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ABSTRACT
A computational fluid dynamic model that can solve the Reynolds-averaged Navier-Stokes equations and the species transport equation is
developed to simulate two coalescing turbulent forced plumes, which are released with initial momentum and buoyancy flux into a linearly
stable stratified environment. The velocity fields, turbulence structures, and entrainment of two plumes with different source separations
and source buoyancy fluxes are analyzed quantitatively, in comparison with a series of physical experiments. An empirical parameterization
is proposed to predict the amplification of the maximum rise height of two coalescing forced plumes caused by superposition and mutual
entrainment. The maximum values of both turbulent kinetic energy and turbulence dissipation rate decrease monotonically with the increase
in source separation of the two turbulent plumes. However, the trajectory of the maximum turbulent viscosity attained in the plume cap
region presents two notable enhancements. This variation may be attributed to the turbulence transported from the touching region and the
strong mixing around the neutrally buoyant layer between two plumes, while the mixing is caused by the lateral convection and the rebound
after overshooting. The plume entrainment coefficient in near vent stems has a positive relationship with the source Richardson number.
A transition of flow regimes to plume-like flows would occur when the contribution of initial momentum is important. The entrainment
coefficient will decrease in the touching region of two plumes due to mutual entrainment, while the superposition of plumes can lead to
distortion of the boundary of plume sectors.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5087534

I. INTRODUCTION

Forced plumes at different temporal and spatial scales are quite
widespread in nature and industrial fields such as volcanic erup-
tions,1 upwelling flows of meltwater at the base of glaciers,2,3 and
discharges of treated wastewaters into coastal areas.4,5 This flow
regime, which is closely associated with both inertia and buoy-
ancy, is of great interest. For example, the studies of submarine
hydrothermal plumes have great significance to a series of cross
subjects,6,7 including polymetallic metallogenesis,8–10 chemoau-
totrophic microbial communities,11–13 and ocean-scale biogeo-
chemical budgets of elements.14–16

Based on the “entrainment assumption,” Morton et al.17

derived an integral model to theoretically describe an axisymmet-
ric Boussinesq plume, named the Morton-Taylor-Turner (MTT)
model. The model suggested that the maximum rise height of a
plume in a linearly stratified fluid could be expressed as a function of
the source buoyancy flux and the background buoyancy frequency,
and it was extended to the regime of forced plumes by Morton.18

Moreover, many numerical simulations, physical experiments, and
analytical solutions have been conducted to investigate the dynamics
of buoyant plumes,19–31 and the research for the plumes generated
by thermal convection is also abundant.32–36 In particular, Lavelle37

described the behavior of hydrothermal plumes in a rotating
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stratified environment by a convection model, and he showed the
model to be feasible when simulating the characteristics in the
plume cap region and the circulation in the surrounding envi-
ronment. Pham et al.38 investigated turbulent thermal plumes
by direct numerical simulation (DNS) and large eddy simula-
tion (LES). They pointed out that areas near the source should
be simulated carefully to yield reasonable flow structures. Tao
et al.39 simulated hydrothermal plumes in a static and dynamic
environment using a 3D time-dependent approach, and they sug-
gested that transported turbulence could cause the damping of the
oscillation around the neutrally buoyant layer. Jiang and Breier40

investigated the effect of vent properties and near vent physi-
cal conditions on submarine hydrothermal plumes and derived
several characteristic scalings using a simulation. Their results
implied that the classical entrainment assumption is not applica-
ble above the neutrally buoyant layer. Zhang et al.41 established
a tracer transport model considering density variation to simu-
late the propagation of a buoyant jet interacting with a bound-
ary in a stratified fluid. The model was used to investigate the
velocity and density structures of jets regarding the Reynolds
number and the ratios of the characteristic momentum length
to the buoyancy length as variables. Pant and Bhattacharya42

made an attempt to estimate the entrainment coefficient for forced
jets according to the energy-consistent approach, and they con-
ducted a series of large eddy simulations to validate the generated
model.

Furthermore, the coalescence of multiple plumes widely exists
in natural and artificial systems, e.g., multiple hydrothermal plumes
released from clustered submarine vents,43–46 moist air discharged
from adjacent cooling towers and condensed by entraining cold
air,47,48 and air circulations caused by multiple heat sources
located at various positions within a naturally ventilated build-
ing.49,50 However, there are relatively few studies focusing on

interactions between multiple plumes, which include semi-empirical
models,51–54 numerical simulations,55 and experimental observa-
tions.56–62 In particular, Bornoff and Mokhtarzadeh-Dehghan47

developed a finite-volume model to simulate two cooling tower
plumes in a neutral cross-flow using a low Reynolds number k-ε tur-
bulence model. Mokhtarzadeh-Dehghan et al.63 simulated plumes
from two cooling towers and conducted a parameter sensitivity
analysis around different turbulence models. Their model success-
fully reproduced a pair of counter-rotating vortices and obtained
a prediction of plume rise height that agreed with the experimen-
tal and theoretical data. Kaye and Linden64 proposed a model
that focused on merging plume pairs in a uniform environment.
By describing plume interactions as the deflection of plume axes,
the model showed a good agreement with observations. Cenedese
and Linden65 extended that model into a region in which two
plumes are touching but not merged, and they proposed an “effec-
tive” entrainment coefficient to parameterize the total volume flux
of the two coalescing plumes. Lai and Lee4 used a semi-analytical
model to simulate multiple buoyant jets in a uniform ambience,
which also follows the assumption that the flow field is irrota-
tional and can be modeled by a distribution of point sinks along
each trajectory while the velocity distribution is Gaussian and addi-
tive. Rooney66,67 developed a series of models to describe mul-
tiple buoyant plumes arranged along a straight line or around a
circle in an unstratified environment. By considering the distor-
tion of plume cross sections and closing the governing equations
with an adjusted entrainment assumption, the models could pro-
vide appropriate similarity scalings in the near and far fields and
could present an evolution of the plume volume flux that com-
pares favorably with experimental results for two merging plumes.
Most recently, Kaye and Cooper68 focused on the turbulent plumes
generated by vertically distributed sources in a uniform surround-
ing, and they discussed the effects of wall shear stress and source

FIG. 1. Schematic of the computational
domain and the boundary conditions
except for walls.
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FIG. 2. Grids in the XZ plane of the CFD model: (a) the whole computational domain and (b) the near vent region.

TABLE I. Summary of the parameters for the numerical experiments (SI units).

Cases L Qexit Bexit N ρ0 ρexit Ri Rep Rec

1 1.5× 10−2 3.71× 10−6 9.83× 10−7 0.90 998.82 1025.8 0.421 6.91× 102 2.86× 104

2 3.0× 10−2 3.71× 10−6 9.95× 10−7 0.87 998.84 1026.1 0.423 6.91× 102 2.86× 104

3 6.0× 10−2 3.70× 10−6 1.00× 10−6 0.86 999.33 1026.1 0.420 6.89× 102 2.85× 104

4 9.0× 10−2 3.71× 10−6 1.00× 10−6 0.86 999.51 1026.1 0.417 6.91× 102 2.86× 104

5 1.2× 10−1 3.70× 10−6 9.73× 10−7 0.88 998.89 1025.7 0.420 6.89× 102 2.85× 104

6 1.5× 10−2 5.69× 10−6 1.53× 10−6 0.89 1000.8 1028.3 0.276 1.06× 103 4.40× 104

7 3.0× 10−2 5.71× 10−6 1.53× 10−6 0.87 998.77 1026.1 0.275 1.06× 103 4.40× 104

8 6.0× 10−2 5.70× 10−6 1.53× 10−6 0.88 998.79 1026.1 0.276 1.06× 103 4.40× 104

9 9.0× 10−2 5.70× 10−6 1.54× 10−6 0.86 998.75 1026.3 0.276 1.06× 103 4.40× 104

10 1.2× 10−1 5.70× 10−6 1.53× 10−6 0.87 998.77 1026.1 0.276 1.06× 103 4.40× 104

11 1.5× 10−2 8.99× 10−6 2.40× 10−6 0.91 998.84 1026.1 0.174 1.67× 103 6.93× 104

12 3.0× 10−2 9.02× 10−6 2.40× 10−6 0.90 998.82 1025.9 0.173 1.68× 103 6.96× 104

13 6.0× 10−2 9.02× 10−6 2.35× 10−6 0.89 998.81 1025.4 0.172 1.68× 103 6.95× 104

14 9.0× 10−2 9.02× 10−6 2.41× 10−6 0.90 998.82 1026.1 0.174 1.68× 103 6.96× 104

15 1.2× 10−1 9.01× 10−6 2.36× 10−6 0.88 998.79 1025.5 0.172 1.68× 103 6.95× 104

16 Infinity 3.71× 10−6 9.83× 10−7 0.90 998.82 1025.8 0.421 6.91× 102 2.86× 104

17 Infinity 5.69× 10−6 1.53× 10−6 0.89 1000.8 1028.3 0.276 1.06× 103 4.40× 104

18 Infinity 8.99× 10−6 2.40× 10−6 0.91 998.84 1026.1 0.174 1.67× 103 6.93× 104
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conditions at different heights combining with previous experi-
ments. Considering both open and confined cases, they analyzed
the potential impact of these effects on plume entrainment and
detrainment. Zhou et al.69 modeled a series of two plane jets
with different source separations by DNS to investigate the spa-
tial structure of both mean and fluctuating velocities when ambi-
ent streams exist, and the results suggest that the relationship
between the merging distance and the source separation could be
linear.

However, there are only a few studies involving multiple forced
plumes in an inhomogeneous environment. Hence, the focus of this
study is on the two coalescing turbulent forced plumes with dif-
ferent source separations in a linearly stratified ambiance. Specif-
ically, we use a computational fluid dynamic (CFD) approach to
obtain the flow field, turbulence structure, and entrainment char-
acteristic of two plumes quantitatively, and then we derive several
important scalings from the model results including maximum rise
height, maximum turbulent viscosity, and entrainment coefficients.

FIG. 3. Distribution of the velocity fields (colored vectors with uniform vector length) of the two plumes for cases 11-15 [(a)–(e)] and the single plume counterpart for
case 18 (f).
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The numerical methods are described in Sec. II. The results of the
model are described and compared with that observed in physical
experiments in Sec. III. Finally, our conclusions are summarized in
Sec. IV.

II. METHODS

Our numerical model was performed with ANSYS Fluent
and was based on the finite-volume method. The main governing

FIG. 4. Radial profiles of the normalized vertical velocity in the neutrally buoyant layer for cases 11-14 [(a)–(d)].
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equations are provided in Appendix A, and the details of numeri-
cal scheme for the finite-volume solver are provided in Appendix B.
Specifically, the species transport model is employed since there are
two completely miscible liquids involved in the flow. Taking the salt
water and fresh water as two component species, the species trans-
port model in ANSYS Fluent can be used to simulate the mixing
processes without reactions by solving the convection and diffusion
equation.

The computational domain of the model is a cuboid (40 ×
40 × 29 cm) with two symmetrical planes (i.e., XZ and YZ coor-
dinate planes), i.e., a quarter of that used in the laboratory exper-
iments.62 The schematic of the computational domain and the
boundary conditions, except for walls, are shown in Fig. 1, where
H is the full depth of the computational domain (i.e., 29 cm) and
H0 is the depth of the plume inlet below the surface and is taken as
1 cm here.

The domain is fully discretized by tetrahedron cells. Specifi-
cally, the vent diameter (7 mm) is evenly divided into 15 segments
according to suggestions given in previous research,70,71 and the
central axis (i.e., Z-axis) is divided into 200 segments to provide a
sufficient accuracy to quantify the plume cap regions. Other cells
are stretched at a constant rate of 1.03 from the vent orifice to the
domain boundaries, as shown in Fig. 2.

According to the MTT model, a process of two forced plumes
is uniquely determined by the buoyancy frequency N, the source
buoyancy flux Bexit , the source Richardson number Ri, the source
volume flux Qexit , and the source separation L. These can be
expressed as

N =
¿
ÁÁÀ− g

ρtop

dρ(Z)
dZ

, (1a)

Bexit = g
ρexit − ρ0

ρ0
Qexit , (1b)

Ri = QexitBexit
1/2

Mexit
5/4

, (1c)

where g is the gravitational acceleration; ρ(Z), ρtop, and ρ0 are the
density of ambient fluids at an arbitrary height, at the top of
the domain, and near vent region, respectively; ρexit and Mexit are
the source density and momentum flux. Also, the initial setup of the
density profile can be expressed as

ρ(Z) = ρ0
1 + N2(H − Z)/g

1 + N2H0/g
. (2)

In accordance with the conditions of the laboratory experiments,62

the main parameters of the numerical experiments for all eighteen
cases are selected and listed in Table I. In particular, the last three,
i.e., cases 16-18, are all single-plume cases that serve as control
groups.

The flow Reynolds numbers based the plumes scale Rep and
the container scale Rec are shown in Table I. Specifically, the vent
diameter (i.e., 7 mm) and the initial plume velocity are chosen as
the characteristic length and velocity for Rep, respectively, while the
full depth of the container (i.e., 29 cm) and a half of the initial

TABLE II. Summary of the maximum plume rise heights and the related results for all
cases (unit of length: cm).

Numerical model Physical experiments

Cases L Z′max Zmax ζ Z′max Zmax ζ

1 1.5 14.60 12.81 1.139 15.58 13.73 1.135
2 3.0 12.68 12.74 0.995 15.08 13.65 1.105
3 6.0 12.83 12.77 1.005 13.92 13.69 1.017
4 9.0 12.89 12.86 1.002 13.90 13.79 1.008
5 12 12.92 13.00 0.994 13.97 13.93 1.003
6 1.5 16.72 14.43 1.159 17.16 15.46 1.110
7 3.0 15.37 14.68 1.047 16.95 15.74 1.077
8 6.0 14.86 14.55 1.021 15.95 15.58 1.024
9 9.0 15.38 14.83 1.037 15.97 15.90 1.004
10 12 14.98 14.68 1.021 15.75 15.73 1.001
11 1.5 18.81 15.88 1.184 18.98 17.03 1.115
12 3.0 17.37 16.02 1.084 18.58 17.16 1.083
13 6.0 16.62 16.07 1.035 17.59 17.23 1.021
14 9.0 16.69 16.03 1.041 17.41 17.18 1.013
15 12 16.93 16.22 1.044 17.33 17.39 0.997
16 Infinity 12.81 12.81 1.000 . . . . . . . . .
17 Infinity 14.83 14.43 1.028 . . . . . . . . .
18 Infinity 16.52 15.88 1.040 . . . . . . . . .

velocity are chosen for Rec. According to the stability study con-
ducted by Tveitereid and Riley,72 both of these two flow Reynolds
numbers and the turbulence spectra obtained by the corresponding

FIG. 5. A comparison of the amplification coefficient given by the numerical model
(ζmod) and the physical experiments (ζexp).
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experiments62 imply the existence of turbulence. Hence, the real-
izable k-ε model (see Appendix A for detail) is introduced in the
simulation. The robustness and accuracy of the k-εmodel for a wide
range of turbulent flows have been validated by extensive simula-
tions. Besides, as the main flow is sufficiently away from the wall, the
main propagation of plume with a high enough Reynolds number
can be regarded as fully turbulent flows. Moreover, the k-ε model
has been shown to be feasible in general for modeling forced plumes
in a linearly stratified environment, such as submarine hydrother-
mal plumes40 and vertical buoyant wall jets.41 Therefore, the two
plumes could be reasonably modeled by the k-ε model in this
study.

For each case, the total simulation time is 4t∗, where t∗ = 2π/N
is the buoyancy time scale. In addition, a conservative time step of
0.002 s was selected to ensure that the numerical calculation could
be converged within 20 iterations at each time step.

III. RESULTS AND DISCUSSION
A. Plume velocity field

Several typical velocity fields of the two coalescing forced
plumes with a large source buoyancy flux, i.e., the results for cases
11-15, are shown in Fig. 3, where the result for case 18 is also

FIG. 6. Distributions of k for cases 11-15 [(a)–(e)]. Those for the single plume counterpart (cases 18) are also plotted (f) for reference.
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plotted for reference. These indicate that mixing in the stems of two
plumes is considerably affected by the source separation. Specifi-
cally, when two plumes are close enough, e.g., in cases 11 and 12,
the plumes would significantly interact and entrain with each other,
which implies that less ambient fluids would be entrained, leading to
a reduced decay rate of their buoyancy flux. On the other hand, two
plumes would only touch each other but not be merged if they are
separate to some degree, e.g., in cases 13 and 14. In particular, under
such circumstances, the rebound from the plume cap regions could
create a noteworthy convection in the neutrally buoyant layer and

enhance the mixing here. Additionally, when the source separation
is quite large, e.g., in cases 15 and 18, the two plumes propagate inde-
pendently, and the entrainment in each plume stem is unaffected by
the other one.

In addition, the radial profile of the normalized vertical veloc-
ity wrescale, which is obtained by dividing it by the magnitude of local
maximum down flow, in the neutrally buoyant layer is shown in
Fig. 4 for cases 11-14, compared with that of the physical experi-
ments. It suggests that the numerical predictions agree well with the
experimental observations. Both of these suggest that wrescale displays

FIG. 7. Distributions of ε for cases 11-15 [(a)–(e)]. Those for the single plume counterpart (cases 18) are also plotted (f) for reference.
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a Gaussian distribution in each stem, and the whole structure of the
radial profiles changes from one peak to two separate peaks along
with the increase in source separation.

B. Maximum plume rise height scaling
Both the results of the numerical and physical experiments sug-

gest that there is a strong correlation between the maximum rise
height of two coalescing plumes and the source separation. In order
to provide an estimate of that scaling, the ratio to that of the sin-
gle plume counterpart is investigated since a single plume can be

well described by the MTT model. Specifically, the maximum rise
height of two plumes Z′max is transformed into ζZmax, where Zmax is
the maximum rise height of the single plume counterpart and ζ is
defined as an “amplification coefficient.” The numerical and exper-
imental results62 for all cases are listed in Table II and shown in
Fig. 5, and these data indicate that the model predictions are in good
agreement with the observations. Specifically, the maximum rise
heights of the single plume counterparts for the numerical model
were estimated by the MTT model, i.e., Zmax = 3.76Bexit

1/4N−3/4. It
should be noted that the classical coefficient (i.e., 3.76) is employed
here since it makes a satisfactory prediction for case 16 while the

FIG. 8. Distribution of νt for cases 11-15 [(a)–(e)]. That for the single plume counterpart (case 18) is also plotted (f) for reference.
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integral model for forced plumes18 tends to cause an underestimate.
It is noteworthy that such an underestimate may be partly due to
the variability of the entrainment coefficient and the omission of the
rebounding after overshooting, which leads to the lateral spreading
in the neutrally buoyant layer and hence reduces the entrainment of
ambient fluids.

Furthermore, since N is treated as a constant in the simula-
tions, it is reasonable to assume that ζ is a function of L and Ri
only and they are independent, i.e., ζ = f (L, Ri) = f1(L)f2(Ri).
Using Bexit

1/4N−3/4 to obtain dimensionless length, the dimension-
less source separation can be defined as

L∗ = L
Bexit

1/4N−3/4
(3)

and directly yields ζ = f∗1 (L∗)f∗2 (Ri).
Meanwhile, it can be noticed that the interaction between two

plumes could be neglected when the source separation is large
enough, which means lim

L∗→∞
f∗1 (L∗) = 1. On the other hand, when

the nozzle distance is zero, which implies that the two plumes are
initially completely merged, the flow is equivalent to a single plume
whose source buoyancy flux is double, i.e., lim

L∗→0
f∗1 (L∗) = 4

√
2.

Besides, if the source Richardson number were small enough, the
two plumes would have the properties of pure jets, i.e., lim

Ri→0
f∗2 (Ri)

= 1.32 where the entrainment coefficient for the jets with “top-hat”
profiles is considered as 0.075 at the suggestion of List.73 Conversely,
the flow regime will tend toward lazy plumes when Ri is sufficiently
large, which implies that lim

Ri→∞
f∗2 (Ri) = 1 is expected for such a

circumstance.
According to the boundary conditions above, an empirical

parameterization may be proposed as

ζ = f∗1 (L∗)f∗2 (Ri) = [c1 exp(k1L∗k2) + c2][c3 exp(k3Rik4) + c4],

(4)
where c1= 4

√
2 − 1, c2 = c4 = 1, c3 = 0.32, and all ki are undeter-

mined coefficients. Then, determining all ki by a nonlinear fitting,
the parameterization can be expressed as

ζ = [0.19 exp(−1.91L∗1.61) + 1][0.32 exp(−4.56Ri0.29) + 1], (5)

where the R-squared is 0.9996. This empirical equation implies that
if the maximum rise height of two coalescing submarine hydrother-
mal plumes in a typical ocean environment (L∗ ∼ 0.5, Ri ∼ 1)40 is
estimated by a single plume model with an equivalent total flow rate,
the relative difference may be less than 8%. Conversely, neglecting
of an adjacent hydrothermal vent could underestimate this scaling
by 10%.

C. Turbulence structure
Since the two-equation k-ε model has been employed to

describe the turbulent effect, plume turbulence can be character-
ized by the turbulent kinetic energy (k), the turbulence dissipa-
tion rate (ε), and the kinematic turbulent viscosity (νt = µt/ρ),
with ρ being the fluid density. Specifically, k and ε are obtained
by solving their respective transport equations, and their varia-
tions, along with the increase in source separation, are shown in

Figs. 6 and 7, respectively. The results suggest that the distribu-
tions of both k and ε are similar to that of the velocity magnitude,
which shows a mushroom-like spatial distribution and reaches its
maximum value in the near vent region and then decreases out-
wards significantly. Also, as expected, the maximum values of both
k and ε increase monotonically with the increase in source buoyancy
flux and have a negative correlation with the source separation in
general.

The contours of νt for the cases with different source sepa-
rations are plotted in Fig. 8. It indicates that the distribution of
the turbulent viscosity is significantly different from that of both
k and ε. Specifically, νt attains its maximum in the plume cap
region and would be enhanced near the neutrally buoyant layer
because of rebounding and lateral spreading if the source separation
is appropriate. Both of these facts, which have also been reported
in related studies,31,40,62 imply that there is an important turbulent
mixing process in plume cap regions, and there could be another
noteworthy one in the interaction area of two plumes.

In order to provide an estimation of the relationship between
the maximum turbulent viscosities of two plumes in different cases,
a dimensionless turbulent viscosity is proposed as

ν∗t =
νt

Bexit
1/2N−1/2

. (6)

Normalized by the maximum value of νt
∗ of case 8 for com-

parison, the normalized maximum turbulent viscosities ν∗m(Case i)

= max (ν∗t )(Case i)/max (ν∗t )(Case 8)
for all cases are shown in Fig. 9.

It should be noted that ν∗m is assumed as a function of L∗ only since
Bexit has been used to obtain the dimensionless variables and the
effect of Ri on the flow in the plume cap regions can be limited (and
will be discussed in Sec. III D).

The variation tendency suggests that ν∗m changes non-
monotonically along with the increase in source separations and
includes two enhancements. Specifically, the peak at ∼0.2 may be
due to the transported turbulence from the touching region where
both the interaction and the distortion of two plumes are significant.
Meanwhile, the enhancement at ∼2.1 can largely be attributed to the

FIG. 9. Variation of ν∗m along with L∗ for all cases. The dotted line indicates its
tendency.
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FIG. 10. Schematic of horizontal slices of (a) two independent plumes, (b) two
touching plumes, and (c) a merged plume with “top-hat” profiles.

lateral convection around the neutrally buoyant layer between two
plumes since a significant mixing region can be observed there, and
such a spreading is caused by the rebound after overshooting.

D. Entrainment coefficient
In the MTT model, the entrainment coefficient α is defined to

provide a feasible way to close the conservation equations. Since it
represents the ratio of the horizontal entrainment velocity to the
mean vertical velocity, its value depends on the definition of the
plume horizontal length scale and the radial profile of axial veloc-
ity.74 For consistency, all values of α involved in this study have been
converted to values with respect to a “top-hat” profile according to
the conservation of volume and momentum flux. In particular, at the
suggestion of Cenedese and Linden,65 the shape of two plumes with
“top-hat” profiles is assumed to be that depicted in Fig. 10, where
b(z) is the plume horizontal length scale and d(z) is the separa-
tion between two centerlines determined by the local peak value of
the vertical velocity, and z is a downward vertical coordinate whose
origin is located at the center of inlet plane (i.e., z = 0.28 − Z).

By definition, the rate of change of the plume volume flux can
be expressed as

d
dz

Q(z) = αP(z)Q(z)
A(z) , (7)

where Q(z) is the total volume flux and P(z) and A(z) are the
perimeter and the horizontal areas of the two plumes with “top-hat”
profiles, respectively. Accordingly, α for all cases of the experimen-
tal group are given in Fig. 11 after being processed by a low-pass
filter. The results imply that the classical entrainment assumption
(i.e., α is always constant) is only applicable to the plume stem below
∼ 0.5Z′max. Above that level, the convection in the neutrally buoyant
layer dominates the flow, and such lateral spreading would lead to a
rapid decrease in the entrainment coefficient.

Moreover, those profiles suggest that, in the near vent regions,
there is a strong positive correlation between α and the source

FIG. 11. Vertical profiles of the entrainment coefficient α for (a) cases 1-5, (b) cases 6-10, and (c) cases 11-15.
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FIG. 12. Vertical profiles of dQ/dz for cases 1-5 (a) and the horizontal profile of the vertical velocity w at 0.15Z′max for case 1 (b). The dashed white lines indicate the
boundary of the plumes with “top-hat” profiles.

Richardson number. Furthermore, there are noteworthy slopes indi-
cating a transition between flow regimes in those cases with a low
Ri [Fig. 11(c)]. This fact implies that forced plumes may have a
tendency to regulate themselves to plume-like flows.

It is noteworthy that there are remarkable “dips” around
0.15Z′max in Fig. 11. To investigate the implication of these dips,

the vertical profiles of the change rate of the volume flux for cases
1-5 are shown in Fig. 12(a), while the horizontal profile of the ver-
tical velocity w at 0.15Z′max for case 1 is shown in Fig. 12(b). The
vertical profiles of dQ/dz suggest that the entrainment of ambient
fluids will decrease when two plumes touch each other. The decrease
implies that mutual entrainment between two plumes would play an

FIG. 13. The dependence of the ratio of the effective entrainment coefficient to the entrainment coefficient for (a) cases 1-5, (b) cases 6-10, and (c) cases 11-15 with depth.
The black dashed line indicates the theoretical value of two merged plumes, i.e., 2−1/2.
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important role when the interaction of the two plumes is significant.
Moreover, the superposition of two plumes will lead to asymmetric
horizontal decay rates of vertical velocity and then result in dis-
tortion of plume boundaries, like those shown in Fig. 12(b). The
distortion, however, can potentially enhance the entrainment near
the vertical plane of symmetry since a higher vertical velocity could
be maintained here. In this sense, the distortion may be regarded as
a modification to the decrease in entrainment.

Furthermore, the “effective” entrainment coefficient αeff pro-
posed by Cenedese and Linden65 is introduced to parameterize the
combined behavior of two plumes. Specifically, this parameter is
defined as the value of α needed for two isolated plumes to main-
tain both the same total volume and momentum flux as that of two
touching plumes. Since the touching height of two plumes zT is
defined as the height where the plume horizontal length scale is equal
to half the separation between two centerlines, i.e., b(zT) = d(zT)/2,
the definition implies that αeff will begin to decrease at the touching
height. Hence, the profiles of αeff shown in Fig. 13 suggest that, as
discussed in Sec. III A, the two plumes with a small source separation
would be merged, while those with a large source separation could
remain independent and those with a moderate nozzle separation
(e.g., cases 2, 7, and 12) constitute a transitional state.

IV. CONCLUSIONS
The present study investigates the hydrodynamics of two coa-

lescing turbulent forced plumes in linearly stratified fluids using a
numerical approach and compares the results with a series of phys-
ical experiments. Typical structures of both flow and turbulence
fields of two forced plumes are obtained to analyze vertical veloc-
ity profiles, maximum plume rise heights, turbulent viscosity, and
entrainment coefficient quantitatively.

The results suggest that the radial profile of vertical velocity in
the stems of two plumes can be approximated by a mixture of two
Gaussian distributions and is closely related to the source separa-
tion. Specifically, if the nozzle distance is short enough, two plumes
would be merged and result in less entrainment of the ambient
fluid. When the source separation is moderate, two plumes may only
touch each other and cause a notable mixing near the neutrally buoy-
ant layer. Once two plumes are quite separate, they tend to propagate
independently.

Because of less entrainment of ambient fluid, the maximum rise
height of two coalescing forced plumes is considerably greater than
that of their single plume counterpart. An empirical parameteriza-
tion as a function of the dimensionless source separation and the
source Richardson number has been proposed to predict this scaling.
This prediction agrees well with experimental observations.

The maximum values of both the turbulent kinetic energy and
the turbulence dissipation rate of two turbulent plumes increase
monotonically with the increase in source buoyancy flux and have
a notable negative correlation with the source separation. However,
the maximum turbulent viscosity, which attains its maximum in
the plume cap region, includes two enhancements along with the
increase in source separation. The extra turbulence in the plume
cap region for those cases with a very small source separation may
be transported from the touching region where both plume inter-
actions and distortions are significant. The enhancement for those
cases with a moderate source separation, however, can be largely

attributed to lateral spreading and strong mixing around the neu-
trally buoyant layer between two plumes caused by the rebound after
overshooting.

In the near vent regions, the entrainment coefficient of two
forced plumes with “top-hat” profiles has a positive relationship
with the source Richardson number. Meanwhile, in plume stems
below ∼ 0.5Z′max, the entrainment coefficient remains relatively con-
stant for those cases with a high source Richardson number, and
it shows an increasing tendency with the decrease in the source
Richardson number. Above that level, the flow is dominated by the
lateral spreading around the neutrally buoyant layer, and hence the
entrainment coefficient decreases to zero rapidly. Furthermore, the
entrainment coefficient will decrease in plume touching regions due
to mutual entrainment. The superposition of plumes can lead to
a lower horizontal decay rate of vertical velocity between the two
plumes and then produce distortion of plume cross sections.
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APPENDIX A: GOVERNING EQUATIONS
The model developed in this study is performed using the

finite-volume CFD software package ANSYS Fluent. The main gov-
erning equations are as follows.

The Reynolds averaged model is adopted in this study. Drop-
ping the overbar on the mean variables, the ensemble-averaged con-
tinuity and momentum equations for the species transport model
can be written in Cartesian tensor form as

∂

∂t
(ρYi) +

∂

∂xk
(ρukYi) = −

∂

∂xk
Ji,k, (A1a)

∂

∂t
(ρui) +

∂

∂xj
(ρuiuj) = −

∂p
∂xi

+
∂τij

∂xj
+
∂

∂xj
(−ρu′iu′j) + ρgi,

(A1b)

where ui and u′i are the mean and fluctuating velocity components.
Y i is the local mass fraction of species i. ρ = 1/(∑

i
Yi/ρi) is the

mixture density. J⃗i is the diffusion flux of species i, computed from
J⃗i = −(ρDi,m + µt/Sct)∇Yi, where Di ,m is the mass diffusion coeffi-
cient for species i in the mixture; Sct is the turbulent Schmidt num-
ber; µt is the turbulent viscosity. The mass diffusion in turbulent flow
is considered as the primary phase interaction in the model. As the
salinity involved in the model is relatively low, the diffusion coeffi-
cient for species is determined by the constant dilute approximation
method, and the scaling is approximated by the diffusion coefficient
for sodium chloride suggested by Haynes et al.75 τij is the stress
tensor given by τij = µ(∂ui

∂xj
+ ∂uj

∂xi
− 2

3δij
∂ul
∂xl

) where µ is the molec-

ular viscosity (1.003 × 10−3 kg m−1 s−1 is used here). −ρu′iu′j are
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Reynolds stresses, which can be modeled in Cartesian tensor form
using the Boussinesq hypothesis as

− ρu′iu′j = µt(
∂ui

∂xj
+
∂uj

∂xi
) − 2

3
(ρk + µt

∂uk

∂xk
)δij, (A2)

where k is the turbulent kinetic energy and δij is the Kronecker delta.
The turbulent viscosity µt is given by

µt = ρCµ
k2

ε
, (A3)

where ε is the turbulence dissipation rate and Cµ is the coefficient
described below.

The realizable k-ε model76 is employed in this study. The
transport equations for k and ε in the model are

∂

∂t
(ρk) +

∂

∂xj
(ρkuj) =

∂

∂xj
[(µ +

µt

σk
) ∂k
∂xj

] + Gk + Gb − ρε (A4)

and

∂(ρε)
∂t

+
∂(ρεuj)
∂xj

= ∂

∂xj
[(µ +

µt

σε
) ∂ε
∂xj

] + ρC1Sε

− ρC2
ε2

k +
√
εµ/ρ

+ C1ε
ε
k

C3εGb, (A5)

where Gk = −ρu′iu′j ∂uj
∂xi
= µtS2 represents the generation of tur-

bulent kinetic energy due to the mean velocity gradients, where
S =

√
2SijSij is the modulus of the mean rate-of-strain tensor and

Sij ≡ 1
2(

∂ui
∂xj

+ ∂uj
∂xi

) is the mean strain rate. Gb = βgi
µt
Prt

∂T
∂xi

is the
generation of turbulent kinetic energy due to buoyancy, with Prt

= 0.85 as the turbulent Prandtl number for energy and β = − 1
ρ (

∂ρ
∂T )P

as the coefficient of thermal expansion. C3ε = tanh(∣w/v∣) deter-
mines the degree to which ε is affected by the buoyancy, and w
and v are the components of the flow velocity parallel and per-
pendicular to the gravitational vector, respectively. σk = 1.0 and
σε = 1.2 are the turbulent Prandtl numbers for k and ε, respectively.
C1 = max[0.43,η/(η + 5)], C2 = 1.9, C1ε = 1.44 are model constants
with η = Sk/ε.

In the realizable k-ε model, Cµ is no longer constant and given
by

Cµ =
1

A0 + AS
kU∗

ε

, (A6)

where U∗ =
√

SijSij + ΩijΩij where Ωij = Ω̄ij − εijkωk, Ω̄ij

= 1
2(

∂ui
∂xj

− ∂uj
∂xi

) is the mean rotation-rate tensor, and ωk is the angu-

lar velocity; A0 = 4.04, AS =
√

6 cosφ are model constants with
φ = 1

3 arccos(
√

6ω) and ω = SijSjlSli

(S/
√

2)
3 .

APPENDIX B: NUMERICAL METHODS
The governing equations were numerically solved by ANSYS

Fluent. The Green-Gauss Node-Based Gradient Evaluation method
was used to compute the gradients since this method can be more
accurate than the cell-based methods on unstructured meshes. The
Third-Order MUSCL (Monotone Upstream-centered Schemes for

Conservation Laws) scheme was selected as the spatial discretization
method for the momentum, turbulence, and mass fraction equa-
tions. The PRESTO! (PREssure STaggering Option) scheme was
employed as the discretization method for the pressure. The coupled
algorithm was used for pressure-velocity coupling, and the second-
order Implicit scheme was applied as the temporal discretization
method. All simulations were run in parallel on the Linux cluster
maintained by the HPC Center of Zhejiang University (Zhoushan
Campus).
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