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A GENERALIZATION OF THE THEORY OF THE MIXING LENGTH WITH
APPLICATIONS TO OCEANIC AND ATMOSPHERIC TURBULENCE
By c.-G. ROSSBY

i. INTRODUCTION
It has been shown by L.PrandtP that the fictitious tangential stresses first introduced
by Osborne Reynolds to account for the effect of superimposed turbulence on the mean
motion of a fluid, in the case of straight, two-dimensional flow may be expressed in

the form

(1) Tx = PI2dV.1 dz.
dVI,
dz.
where p is the density and dV the rate of shearing of the mean motion, assumed to be

dz.

directed along the x-axis. In the above formula, I, the "Mischungsweg" or molar free
path, is a characteristic length of the state of turbulence and corresponds roughly to the
mean free path in case of molecular motion. Prandt! and his collaborators2 have succeeded
to integrate the equations of motion in special cases, making use of (1). The integrals
found agree well with observations.
The mixing length is not a constant, as in the molecular theory, but depends, in a
fashion not yet fully known, upon the mean velocity distribution and upon the distance
from and the character of the external boundaries. In the case of heterogeneous fluids

moving in a gravitational field it is obvious that the value of 1 must depend also upon
the stability of the medium under consideration.
Assuming in each point the existence of a certain fundamental turbulent disturbance
restricted to the immediate vicinity of this point, v. Kármán3 has been able to derive an
independent proof for (1) by requiring that the patterns of these fundamental disturbances
be kinematically similar, leaving only the length scale and the velocity scale in each
disturbance undetermined. Furthermore, v. Kármán obtains an expression for 1 of the form

(2)

1 = k .1 dd~ 1

I d;z.~ I
i L. Prandtl: Bericht über Untersuchungen zur ausgebildeten Turbulenz, Zeitschrift für angewandte Mathematik und

Mechanik, Band 5, 1925, p. 136.
2 W. Tollmien: Berechnung turbulenter Ausbreitungsvorgänge, Zeitschrift für angewandte Mathematik und Mechanik,

Band 6, 1926, p. 468.
3Th. v. Kármán: Mechanische Ähnlichkeit und Turbulenz, Nachrichten von der

Mathematisch-Physikalische Klasse, 1930, Heft 1, p. 58.
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in which k is a non-dimensional constant. From a combination of (1) and (2) it follows
that the tangential stress may be calculated from the formula

1~13~
dz. d Z.

(3)

Tx = P P . ( d2 U)2
dz.2

With the aid of this expression for the stress v. Kármán has determined the theoretical.
circular pipes and derived a result which

velocity distribution in turbulent flow through

well agrees with the measured distribution. The constant k was found to have a value
between 0.36 and 0.38.

In the study of large scale atmospheric and oceanic movements all but two of the
fictitious tangential stresses introduced by Reynolds may be disregarded. Assuming the
positive z.-axist.o be directed upward, the two significant stresses are
(4a)

TX = -P u'w' , Ty = -p VIWI.

The bar represents a mean, for instance the arithlletic me¡in over a certain unit time T,
so that

t+lT

(4b)

- 1 J

f= Tt-lTfdt

The dashes indicate deviations from the mean. Thus u', v', w' represent the components
of the deviation of the instantaneous velocity vector from the mean vector in the point
under consideration.
It is generally assumed that these deviations may be represented in (4a) by expres-

sions of the type
(5)

U'=:: Àx dU_

dV
vI=::Ày-

dz. '
dz.
The positive sign is associated with negative w'-values and vice versa. U and V stand for

the horizontal components of the mean motion. Thus the formulae for the stresses Tx
and Ty reduce to

(6)

dU dV

Tx = pÀxwl' --, Ty = PÀy w'. --'

The coeffcients p Àx w' and p Ày w' are normally, for lack of conclusive evidence to

the contrary, assumed to be equa1.4 Under these conditions the fictitious turbulent stress
per horizontal unit area is parallel to the shearing vector and may be written
(7)

Tx+iTy=A
dz.+idz.
(dU
dV ,A=pÀw',
J --

(i =v -1)

4 Certain data presented by L. F. Richardson in "Some Measurements of Atmospheric Turbulence," Philosophical Transactions of the Royal Society of London, Series A, Vol. 221, indicate a marked lack of isotropy in the eddy viscosity. Theoretical

sqidies of the vertical distribution of the wind in the anisotropic case have been undertaken by S. Sakakibara in The Geophysical Magazine, Tokio, Vol. I, 130, 1930, and by Y. Isimaru in Memoirs of the Imperial Marine Observatory, Kobe, Japan,

Vol. iv, No.1, 1930. See also F. Möller: Austausch and Wind, Meteorolog,ische Zeitschrift, Heft 2,1931.
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where A is the "Austausch" coeffcient in Wilhelm Schmidt's terminology or "eddy
viscosity" according to G. i. Taylor.5 From the preceding discussion it is evident that
A must depend upon the mean velocity distribution, upon stability and upon the distance
from and character of the ground. It is assumed also that the same coeffcient A enters

into the expressions determining the eddy diffusion of heat, moisture and atmospheric
or oceanic suspensions. Thus A is also a coeffcient of "eddy-conductivity" and of "eddydiffusivity.' ,

The geophysical turbulence problem is really a twofold one. One phase concerns
the determination of the diffusion of various atmospheric or oceanic properties when
the state of turbulence CA) is known. This problem has been greatly advanced through
investigations made by, among others, V. W. Ekman, G. i. Taylor, Hesselberg and
Sverdrup and W. Schmidt.6 The second phase of the turbulencé'problem consists in the
development of a rational theory for the eddy-viscosity coeffcient A.

In a general, qualitative way the variations of A with distance from the ground
rift velocity) and with stability are known, but
no theory has been presented which enables us to calculate A from these factors. The
Cocean surface), with wind velocity Cd

principal result of significance is a criterion developed by L. F. Richardson7 which deter-

mines the conditions under which atmospheric turbulence will increase or decrease;
however, this criterion is incomplete since it applies to volumes so large that diffusion

of eddies through the boundaries may be neglected, and since it does not in a satisfactory
way take into account the dissipation of eddy energy by molecular action. Even if these
points. should be remedied,8 it is obvious that as long as the connection between eddy
energy and the eddy-viscosity coeffcient A remains obscure, Richardson's criterion wil

be of limited value in the determination of A. .
It is evident that ... Kármán's theory, if at all applicable to atmospheric and oceanic

phenomena, eliminates part of the diffculties enumerated above since it leads to an
expression for the stress (3) which

in a supposedly complete fashion takes into account

the effect of the mean velocity distribution.
Through a comparison of (3) and (6) it is seen that

(8)

dU 13
A = p p . Idz.
d z.2
(d2
U)2

In its original form v. Kármán's theory was restricted to the case of two-dimensional
flow. Thus, with a view towards geophysical applications it becomes necessary to
generalize the original theory so as to include motion of the atmospheric and oceanic
type, that is, a mean motion in parallel horizontal planes, constant within each plane,

5 G. 1. Taylor: On Eddy-Motion in the Atmosphere, Philosophical Transactions, Series A, Vol. 215, p. 22.

W. Schmidt has summarized his numerous investigations in "Der Massenaustausch in freier Luft und verwandte
Erscheinungen," Probleme der Kosmischen Physik, VII, Hamburg, 1925.

6 In addition to the references given in fn. 5 see V. W. Ekman: On the Influence of the Earth's Rotation on Ocean Currents, Arkiv f. Mat. Astr. o. Fys, 2, Nr. 11, Stockholm, 1905, and Th. Hesselberg and H. U. Sverdrup: Die Reibung in der
Atmosphäre, Veröffentlichungen des Geophysikalischen Instituts der Universität LeiPZig, Heft 10, 1915.
7 L. F. Richardson: The Supply of Energy from and to Atmospheric Eddies, Proceedings of the Royal Society, Series A,
Vol. 97, No. A686.
8 C.-G. Rossby: The Vertical Distribution of Atmospheric Eddy Energy, Monthly Weather Review, Vol. 54, No.8.
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but varying in azimuth and intensity from plane to plane. For the sake of convenience
this particular type of motion wil
here be referred to as planar motion. The generalization wil be carried out in section II.
It wil be found that v. Kármán's condition of kinematic similarity can be satisfied

only by a certain general type of planar motion. This permissible type is characterized
by the fact that the endpoints of all the shearing vectors,

dU + . dV

dz. i dz. '

form a logarithmic spiral in the xy-plane. We may refer to motion ofrhis kind as logarithmic planar motion.

It is a well-established fact that the vertical distributions of the wind and of the
drift in pure ocean drift currents belong to this general type. The result obtained would
therefore seem to encourage the establishment of a theory of geophysical turbulence

upon the basis created by v. Kármán.

It should be stressed that the justification for and the physical meaning of the
condition of kinematic similarity remain somewhat obscure. This is emphasized by
v. Kármán, who admits that the principal justification so far must be sought in the
agreement between the theoretical results and observed facts. No exhaustive analysis
of this question wil be undertaken since it would require complete knowledge of the
fundamental turbulent disturbance.
The generalization of v. Kármán's condition of similarity presented below is.purely

formal and is therefore neither more nor less acceptable than the original condition.
It would seem then that even a partial agreement between conclusions drawn from this

generalized theory and observed atmospheric and oceanic facts should add to the strength
of the original theory.
In this paper no attempt will be made to calculate the effect of stability upon the
molar free path.9 In a homogeneous medium any fluid element may take the place of
any other element; in a heterogeneous medium it must be assumed, either that each
individual fluid element after passing through the fundamental turbulent disturbance
returns to its original
layer or else that mixing between strata of different densities takes
place. If it be assumed, as is customary in meteorology and oceanography, that the

mechanism which is responsible for the transport of momentum is responsible also for
the turbulent diffusion of other properties, then the second of these alternatives must be
accepted. Motion of this type, however, is not yet accessible to rigid mathematical

The expression derived by v. Kármán for the stress is not valid in the immediate
vicinity of boundaries. The same restriction obviously applies to the generalized theory,
which therefore must be supplemented with

~

.~~

treatment.

suitable, heuristic expressions for the stresses

within the boundary layers.
9 This problem has recently been attacked by L. Prandtl in "Meteorologische Anwendung der Strömungslehre,"
Beiträ/!e zur Physik der freien Atmosphäre, Bjerknes-Festband (Xix. Band), p. 188.
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