 
tion needed to be taken into account when describing the 
statistical behavior of the echo envelope. 

Finally, the predictions based on this analysis of the 
straight rough finite cylinders were compared in another ar- 
ticle with data involving backscattering from live zooplank- 
ton and it was found that the predictions were broadly simi- 
lar to the scattering characteristics of the animals. It was 
obvious from the comparisons that in order to adequately 
describe the statistical nature of the fluctuations of the ech- 

oes from naturally occurring objects such as marine organ- 
isms, more complex shapes and orientation need to be taken 
into account. The deformed cylinder solution is capable of 
describing the more complex shapes and orientation. The 
challenge lies in gathering accurate morphological and beha- 
vioral information so that accurate predictions can be made. 
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APPENDIX: ERRORS INDUCED BY USE OF NONZERO 
MEAN ROUGHNESS IN SIMULATIONS 

When generating the randomly rough surfaces for the 
numerical simulations, it would be ideal for the roughness 
component of each surface to have a zero mean both with 
respect to z integration (œ• dz = 0) and ensemble of surfaces 
((•) = 0) as assumed in the theory. Since the two condi- 
tions cannot be simultaneously met, unwanted effects arise 
in the simulations. 

Certainly, an infinite number of infinitely long surfaces 
will have negligibly small means when constructing the sur- 
faces out of summations of random phase, random frequen- 
cy sinusoids as described in Ref. 1. However, for a finite 
number of finite-length surfaces that are sampled discretely 
for the purpose of the computer simulations, the means may 
not be sufficiently close to zero and the surfaces must be 
adjusted accordingly to at least partially compensate for the 
offset. Since more surfaces were used than number of sam- 

ples or integration points per surface, the ensemble means 
(•) in our analysis in the main text appeared to be sufficient- 
ly small for the purpose of numerical simulations while each 
surface needed to be adjusted via an offset level so that the 
integral œL/2 '• dz = 0 for each surface. The surfaces could -- L/2• 

not be adjusted so that the statistical means (•) for all z were 
simultaneously equal to zero. 

When the surfaces are not adjusted, the integral 
•fL/2 '•dz will be nonzero and the echo fluctuations will L/2• 

behave in a manner dramatically different under some con- 
ditions than described in the main text where the integral 
was equal to zero. For sufficiently small •r/a, the small but 
finite value of the integral allows a term (•r/a) 2 to dominate 
•/. Had the integral been zero, this term would not exist and 
the higher-order term (or/a) 4 would prevail for all small c/a 
as shown in the main text. 

The above effects are illustrated in Figs. A1 and A2. 
Figure A1 illustrates the dramatic effect the nonzero mean 
surface has on the fluctuation component 6f in the geomet- 
ric scattering region (ka = 30). When the surface is adjust- 
ed so yf dz -- O, 6f is in phase with the mean amplitude (f) 
while before the surfaces have been adjusted and J'• dz • O, it 
is 90 ø out of phase of (f). The effect this phenomenon has on 
the fluctuations of the echo envelope is illustrated in Fig. A2 
where 7/is plotted versus a/a for both the adjusted and non- 
adjusted surfaces. For the calculations involving the adjust- 

5 x l(-ll 

-5 x 10 -n ' ' ' 0'.0 

k•=30 

a/a = 10 -• 

f (dz = 0 

5 x 10 -n -2 x 10 -• 

f (az • o 

0.O 2 x 10 -6 

Re(6f/L) Re(6f/L) 

FIG. AI. Fluctuation component for the cases of "adjusted" surfaces so 
that œ•dz= 0 and nonadjusted surfaces so that J'•dz%O. The narrowly 
distributed phase in each case is shown to depend dramatically on whether 
or not the average roughness along the length of the cylinder is equal to zero. 
Three-hundred realizations were used in each case. The direction of the 

mean scattering amplitude (f) is given by the arrow: ka= 30 and 
o'/a = 10 
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FIG. A2. Values of y for $• dz = 0 and $• dz• 0 surfaces for fixed ka as a/a 
varies. Procedure to determine/, from echo histogram is given in caption to 
Fig. 5, the zero mean theory is given in Eq. (25), while the nonzero-mean 
theory (not given) is based on a derivation similar to that leading up to Eq. 
(25), but assuming that the roughness has a nonzero mean along the length 
of the cylinder. Three-hundred realizations per value of a/a were used to 
generate each set of points. The curves are shown to deviate substantially 
from each other for small a/a illustrating the importance of adjusting the 
surfaces so that their roughness has a zero mean along the length. 

ed surfaces,//is shown to vary as (a/a) - 4 for all small a/a. 
Calculations involving the nonadjusted surfaces predict that 
y will deviate from the adjusted surface calculations for very 
small rr/a by varying as (a/a) 2. As discussed above, this 
effect is due to the fact that for very small a/a, the (•r/a) 2 
factor to the integral œ• dz dominates the variations. [The 
derivation of our equation (not given ) predicting this behav- 
ior is similar to the one in the main text leading up to Eq. 
(25) with the exception of œ• dz being held nonzero. ] It is 
also interesting to note that regardless of whether we use 
adjusted or nonadjusted surfaces, Yi,, as calculated with Eq. 
(7) (not shown), coincides with the y observed in the corre- 
sponding case. Since Fig. A ! shows 6f to follow dramatically 
different trends in the two cases, the fact that ?'i• follows 

each set of observations demonstrates the importance of the 
in-phase component of the fluctuation component to the 
echo envelope fluctuations. 

In conclusion, in order to avoid errors in describing the 
echo fluctuations in the very low roughness region, it is im- 
portant to adjust the simulated rough surfaces for these fi- 
nite-length objects so that the average value of the roughness 
across the length of the surface is zero. Since the surfaces 
cannot be adjusted so that {• ) = 0 for all z simultaneously, 
caution should be taken when performing simulations. 
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